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Abstract 
Petri Nets (PNs) are a modeling tool for the analysis of discrete and concurrent events originally intended for a 
purely computerized approach. Over time, their use has expanded to include modeling of production lines. An 
example is that of multiple production lines, where it is possible to run various operations in parallel, and in which 
there is occasional waste from sources that need to be identifiable. The traditional PNs do not allow the modeling of 
varying waste, assigning only a fixed portion of tokens to that state. To improve its applicability in a system with 
varying waste, a model which incorporates transition probabilities to the absorbent waste states with a mean and 
variance is proposed. For validation a production process using ordinary PNs versus the proposed model was 
simulated. By comparing their error rates, we found the proposal allowed modeling waste more precisely 66.7% of 
the time.. It´s concluded that the modeling of variable waste with PNs becomes more accurate when assigning 
probabilistic transitions. On all occasions it was possible to trace the relevant tokens for waste monitoring. Future 
research should address transition probabilities according to nonparametric statistics, and continuous flow of events 
to increase the range of its applicability. 
 
Keywords 
Petri Nets, Multiple Production Lines, Modelling, Traceability, Waste 
 
1. Introduction 

A fundamental problem for the computer sciences is the proper construction of systems made from 
information technology (IT) components for automated or organizational environments. These systems are modeled 
so that customers, manufacturers, users, among others, can, with the help of the model, gain a better understanding 
of what the system is supposed to do and how it can be implemented, used, modified and improved. In the past 50 
years a multitude of modeling techniques have been proposed for these systems, where Petri Nets (hereafter PNs) 
have managed to maintain their position as one of the most studied and best established modeling techniques (Reisig 
2013). 

The PNs where created in 1962 by the mathematician and German computer scientist Carl Adam Petri for 
his doctoral thesis, “Communication with Automata” (Restrepo 2011). It is a tool for the analysis and modeling of 
processes, done graphically (Van der Aalst 2002). 

When the PNs were introduced in the 60 ś, the ideas were too advanced to put them into practical use and 
consequently their attained response was limited. However, by the end of the 60 ś they were used in the Project 
MAC (a research project in the areas of operating systems, artificial intelligence and computation theory) that was 
taking place at MIT. In the 80’s, with the introduction of the colorful PNs, the descriptive ability of the model was 
enhanced, allowing it to be applicable to larger projects, which stimulated its use. In the 90´s, its use was more 
common partly due to the rise of interest in graphic modeling techniques, which cemented the PNs as an important 
contribution to computer science (Reisig 2013). 
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This mathematical model has been implemented within the industries because of its graphic ease, wealth of 
information and available simulation software for production lines. However, due to the complexity of the topic, it 
has mainly been used in the area of automated production lines modeling (Cheng, 2005). 

This scientific paper consists of a theoretical framework through which basic terms are explained so that 
the reader can develop an understanding of the subject and thus understand the following sections. It will review 
what the supply of multiple production lines consists of, followed by an explanation of the mathematical model of 
ordinary Petri nets and end with a conceptualization of waste, traceability and they´re importance.   

After the theoretical framework an explanation of the proposed model will be presented, explaining why 
the 5 tuple associated with the ordinary Petri nets will be transformed into a 7 tuple so as to incorporate waste and 
traceability into the model. It should be noted that the proposals contained within this scientific paper seek the 
improvement of certain specific aspects within a pre-existing system, given the fact that real data must be utilized 
for their application.  

The proposed model’s functionality is demonstrated through a validation, assessing how it might be applied 
in a real industrial scenario. The Inputs utilized for the validation where extracted from the production line of a 
company operating with machines working in parallel.  

 
2. Theoretical Framework 

2.1. Supply of multiple production lines 

Supply, usually, can be defined as the inventory building process given the set objectives in the inventory 
plan. Production lines have their origin in the Industrial Revolution, where customized production systems gave way 
to standard production systems. This shift is made possible by production lines, which are defined as a process in 
which parts or inputs generate a product or are added to a preassemble in order to add value to it. The need to 
produce more volume comes over the years, and is treated with more complex production systems such as multiple 
production lines. The latter come to eliminate bottlenecks in a line or reproduce an existing line in order to increase 
the finished product’s output. 

Concatenating previously established definitions, we define the theme of this section. Therefore the supply 
of multiple production lines focuses on the supplement of a multiple production line in order to increase the output 
of finished products so that the Work in Progress (WIP) decreases, allowing to comply with the provisions in the 
inventory plan (Medina, 2014). 

 
2.2. Mathematical Foundations of ordinary Petr nets 

Petri nets, informally, are a mathematical structure composed of three types of elements: places, transitions 
and arcs. By convention, places symbolize the passive aspects of the system, the transitions are associated with the 
dynamic aspects, and arcs represent the causal link between passive and active elements (Restrepo, 2011). An 
ordinary Petri net is a 5 tuple, where:  

 퐿 = {푙 , 푙 , … , 푙 } is a finite set of places 
 푇 = {푡 , 푡 , … , 푡 } is a finite set of transitions, such that 퐿 ∩ 푇 = 0. 
 퐹 ⊆ (퐿 푥 푇) ∪ (푇 푥 퐿) is a finite set of arcs.  
 푊:퐹 → {1,2, … } is a function that associates a weight to each arc.   
 푀 :퐿 → {1,2, … } is the initial marking of places. 

 The behavior of systems can be detailed in terms of movements of tokens. These movements occur when 
a transition enabled to run fires by changing the marking of their places of entry and exit. These changes of state or 
marking are governed according to the following rules (Murata 1989):  

 It is said that a transition 푡 is enabled if each input place 푙 is marked with 푚(푙) tokens and 푚(푙) ≥  푤(푙, 푡) 
where 푤(푙, 푡) is the weight of the arc between 푙 and 푡.  

 An enabled transition may or may not fire depending on whether the event really comes to pass.  
 The firing of an enabled transition 푡 removes 푤(푙, 푡) tokens from each input place 푙 of the 푡, and adds 

푤(푡, 푙) tokens to each output place 푙 of the 푡, where  푤(푡, 푙) is the weight of the arc between 푡 and 푙. 
The dynamic behavior of these systems can be described and validated using matrixes. To perform a firing 

simulation for the transitions which are intended to be fired Equation 1 is used. 
푀 =  푀 + 퐴 ∗ 푈     (1) 

The incidence matrix (퐴) for a Petri net with n and m transitions places, is a n x m matrix of integers that 
typically arises according to Equation 2 
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   (2) 
Where (  represents the weight of the transition arc i from its input place j and y 

  is the weight of the transition arc i from its output place j. , represent respectively , the number 
of tokens to remove , add , and change from the location j when the transition i is triggered once . However, the 
transition i is enabled in the marking  if: 

 (3) 
The state equation ( ) is a column vector m x 1 that denotes the number of tokens in place j immediately 

after a firing sequence k fires. The control vector ( ) is a column vector n x 1 of n - 1 zeros and a non - zero entry 
(a 1) in position i indicating that the transition i is shot in the firing k. This indicates that there is only one shot 
transition, however several transitions could be triggered simultaneously so long as they don’t all come from the 
same place L. Note that the row i of the incidence matrix  denotes the marking change as a result of the transitions 
firing i . To illustrate this the following example where the places L are represented by P (Murata 1989) we provide: 

 
Fig 1. Example of a PNs 

In the PNs shown in Fig. 1, we have a transition  being shot so as to result in the marking 
 coming from : 

 (1) 
 

 
From the first row of incidence matrix ( ) it’s evident how the place  could lose two token 's to transition 

. Then, place could win a token from the transition  and finally the place could win a token from 
transition .  The same logic applies to each of the following rows of the incidence matrix (  ), eventually reaching 
the fourth row where the behavior of place  is shown. 

 
After multiplying the incidence matrix ( ) with the control vector ( ) it is easily appreciated how, if the 

remaining sum is carried out the equality holds, proving the suitable behavior of the dynamic system in question. 
The matrix obtained by multiplying  tells us how   earns a token,  has no movements,  loses a token, 
and the place   gains 2 token 's as a result of the partition that takes place in  transition  ( which previously was 
indicated in the incidence matrix ). 

 
2.3. The importance of waste control and traceability in a production line  

Traceability and waste control are applied in production lines to reduce costs and improve the products and 
lines quality. In the case of waste, a minimization of such is expected so as to reduce the involved costs and increase 
the production lines efficiency. Waste is currently defined as all that that is different from the minimum amount of 
equipment, materials, parts and work time that is absolutely essential for the production. However, this scientific 
article will refer to waste production as an absorbing state which involves irreparable defects on an article during the 
production process. Having waste implies costs to get rid of such defective material, as well as costs to order more 
raw material than that that would be calculates from the Bill of Material (BOM) for the manufacturing of the 
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required units. Moreover, waste increases production times which in turn affects manufacturing even further. 
Therefore it is always important to identify where waste is generated at each stage of the production line, so as to 
find ways to decrease it. 

Traceability according to AECOC (2008),  are those preset and self-sufficient procedures that allow to 
know the historic, location and trajectory of a product or batch of products throughout the supply chain at any given 
time, through certain tools. 

Traceability can be divided into three components: 1) back traceability 2) intermediate traceability and 3) 
forward traceability. Backward traceability will allow taking from completed or in-process product important 
information from it down to its raw materials. Internal traceability will relate entering products into a company with 
those that will come out of it. Finally, forward traceability will allow knowing where a final product is to be 
distributed; by taking a specific material sample it can be known from which finished product it came from. (Rojas 
2012) 

The implementation of a traceability system allows to find where it is most important to make 
improvements in a process, providing more information about the failures, waste and the times of each thread related 
to this. (Sanchez 2008) With this, you may notice that traceability enhances the quality of both products and 
processes of a production line. 
3. Proposed model 

There are various reasons to model a system using PNs, which may include: to create and evaluate a new 
system’s design, to compare alternative designs of a system and to research possible improvements to a real system. 
The proposals presented in this paper will aim towards the improvement of the modeling of certain aspects of a real 
system. When using PNs to model and analyze real systems, it is usually necessary to expand the basic model by 
which they work. This is done because simple PNs are not suitable for the modeling of many systems in logistics, 
production lines, communication and manufacturing (Van Lint 1992). 

In this section, we will develop a new model which will be referred to as: traceable PNs for the supply of 
multiple production lines with variable waste. This section will begin by explaining waste in PNs, including the way 
it is traditionally modeled and how it will be modeled in the proposal. Then, it will continue by explaining the 
current existing methods of traceability in PNs and the improvements that are proposed in this area. This section will 
be concluded by presenting the complete, consolidated model based on the proposals for waste and traceability. 

The method which can be used to model waste with conventional PNs uses fixed proportions to determine a 
percentage of tokens which will flow from a current place to the next one. This means that, for a set number of 
tokens, the amount which flows from one place to another will always be the same. A set proportion of the tokens 
will pass to the next place while a complementary proportion will be assigned to a different place which will be in 
conflict with the previous place. This may represent that certain materials which flow through a production line can 
go to two different destinations: 1) Ending as waste or 2) To continue towards the next step of the production line 
(Zimmerman 2008). However, by using fixed proportions the model becomes less accurate. 

It is emphasized that the modeling of a system allows, after analyzing it, to find improvements that may be 
applied towards its reality. This means that a robust model will be one that allows a more realistic analysis of a 
system, which is why this proposal will be aimed at the improvement of waste modeling in a PN. This will be 
achieved by utilizing probability functions that will be obtained from the analyzed operations which are represented 
by the model. An example of this will be shown in the next section. 

To accomplish this, a new space will be added to the 5-tuple of simple PNs that includes probability 
functions linked to the control vector, which as explained on the theoretical framework, decides which transitions 
will be fired. This additional field of the tuple will be denoted as D, and will be defined by: 

퐷:푇 → 퐹  
This implies that each transition is assigned a value defined by a related probability function, which 

represents its likelihood of firing. The way in which this new field of the tuple will interact with the control vector is 
defined as follows: 

퐹 (푥) = 푦 / 푃(푈 ( , ) = 1) = 푦   

푈 ( , ) =
1 푠푖 푈 ( , ) = 0
0 푠푖 푈 ( , ) = 1 

퐹  represents the probability distribution belonging to 퐹  that will be linked to 푡 , which is the transition of 
a token from an operation (place) to the next in the line of production. The value "x" represents any real data 
(means, deviations, etc.) which the distribution 퐹  requires and will be related to the waste in the operation. The 
result of the distribution is a value "y" that dictates the likelihood of 푡  firing, i.e., that its associated value in the 
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control vector is 1. The transition 푡  represents the flow of a token from the same operation (input place) from which 
푡  fires, but towards a different place, which is waste. However, the transition 푡  is triggered only when 푡  isn’t, 
which means it will only take value of 1 in 푈  when its complementary transition 푡  has a value of 0 in the same 
vector. 

Once the waste is obtained, it is of value to know its origin and path to make corrections on the line if 
necessary. For this reason, it is important to have a traceability system that supports the proposed model of waste. 
Only a couple of analytical methods have been developed to provide a certain amount of traceability using PNs, 
including Colored Petri Nets (CPNs) proposed by Jensen (2009). In these, data is attached to each token, making it a 
certain color which can be modified by transitions, which allows to distinguish the resources used in the model. 
These colors enable certain transitions that require a specific type of token (specific color), corresponding to the 
expression of its arc. From the model of data records that the structure of the CPNs allows, we pretend to assign 
records that, by linking together data assigned to each token, will allow to trace the path of the tokens along the 
model. Therefore, it is proposed to add another space to the 5-tuple of ordinary PNs that saves a record "푣" which 
will register the indicative values of the places 푙  through which the token transits. Whenever two tokens are 
consumed in a transition 푡 from different entry points (e.g. 푙  and 푙 ) their values will be linked together in the 
record "푣". Therefore, the new token produced by the transitions will have a record 푣 = 푣 + 푣 , where 푣  comes 
from a token with input place 푙  and 푣  from another token with input place 푙 . 

Identifying each specific token found in the place waste cannot be done only with their trajectory. Of 
course, the path is known with the trajectory, but with it it’s impossible to differentiate, which token came first to the 
place assigned as waste and which of all the tokens with the same route came last. This means it´s necessary to take 
time into consideration in addition to the path, allowing traceability to each token by assigning a set of unique and 
differentiated values. This is done using timed PNs, which include a delay associated with each modeled transition 
(Murata 1989). A delay is defined as the total time it will take to run the transition. This means another space will be 
added to 5-tuple of ordinary PNs which includes a function marking the delay associated with each transition. This 
additional field of the tuple will be denoted as 푇푚 defined by: 

푇푚:푇 → ℕ 
This implies that any transition may be assigned a natural number representing its delay. 

By consolidating all the previously established additions in this section towards the tuple associated with ordinary 
PNs, the result is an 8-tuple that mathematically represents the proposed model. Thus, the PNs used in this proposal 
are defined as follows: 
푁 = (퐿,푇,퐹,푊,푀 ,퐷,퐶,푇푚) where: 

 퐿 = {푙 , 푙 , … , 푙 } is a finite set of places. 
 푇 = {푡 , 푡 , … , 푡 } is a finite set of transitions, so that 퐿 ∩ 푇 = 0. 
 퐹 ⊆ (퐿 푥 푇) ∪ (푇 푥 퐿) is a finite set of arcs.  
 푊:퐹 → {1,2, … } is a function that associates a weight to each arc.   
 푀 :퐿 → {1,2, … } is the initial marking of places. 
 퐷:푇 → 퐹  is a set of probability distributions assigned to any transition 
 퐶 = {푣, 푡푟} is a duo containing the records of value and time that can be assigned to a token 
 푇푚:푇 → ℕ is the set of delays associated with any transition 

 
The explanation of the first 5 tuple spaces can be found in the theoretical framework, in the mathematical 

foundations of ordinary PNs section. The last three tuple spaces were previously explained in this section when the 
need for these was introduced. 

4. Proposal and methodology 
In order to support the proposed model in the previous section, a comparative study of the results will take 

place through regular PN in its current state and the proposed model. For this, will use as reference a real bakery that 
has multiple production lines, which will be taken as an example for the further validation of this analysis. 
For the present purposes, only two operations of the process of the bakery will be modeled: mixing and molding of 
the dough. Each batch produced in these operations represents a specific amount of breads, which corresponds to the 
maximum capacity of tolerance that the machines involved can handle. However be understood henceforth that the 
total amount of mixture used in the first step corresponds to 250 tokens and the same relation will continue in the 
following stages. 

The comparative study was developed through a simulation using the software called CPN Tools and with 
the additional support of Microsoft Excel. CPN Tool is used for modeling the proposed model due to its popularity 
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in the field of software's of PN and versatility. In addition Excel is used for supplementary functions that were not 
possible being done in CPN Tools. These functions correspond to the allocation of a normal probability on the 
transitions or arcs of the network. Because the PN are deterministic, if the model is run by itself, decisions on 
transitions would take randomly, or could be assigned a fix load for each arc. However the aim with the model is 
that in a transition that is at a decision point, we can be assigned a stochastic load on it, so that this transition will be 
probabilistically triggered and will enable the passage of the token at the chosen place. Using Excel, the actual 
machine´s waste record was analyzed and based on this, a mean and standard deviation associated were calculated. 
The following section will expand on this issue and the data obtained with a corresponding analysis and justification 
will be presented. 

Mixing and molding of the dough were chosen because they are fully automated, and in order to validate 
the proposed model, the line of production must contain at least 2 machines working in parallel. A diagram of the 
processes that will be model is shown in the figure 2. 

 
Figure 2. Process diagram of the bakery 

 
In order that the reader fully understands the validation section, a briefly explain of how the process works 

will be given so that you can familiarized with the modeling. On figure 2 you can see that the process starts in P1, 
corresponding to the stage where the raw material will be, in this case, the mixture in kilograms of the dough. This 
will be incorporated into the machine 1 and machine 2 (read by M1 as machine 1, M2 and machine 2, M3 as 
machine 3 and M4 as machine 4; where M1 and M2 work in parallel and both are mixers, and M3 and M4 also work 
in parallel and are both molding machines). In this example, of the total of 250 tokens contained in P1, 125 will be 
given to M1 and the other 125 will be given to M2, as this is the capacity of the mixer. Similarly for molding 
machines (M3 and M4) will be distributed in equal amounts the amount of mixing that reach P2 without the waste 
produced in M1 and M2. Note that the amount reaching P2 is referred to as without waste because the aim is to 
create, in the model, a collection place of waste for each machine (see waste associated P2 and P3 in figure 2), and 
then carrying out the simulation, to determine of which machine the waste belongs to. The same logic will be 
developed for molding machines. The purpose is to receive at P3, the amount of bread ready to be baked, 
represented in kilograms, and be able to determine the amount of waste (in kilograms) generated by each machine 
and finally, know from which machine it belongs to. This will be done by a simulation that considers historic waste 
data of the machines and assigns a probability to each batch of product without waste and waste. Noticed that batch 
will be understood as the amount of tokens that are consumed by machine. 

 
Figure 3. Model Validation where: a) section 1 corresponds to the mixing area, b) section 2 corresponds to the 

molding are, c) Section 3 is the waste or scrap area. 
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On Figure 3 it is represented how the model is structured by the use of CPN Tools. Where P1, P2 and P3, 
as in Figure 2, represents stations which operated the ins and outs of tokens. Also notice that section 1 is conform by 
the mixing machines, section 2 by molding machines and section 3 is the waste area. 

As explained earlier in this document, lead a traceability of the tokens is wanted. That is why in this model 
must be created places (see M1, M2, M3 and M4) that release action tokens whenever an input token passes through 
the machine 1, machine 2, machine 3 or machine 4 respectively. Such actions are concatenated to create a traceable 
input token by assigning a code every time it passes by and specific machine. In addition to this, each transition is 
associated with a delay established. These delays will make this Petri Net similar to the Colored and Timed Petri 
Nets (CTPN), where will be printed on every token a delaytime as the tokens pass through transitions, increasing 
while the global time passes. When this token reaches a final place, in this case the waste area or P3, it will have a 
delaytime registered to him, along with an action code given as 1` (in1, in2, in3)delaytime, where in1 corresponds to 
the initial input, in this case bread mixture in kilograms, in2 will be the action token given by the mixer machine 
(either M1 or M2), in3 will be the action token given by the molding machine (either M3 or M4) and the delaytime 
will be the time when the token goes to the final stage (either waste area or P3) acquired by all the delaytime 
associated to the transitions where it passed. In the case of this modeling, the unit of time will not be representative 
since its objective is to maintain a tracking unit time. The following code is used for concatenation of input and 
actions: 
                     푐표푙푠푒푡 퐼푁 =  푤푖푡ℎ 푀1 | 푀2 |퐴 | 푀3|푀4 푡푖푚푒푑; 
                     푣푎푟 푖푛1, 푖푛2, 푖푛3: 퐼푁; 
                     푐표푙푠푒푡 푂푈푇 =  푝푟표푑푢푐푡 퐼푁 ∗ 퐼푁 ∗ 퐼푁 푡푖푚푒푑; 

This code had to be used because the CPN Tools does not have a traceability function, therefore it was 
incorporated to the proposed model. The reason why this function had to be used is because in order to concatenate 
tokens, they must be previously defined as variables. Once the IN function is executed, in the case at issue in P1, the 
OUT function will concatenated the data (see Figure 3). For this specific case the concatenated code will be created 
as 1` (in1, in3, in3) which has 3 positions, but as it is shown in Figure 3, section 1 only has to variables involved, 
where the third variable would be present till section 2. However, this third variable has to be add in section 1 
because CPN Tools doesn´t allow new variables to be incorporated in the concatenated code. Analyzing this with 
the proposed case, shown in section 1 of Figure 3, the result of the trigger of T1 will be in the form 1` (A, M1, M1), 
where A = in1, M1 = in2 and M1 = in3 where in3 corresponds to the last variable concatenated, in this case in2 = 
in3. Later on in section 2 of Figure 3, when T8 is triggered a new value will be added to the concatenate code 
corresponding to the action token given by M3 or M4. As it was previously shown the color of the token before T8 
is 1` (A, M1, M1) but after T8 is triggered, the new action token, in this case M3, will be added to the concatenate 
code replacing the value of in3 with M3 giving now the final color of the token in form of 1` (A, M1, M3). 

The limitation that presents CPN Tools on the issue of traceability, is the inflexibility presented when 
concatenation of tokens has to be done because it doesn’t allow the incorporation of new values to the color or 
concatenated code, where as shown above, had to be down by replacing action tokens with fake action tokens (case 
of replacing M1 located at in3 with M3 after T8 was triggered). 

 
5. Validation Results 

Once all the parameters for the process model established, proceeds the analysis of data from the 
production process, only taking into account the two steps in the process, this in order to analyze the behavior of 
waste for these two operations. For these data you get the following: 

Table 1. Waste per Batch Data Summary 

Waste per Batch 
Mean 0,09928726 

Standard Deviation 0,02356832 
Sample Variance 0,00055547 

Range 0,09960159 
Minimum 0,04780876 
Maximum 0,14741036 
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This table shows that the actual data has a mean of 9.92% waste, with a standard deviation of 2.36%. With 
that done, we want to confirm that the data presented normal behavior, so that the probability function is adequate to 
model the process. In conducting this analysis, the following is obtained: 

 
Figure 4. Normality Test 

In turn, the same takes place with the characterization of the two machines stage 1 and stage two machines 
2. Both machines have waste turn with normal behavior. The mean and standard deviation units waste for these 
operations per machine is shown in the following table: 

Table 2. Mean and deviation per machine 

Machine Mean Deviation 
1 7,36 2,02 
2 6,37 1,35 
3 6,27 1,52 
4 4,13 1,24 

This table shows the average measurement units that are waste from the machines 1 and 2 for the operation 
number 1; and machines 3 and 4 for operation number 2. Note that these data also have a normal waste for 
processing machines behavior. 
 

5.1. Ordinary Petri Nets 
As stated, ordinary Petri Nets are governed only by deterministic values to fire transitions. That’s why 

triggers are governed by a single value that does not change over time, and this value in the case of waste is given 
by the average of the data collected waste. Whereby a modeling is done by ordinary Petri net and the following data 
was obtained: 

Table 3. Modeling of waste by ordinary PNs 

 Waste in 
Operation 

Waste per Machine 

Operation 1 13 7M1 6M2 

Operation 2 10 6M1 4M2 

 
Therefore the average total waste is preset with a value of 9.92% of waste and therefore always going to 

waste 25 units of a batch of 250 units. This would be correct if it is assumed that the waste is always constant, 
however this is not a reality. So now the objective is to know whether the use of probability distributions can 
improve the model of Petri nets. 
 

5.2. Proposed Petri Nets Implementation 
It then proceeds to execute the proposed Petri net with normal transition probabilities assigned to the firing 

of transitions in the model. This simulation is performed 30 times in order to compare the results with actual data, 
and to carry out an analysis of it. This is done in the next "Comparison of Results" section. However as a sample, 
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deploying the tool to a production batch, which is 250 units of measurement as described. The following figure 
shows the configuration of the production process and the simulation done: 

 
Figure 5. Run of demonstration of the model proposed 

 
With the transition probabilities generated alternately to the software, it is get which transitions should be 

fired, when they should be fired and its weight in the bow (ratio of 250 mass units of measure). In this case for the 
firing transitions, we have the following: 

Table 4. Modeling waste by the proposed model 

Operation Machine Waste per 
Machine 

1 M1 9 
M2 6 

2 M3 6 
M4 5 

 Total Waste 26 
 

The beginning of this simulation, which has already completed stage 1 of the process, is then displayed. As 
can be seen, on completion of this stage with these probabilities, 15 tokens (which represent units of measure 15 
250) go to waste after ending this operation, while 235 continue the process. This operation starts at time 1 and ends 
at time 3 (lasts 2 units of time), so as you can see in the picture below. On-site is possible to identify the source path 
of the tokens in the waste place, and its arrival time (which is the time 3). 

 
Figure 6. Demonstration of the concatenation of the tokens in the model proposed in stage 1 

The same applies to execute the second operation, and the shot of their respective transitions. It is observed 
in the image that from the 235um who were still in the process: 118um enter the time machine 3 in time 6, and 117 
enter machine 4 in the time 6 also. This is because it is allocated a time of 3 between the end of the previous 
operation and the start of this. Finally with the probabilities previously generated, the results were that machine 3 
would generate 7 units of measurement wasted and machine 4, 5 units of measure wasted. 

Finally it is shown in the following figure simulation of this lot in the final state: 
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Figure 7. Demonstration of the concatenation of the tokens in the model proposed in stage 2 

To understand the figure must be a total of 26 tokens arrive at the place of waste, and 224 follow the 
process (outside the scope of the model). Meanwhile, of the 26 tokens stored on-site waste, there is information in 
the tuple that allows in this case generate a traceability. For example, it has that of the 26 tokens, 9 come from the 
machine 1, 5 come from the machine 4 (which also passed through machine 1), 6 of the machine 2, and finally 10 
tokens coming from machine 4 and 2. In turn you have the time each token arrived to this place, which in turn 
allows distinguishing each batch of the batch as a single actor in the system. To summarize the proceeds from the 
previous simulation shows: 

Table 5. Data table for lot 1 

Tokens in 
waste place 

Provenance Time Income 

9 tokens M1 3 units of 
time 

5 tokens M1M4 10 units of 
time 

6 tokens M2 3 units of 
time 

6 tokens M2M3 10 units of 
time 

 
Clarification: The concatenation "M1 M4" for example indicates to me that the path of origin includes first 

and then M1 to M4. Also noteworthy is that the latter is only to show the traceability in waste. Then we proceed to 
analyze the results according to the results of waste. As shown in this section shows only the simulation of 1 lot for 
understanding what has been done. This is performed 30 times and the results are shown in the following section. 

 
5.3. Comparison of Results 

 
To illustrate the comparison between the two models, the results for the model shown in the previous 

section for the batch of 250 units are shown. For this specific example it was obtained as follows: 

Table 6. Comparison between models in measurement units per batch 

Petri Net Simulated 
Waste 

Real 
Waste 

Error 
Percentage 

Proposed 
PN 

26 27 3.70% 

Ordinary 
PN  

25 27 7.40% 

 
However, this is only a case. This comparison was made for waste actual data 30, and the average error 

percentage was obtained for each of Petri nets used. 
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For the results of the Petri net proposal, as there is a probability parameter, the results vary each time the 
Petri net is running. While for the results of the ordinary Petri net, you have already known what will always be 
waste. Thus sufficient to compare the average allocated waste, with the actual waste for 30 lots to meet the error rate 
of this model. It can be verified in Table 7, the percentage of times each type of PN have a lower error rate 
compared to the other, concerning actual results. 

Table 7. Closer Results per PN Model 

Closer Results 
Ordinary PN 30% 
Proposed PN 66,67% 
Draw 3,33% 

 
In turn, complementing, the average error percentage for each Petri net is shown below: 

Table 8. Comparison between Petri Nets 

Simulated Waste Average Error Percentage 

Proposed Petri Net 10.50% 
Simulated Petri Net 19.08% 

 
According to these results shows that on average Petri Net proposed by the group have on average lower 

error rate than ordinary Petri Nets when compared both with the actual data modeling process. In Figure 8 shows the 
behavior of both Petri nets modeling approaches, and can be seen as the simulated PN get closer to the real waste 
behavior, while ordinary maintains an average value which is not necessarily close to real value of waste. 
 

 
Figure 8. Comparative graph of the behavior of the results against the actual data 

With these results, we can mention then that the proposed Petri net with transition probabilities is more 
adjusted to reality reached in this article, which satisfies the hypothesis of the research group. 
 
6. Conclusions 
 

1. We conclude that although originally Petri nets are used to model discrete models deterministically, after 
evaluating the model assumptions is confirmed that the application of probabilistic transitions likely 
maintain their unaltered state equation or any of contrasts their assumptions, and fits better to data due to 
probabilistic transitions. 

2. Using concatenation information relating to transitions triggered in the model is achieved distinguish the 
tokens as individual actors within the system using an updatable record in each transition during the 
simulations performed. Thus it concludes that this record of information allows tracing the origin of a token 
in an absorbing state, since in all cases it was possible to know the origin, route, type and time of arrival of 
tokens to place waste. 

3. While the results indicate that the proposed model appears to improve the simulation of variable waste, for 
the 67.67% of the time was closer to reality, it is concluded that the results could be improved by testing 
other probability distributions where behavior data can be adjusted better. 
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7. Recommendations and future research lines 
1. The scope of this research includes the use of parametric statistical modeling Petri Nets. However, in 

processes where the data used is nonparametric, the proposed model cannot be applied. It is recommended 
to investigate the use of transitions for nonparametric statistics and thus further extend the range of Petri 
nets simulation applicable to flexible manufacturing systems. 

2. Although the concatenation methodology for modeling this process achieves the generation of relevant 
traceability information, this methodology in a complex production line with many threads processes imply 
that the information associated token may be so large it unreadable in a simulator. It is therefore 
recommended developing a code of threads in the token, which involves creating special functions in the 
simulator and this would be useful in such processes. 

3. Petri nets are used by definition to model discrete event systems, but in continuous flow systems 
undistributed may not be as appropriate for your application. This is why it is recommended to investigate 
the use of Petri nets for modeling continuous events where events vary with time in order to expand the 
applicability of Petri nets. 
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