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Abstract 

Carbon emissions have been known as a substantial part of the environmental burden in the manufacturing 

industry. As an emerging topic on controlling carbon emissions, green and sustainable manufacturing 

requires not only cost efficiency but also environmental friendliness. Facing the problem, this paper 

introduces environmental constraints (i.e., carbon emission constraints) into a capacitated multi-level 

production planning problem. When minimizing total costs by scheduling production for a number of items 

over the planning horizon, we make decisions on setup periods, time-phased production and inventory for 

all items over the planning horizon with no violation on limits of carbon emissions. We apply a lower and 

upper bound guided nested partitions method to solve the problem and compare the method with a 

commercial solver. Computational results indicate that the proposed sustainable lot sizing model can reduce 

carbon emissions, and the optimization method is computationally tractable and is able to obtain better 

results under the same computational resources. 
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1. Introduction

There is a common understanding that carbon emissions are associated with global warming. Reducing carbon 

emissions becomes the top of global agenda to control warming impacts on the earth. Herein, many manufacturing 

companies have started to set sustainability goals to limit carbon emissions through finding environmental-friendly 

techniques. As carbon emissions are directly related with production processes, production management and planning 

is an important area where a sustainable view can play a significant role in reducing carbon emissions. Some 

practitioners and researchers have started to consider carbon emissions and environmental impacts on the production 

management and planning. For example, He et al. (2012, 2015) presented approaches to estimate and optimize the 

energy consumption of production processes that can help manufacturing companies make decisions on selecting 

production tools to reduce carbon emissions. However, most current production management and planning models 

ignore the reduction of carbon emissions but strictly focus on lowering the costs. With more and more regulations 

enforced on reducing carbon emissions, it is urgent to consider carbon emission constraints into the production 

planning problems that leverage costs and sustainability simultaneously. 

As a critical component of production planning, lot sizing is certainly an important area that plays a crucial role to 

reduce carbon emissions. Some research has started to introduce carbon emission constraints into the lot sizing models. 

Heck and Schmidt (2010) proposed a non-linear cost function addressing ecological considerations for lot sizing, 

which proposed eco-enhanced approaches to simultaneously reduce overall production costs and environmental 

impacts. Benjaafar et al. (2013) studied how carbon emission concerns are integrated into operational decision-making 

with respect to order procurement, production, and inventory management. Furthermore, Yu et al. (2013) proposed a 

lot sizing model with carbon emissions and then designed a polynomial dynamic programming algorithm to solve the 

model. Velázquez-Martínez et al. (2014) analyzed the impact of different transportation modes to estimate the carbon 

emissions in a lot sizing model with backlogging. These models incorporated constraints that link and limit all carbon 

emissions related to production, order placement, and/or storage over the planning horizon. 
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Most aforementioned models considered global carbon emission constraints that are enforced for the entire planning 

horizon. The weakness of such constraints is that producers can make more carbon emissions at the early periods of 

the planning horizon by producing larger quantities, and leverage the total carbon emission by producing less at the 

later periods of the planning horizon. To avoid the disadvantages, Absi et al. (2013) introduced several periodic carbon 

emission constraints into the single-item multi-sourcing lot sizing problems. These constraints aim at limiting the 

carbon emission per unit of product. Wu et al. (2018) introduced a green capacitated multi-item lot sizing problem 

with periodic carbon emission constraints. Other related research includes, but not limited to, Akbalik and Rapine 

(2014), Absi et al. (2016), Helmrich et al. (2015), Wang and Choi (2015), Zouadi et al. (2015), and Purohit et al.(2015). 

 

The current sustainable lot sizing problem is mainly focused on the single-level lot sizing problem, with no research 

that has integrated carbon emission constraints into the capacitated multi-level lot sizing problem. In this paper, we 

bridge this gap through proposing a sustainable capacitated multi-level lot sizing (SLS-ML) problem with carbon 

emissions. The goal of this problem is to schedule production for a number of items over a finite time horizon, while 

minimizing total costs and ultimately meeting all customer demands by the end of the horizon. There are capacities 

enforced on both total production times and carbon emissions that cannot be violated. The total relevant cost includes 

setup, backlogging, and inventory-holding cost. The output of this problem consists of production and setup periods, 

backlogging, and inventory for all items over the planning horizon. This problem is a complicated NP-hard problem 

because even the capacitated single-item lot sizing problem was shown to be NP-hard by Florian et al. (1980). Herein, 

we apply a lower and upper bound guided nested partitions method to solve the problem. The effectiveness of the 

method is verified through computational tests. Our main contributions are to extend carbon emission constraints to 

the multi-level lot sizing problem, explore the impact of the SLS-ML in reducing the carbon emissions, and apply an 

optimization heuristic to solve the problem. 

 

The remainder of this paper is organized as follows. In Section 2, we propose a mathematical formulation for the SLS-

ML problem. Section 3 describes the optimization method for the SLS-ML problem. Section 4 presents computational 

test results and comparisons with a commercial solver. Finally, we conclude with future directions in Section 5. 

 

2. Mathematical Formulation  
 

We make the following assumptions in formulating the SLS-ML problem. First, we assume that setup times and costs 

are sequence independent, all initial inventories are zero, and setup carryover between periods is not allowed. Second, 

all production costs are assumed to be linear. Furthermore, we assume that end items have no successors, and 

backlogging costs are only associated with the end items. There are several machines considered in the problem, but 

we assume that only one machine is capable of producing an item. Finally, we assume the production has zero lead 

times, which is a reasonable assumption for the big-bucket lot sizing problem for which the time-phasing of production 

activities are generally not considered. We also assume that manufacturing companies must strictly comply with the 

carbon emission limits enforced by regulations but are not penalized as long as the carbon emissions do not exceed 

the carbon emission capacities. 

 

For the definitions of the carbon emission parameters, we assume that carbon emissions are linearly increasing in the 

associated production variables and are fixed constants for the setup operations, with the carbon emission parameters 

readily available. As stated by Benjaafar et al. (2013), any public policy regarding carbon emissions implicitly assumes 

that carbon emissions are measurable and quantifiable. Fortunately, significant effort is being made by various firms 

in documenting the carbon footprint of their activities, as this would be required in documenting their compliance with 

regulatory policies or in communicating the carbon footprint of their products to consumers. We refer the interested 

readers to Benjaafar et al. (2013) for a more detailed discussion on this matter. Herein, the model considers the carbon 

emission in the form of a constraint, rather than a part of the objective function, similar to the models of Absi et al. 

(2013, 2016) and Wu et al. (2018). To present the problem formulation, we define the following notations: 

 

Indices and index Sets: 
 

T number of periods over the entire planning horizon. 

M number of machines. 

I number of items, including subassemblies and end items. 

Ɛ set of end items. 

i, j item indices, 𝑖, 𝑗 ∈ {1, … , 𝐼}. 
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Ɛi set of end items that require subassembly item i for production. 

t period index, t ∈ {1, … , 𝑇}. 
m machine index, 𝑚 ∈ {1, … , 𝑀}. 
λi set of immediate successors of item i. 

 

Parameters: 

 
aitm production time required to produce one unit of item i on machine m in period t. 

scit setup cost for producing a lot of item i in period t. 

stitm setup time required for producing item i on machine m in period t. 

seit setup carbon emission for producing a lot of item i in period t. 

hcit inventory-holding cost for one unit of item i remaining at the end of period t. 

heit carbon emission associated with one unit of item i carried over period t. 

pcit production cost for producing an unit of item i in period t. 

peit production carbon emission for producing one unit of item i in period t. 

bcit backlogging cost for one unit of item i for period t. 

gdit gross demand for item i in period t. 

rij number of units of item i needed to produce one unit of item j, where item j is one of the successors of item i, 

but not necessarily an immediate successor. 

Cmt available capacity of machine m in period t. 

Et carbon emission capacities in period t. 

Bit maximum number of units of item i that can be produced in period t. 

 
Variables: 

 
xit number of units of item i produced in period t. 

sit inventory of item i at the end of period t. 

bit backlogging level for item i in period t. 

yit binary setup variables, (yit = 1 if production is setup for item i in period t and 0 otherwise). 

 

With the notations, we give the mathematical formulation as follows: 

 

 
 

Subject to: 

𝑥𝑖𝑡 +  𝑠𝑖,𝑡−1 +  𝑏𝑖𝑡 − 𝑏𝑖,𝑡−1 = 𝑔𝑑𝑖𝑡 + 𝑠𝑖𝑡 ∀𝑖 ∈ 𝜀, 𝑡𝜖{1, … , 𝑇}. (2) 

𝑥𝑖𝑡 +  𝑠𝑖,𝑡−1 = 𝑔𝑑𝑖𝑡 + ∑ 𝑟𝑖𝑗 ∙  𝑥𝑗𝑡

𝑗∈𝜆𝑖

+ 𝑠𝑖𝑡  ∀𝑖 ∈ {1, … , 𝐼}\𝜀, 𝑡𝜖{1, … , 𝑇}. (3) 

∑(𝑎𝑖𝑡𝑚 ∙ 𝑥𝑖𝑡 + 𝑠𝑡𝑖𝑡𝑚 ∙  𝑦𝑖𝑡) ≤  𝐶𝑚𝑡

𝐼

𝑖=1

 ∀𝑚 ∈ {1, … , 𝑀}, 𝑡𝜖{1, … , 𝑇}. (4) 

∑ ∑  

𝑇

𝑡=1

(𝑝𝑒𝑖𝑡 ∙ 𝑥𝑖𝑡 + ℎ𝑒𝑖𝑡 ∙ 𝑠𝑖𝑡 + 𝑠𝑒𝑖𝑡 ∙ 𝑦𝑖𝑡) ≤  𝐸𝑡

𝐼

𝑖=1

 ∀ 𝑡𝜖{1, … , 𝑇}. (5) 

𝑥𝑖𝑡 ≤ 𝐵𝑖𝑡 ∙ 𝑦𝑖𝑡  ∀𝑖 ∈ {1, … , 𝐼}, 𝑡𝜖{1, … , 𝑇}.  (6) 

𝑠𝑖𝑡 , 𝑥𝑖𝑡 , 𝑏𝑖𝑡 ≥ 0, 𝑠𝑖0 = 0, 𝑏𝑖𝑇 = 0 ∀𝑖 ∈ {1, … , 𝐼}, 𝑡𝜖{1, … , 𝑇}.  (7) 

𝑦𝑖𝑡 ∈ {0,1} ∀𝑖 ∈ {1, … , 𝐼}, 𝑡𝜖{1, … , 𝑇}.  (8) 

 

In this formulation, the objective function is to minimize total production, setup, backlogging, and inventory-holding 

costs over the planning horizon. Constraints (2) and (3) ensure demand satisfaction in all periods for end and non-end 

items, respectively, where the bill-of-materials structure dictates the relationships among different levels of items via 

the definition of immediate successor and predecessor sets. Constraints (4) enforce capacity restrictions. Constraints 

min ∑ ∑ 𝑝𝑐𝑖𝑡 ∙ 𝑥𝑖𝑡
𝑇
𝑡=1

𝐼
𝑖=1  +  ∑ ∑ 𝑠𝑐𝑖𝑡 ∙ 𝑦𝑖𝑡

𝑇
𝑡=1

𝐼
𝑖=1  +  ∑ ∑ 𝑏𝑐𝑖𝑡 ∙ 𝑏𝑖𝑡

𝑇
𝑡=1

 
𝑖∈𝜀  +  ∑ ∑ ℎ𝑐𝑖𝑡 ∙ 𝑠𝑖𝑡

𝑇
𝑡=1

𝐼
𝑖=1              (1) 
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(5) enforce carbon emission restrictions. Constraints (6) ensure that no production occurs for item i in period t unless 

a set up takes place (i.e., yit = 1), in which case the amount of production is limited by a large value Bit = min {
𝐶𝑚𝑡−𝑠𝑡𝑖𝑡𝑚

𝑎𝑖𝑡𝑚
,

𝐸𝑡−𝑠𝑒𝑖𝑡

𝑝𝑒𝑖𝑡
, ∑ 𝑟𝑖𝑗 . 𝑔𝑑𝑗1𝑇𝑗∈𝜀𝑖

} where machine m is strictly the one capable of producing item i. Constraints (7) and 8 enforce 

the non-negativity and binary requirements for variables. 

 

3. Lower and Upper Bound Guided Nested Partitions for the SLS-ML Problem  
 

We apply a lower and upper bound guided nested partitions (LugNP) to obtain better feasible solutions for the problem. 

The LugNP heuristic was initially proposed by Wu et al. (2011) for the capacitated multi-level lot sizing problem with 

backlogging. We refer the interested readers to Wu et al. (2011) for a detailed description of the LugNP method. 

However, we quote some description of the method here to make this paper self-contained. The LugNP method aims 

to find an efficient way to fix a subset of the binary setup variables y, leading to a restricted version of the SLS-ML 

problem that is easier to solve and enables quickly finding high-quality feasible solutions. The starting point of this 

method is a candidate feasible solution y that can be quickly obtained using a relax-and-fix method within a limited 

solution time. For simplicity of presentation, we write a candidate feasible solution as 𝑦 or 𝑦
𝑖𝑡

 (for it ∈ {11, …, IT}), 

and let Q denote some subset of {1, ..., IT}. In the LugNP method, given a solution 𝑦 and some subset Q, the variables 

yit for it ∈ Q are then temporarily fixed to 𝑦
𝑖𝑡

, while the remaining variables yit (it ∈ {11, ..., IT}\Q) are treated as 

binary variables. This approach creates a restricted subproblem that contains fewer binary variables and is therefore 

easier to solve. 

 

To more clearly describe a subproblem in LugNP, we introduce four subsets of the binary variables y (qf, qp, qs, and 

qm). The subset qf defines an index set of binary variables that have been fixed based on the results of previous 

iteration(s), qp defines an index set of binary variables that are used for partitioning the feasible region, and qs defines 

an index set of sampled binary variables. The union of these three subsets defines the subset Q described above, i.e., 

qf ∪ qp ∪ qs = Q. The remaining subset qm defines the index set of all remaining setup variables. The union of qf, qp, 

qs, and qm thus corresponds to the full set of setup variables in the original problem; that is, qf ∪ qp ∪ qs ∪ qm = {11, 

..., IT}. 

 

With these definitions, and given subsets qf, qp, qs, and qm, the corresponding subproblem, SLS-MLS, can be defined 

as follows. 

 

min (1)  

Subject to: (2) – (7)  

 𝑦𝑖𝑡 =  𝑦
𝑖𝑡

, 𝑖𝑡 ∈ 𝑞𝑓 ∪ 𝑞𝑝 ∪ 𝑞𝑠 (SLS-MLS)  

 𝑦𝑖𝑡 ∈ {0,1}, 𝑖𝑡 ∈ 𝑞𝑚  

 

To present a step-by-step description of the LugNP method we require the following additional notation: 

 

Θ = The feasible region. 

Tlim = The algorithm time limit for the framework. 

𝑦 = The best candidate feasible solution. 

𝑦 = The best lower bound solution. 

𝜎(𝑘) = The most promising region in the kth iteration. 

SLS − ML𝑘𝑗𝑖
𝑆  = The ith subproblem in the jth partition of the kth iteration. 

qf = The index set containing fixed binary variables. 

qpkj = The index set containing partitioning variables in the jth partition of the kth iteration. 

qskji = The index set containing sampling variables in the ith subproblem of the jth partition of the kth 

iteration. 

With all the necessary notation in hand, we can now provide a precise description of the LugNP algorithm. 

 

Algorithm LugNP:  
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Step-I: Initialization. Solve the SLS-ML problem using relax-and-fix and linear programing relaxation to obtain an 

initial feasible solution candidate 𝑦 and a lower bound solution 𝑦. Set k = 1, qf = ∅ and the current most promising 

region, σ(k) = Θ. Go to Step-II. 

 

Step-II: Partitioning. Let Sσ(k) denote the number of subregions of σ(k). Partition σ(k) into Sσ(k) subregions σ1(k),..., 

𝜎𝑆𝜎(𝑘)
(k) by selecting qpkj for each subregion σj(k), j = 1,..., Sσ(k). Aggregate the surrounding region Θ \ ∑ 𝜎𝑗

𝑆𝜎(𝑘)

𝑗=1
(𝑘) 

into one region 𝜎𝑆𝜎(𝑘)+1
(k). Go to Step-III. 

 

Step-III: Sampling. Let Nj denote the number of subproblems from region σj(k). Use a sampling procedure to select 

qskji, i = 1,...,Nj, in order to construct subproblems from each of the regions σj(k), j =1,2,...,Sσ(k) +1,; these subproblems 

are listed as follows: 

 
Go to Step-IV. 

 

Step-IV: Estimating promising index. Solve all subproblems using linear programming relaxation to obtain lower 

bounds, 

 
Determine the most promising subproblem within each subregion, where 

 
Note that 𝑖�̂�𝑗  is the index of the most promising subproblem within subregion σj(k). This results in Sσ(k) +1 subproblems, 

which are solved by relax-and-fix in order to obtain upper bounds. 

 
Determine the most promising subproblem, where  

 
Note that 𝑗�̂� is the index of the most promising subproblem in the kth iteration, and 𝑗�̂� is also the index of the most 

promising region to which the most promising subproblem belongs. If two or more regions are equally promising, ties 

can be broken arbitrarily. If this index corresponds to a region that is a subregion of σ(k), then let this serve as the 

most promising region in the next iteration. Note that in this promising region, qpk(𝑗�̂�) has been inserted into qf. Go to 

Step-V. Otherwise, if the index corresponds to the surrounding region, go to Step-VII. 

 

Step-V: Updating the feasible solution candidate. Update 𝑦 to Hy(SLS − ML𝑘(�̂�
𝑘)  (�̂�

𝑘𝑗) 

𝑆 ) if Hu(SLS − ML𝑘(�̂�
𝑘)  (�̂�

𝑘𝑗) 

𝑆 ) 

is the smallest upper bound so far. Set k = k + 1. Go to Step-VI. 

 

Step-VI: Stopping criteria check. If qf = IT or the solution time exceeds the algorithm time limit 𝑇𝑙𝑖𝑚, then the 

algorithm stops. Let 𝑦 be the final solution, otherwise, go to Step-II. 

 

Step-VII: Backtracking. Set qf = ∅, k = 1. Update the most promising region to Θ, and 𝑦 to Hy(SLS − ML𝑘(�̂�
𝑘)  (�̂�

𝑘𝑗) 

𝑆 ) 

if Hu(SLS − ML𝑘(�̂�
𝑘)  (�̂�

𝑘𝑗) 

𝑆 ) is the smallest upper bound so far. Go to Step-II. 

 

The basic idea of the relax-and-fix algorithm implemented here is to partition all periods in the entire time horizon 

into three parts. The first part corresponds to a time window that contains several periods, the second includes the 

periods preceding the time window, and the third covers the periods following the time window. In the early stages of 

this algorithmic approach, only the lot-sizing problem in the first time window is solved (here, α is defined as the size 

of the time window). Within this time window, the binary variables in the first few periods are required to be binary, 

and the binary variables in the remaining periods are relaxed so as to be continuous (here, the number of such 

remaining periods is denoted as γ). An MIP solver is then used for solving these smaller problems (here, the solving 

time limit is defined as Trf), with fewer complicating binary variables, and the resulting solution is used to fix the 

binary variables in the first few periods in the time window (here, the size of such periods is defined as β, with β ≤ 

SLS-MLS
kj1, SLS-MLS

kj2,..., SLS-MLS
kjNj, j =1,2,...,Sσ(k) +1.                      (9) 

Lo(SLS-MLS
kj1), Lo(SLS-MLS

kj2), ..., Lo(SLS-MLS
kjNj), j =1,2,...,Sσ(k) +1.                               (10) 

𝑖̂𝑘𝑗 = arg min
𝑖∈{1,…,𝑁𝑗}

 Lo(SLS-MLS
kji), j =1,2,...,Sσ(k) +1.                                              (11) 

Hu(SLS-MLS
kj(𝑖�̂�𝑗) ), j =1,2,...,Sσ(k) +1.                                                       (12) 

𝑗�̂� = arg min
𝑗∈{1,…,𝑆𝜎(𝑘)+1}

  Hu(SLS-MLS
kj(𝑖̂𝑘𝑗) ).                                                    (13) 
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α- γ). The following periods (from period β+1 to β + α) are then processed in the same manner until all binary variables 

are fixed. Variants of relax-and-fix have been widely proposed in the literature, e.g., Belvaux and Wolsey (2000), 

Stadtler (2003), Wu et al. (2010), and Wu et al. (2012). 

 

4. Computational Tests  
 

Computational experiments were conducted on numerous test instances with different sizes in order to verify the 

performance of the LugNP method. Because the SLS-ML problem is new without existing benchmarks, we generated 

test instances based on the benchmark problems generated by Simpson and Erenguc (2005) and Akartunalı and Miller 

(2009). These data sets include sets SET1, SET2, SET3, and SET4, each set having 30 instances with low, medium 

and high variability of demand. Except for the problems in SET2, which have a horizon of 24 periods, all instances 

have 16 periods. All instances have 78 items and have an assembly structure. For more details about the instances, see 

Simpson and Erenguc (2005) and Akartunalı and Miller (2009). We note that the formulation with backlogging 

presented by Akartunalı and Miller (2009) was used to test this group of test instances (in which a setup can be used 

for a family of products instead of only one product, making this formulation different from the formulation presented 

in this paper). We amended these test instances by adding the production, setup, and inventory-holding carbon 

emissions and emission capacities, which are designed as follows: 

 

 Setup carbon emission (seit): The setup carbon emission of item i in period t is uniformly distributed in [100, 

400]. 

 Production carbon emission (peit): The production carbon emission of item i in period t is uniformly 

distributed in [20, 50]. 

 Inventory-holding carbon emission (heit): The inventory-holding carbon emission of item i in period t is 

uniformly distributed in [1, 3]. 
 Carbon emission capacity (Et): The carbon emission capacity in period t is set to 

 
 

Table 1. Solution comparisons of Cplex and LugNP for SET1 and SET2 

Prob ID LB Cplex LugNP Cplex G LugNP G Prob ID LB Cplex LugNP Cplex G LugNP G 

SET1-01 17,888 25,827 22,461 30.74% 20.36% SET2-01 46,139 57,710 53,133 20.05% 13.16% 

SET1-02 23,534 30,147 28,252 21.93% 16.70% SET2-02 47,805 61,632 54,817 22.44% 12.79% 

SET1-03 21,227 27,817 25,418 23.69% 16.49% SET2-03 40,581 51,725 47,528 21.54% 14.62% 

SET1-04 22,232 28,379 26,675 21.66% 16.66% SET2-04 36,367 49,837 45,011 27.03% 19.20% 

SET1-05 21,446 28,708 25,163 25.29% 14.77% SET2-05 45,422 58,182 52,293 21.93% 13.14% 

SET1-06 22,974 31,480 27,244 27.02% 15.68% SET2-06 45,930 61,522 52,423 25.34% 12.39% 

SET1-07 20,360 28,750 24,124 29.18% 15.60% SET2-07 52,855 68,589 58,855 22.94% 10.19% 

SET1-08 25,582 33,422 29,647 23.46% 13.71% SET2-08 48,025 63,199 55,614 24.01% 13.65% 

SET1-09 16,321 24,229 21,373 32.64% 23.64% SET2-09 37,579 53,216 44,869 29.38% 16.25% 

SET1-10 17,998 27,669 23,064 34.95% 21.97% SET2-10 38,778 52,525 46,614 26.17% 16.81% 

SET1-11 11,080 13,321 12,956 16.82% 14.48% SET2-11 65,202 72,497 68,489 10.06% 4.80% 

SET1-12 24,721 28,081 26,831 11.97% 7.87% SET2-12 62,773 71,137 66,508 11.76% 5.62% 

SET1-13 20,782 23,970 23,128 13.30% 10.14% SET2-13 34,750 44,661 39,410 22.19% 11.82% 

SET1-14 22,264 27,067 25,071 17.74% 11.19% SET2-14 62,905 69,414 66,742 9.38% 5.75% 

SET1-15 12,401 14,886 14,118 16.69% 12.16% SET2-15 59,079 63,743 61,574 7.32% 4.05% 

SET1-16 15,122 18,052 17,407 16.23% 13.13% SET2-16 75,657 85,295 79,605 11.30% 4.96% 

SET1-17 20,468 24,157 23,008 15.27% 11.04% SET2-17 36,728 46,027 41,282 20.20% 11.03% 

SET1-18 11,075 13,208 12,974 16.15% 14.64% SET2-18 77,848 86,185 81,568 9.67% 4.56% 

SET1-19 13,276 18,302 16,503 27.46% 19.56% SET2-19 54,973 62,002 58,426 11.34% 5.91% 

SET1-20 14,101 17,571 17,159 19.75% 17.82% SET2-20 119,566 126,646 122,906 5.59% 2.72% 

SET1-21 10,159 12,635 12,421 19.60% 18.21% SET2-21 22,029 25,475 24,052 13.53% 8.41% 

SET1-22 38,041 41,011 40,189 7.24% 5.34% SET2-22 51,115 56,675 52,888 9.81% 3.35% 

SET1-23 29,316 32,344 30,606 9.36% 4.21% SET2-23 28,695 33,887 32,718 15.32% 12.30% 

SET1-24 28,858 33,092 32,148 12.80% 10.24% SET2-24 65,871 71,361 68,583 7.69% 3.95% 

SET1-25 51,371 54,595 52,960 5.91% 3.00% SET2-25 75,524 82,559 78,112 8.52% 3.31% 

SET1-26 39,402 43,799 41,227 10.04% 4.43% SET2-26 60,827 68,473 63,282 11.17% 3.88% 

 2 · ∑ ∑ (𝑝𝑒𝑖𝑡 + 𝑠𝑒𝑖𝑡 + ℎ𝑒𝑖𝑡) ∙ 𝑔𝑑𝑖𝑡/𝑇
𝑇

𝑡=1

𝐼

𝑖=1
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SET1-27 40,838 44,939 43,320 9.13% 5.73% SET2-27 52,947 56,454 54,795 6.21% 3.37% 

SET1-28 39,846 43,790 40,993 9.01% 2.80% SET2-28 44,508 48,399 46,655 8.04% 4.60% 

SET1-29 23,155 26,220 25,322 11.69% 8.56% SET2-29 93,628 103,983 96,183 9.96% 2.66% 

SET1-30 68,989 76,715 70,866 10.07% 2.65% SET2-30 68,259 74,518 71,409 8.40% 4.41% 

Average 24,828 29,806 27,754 18.23% 12.42% Average 55,079 64,251 59,545 15.28% 8.46% 

 
We compare the LugNP method with the commercial MIP solver Cplex in order to establish its efficiency relative to 

the state-of-the-art solver. The commercial MIP solver, Cplex 12.6, is one of the most powerful solvers with the branch 

and bound algorithm embedded. In order to ensure fair comparisons, the same computing capacity (Intel Pentium 4, 

2.8 GHz processor and 16.0 GB RAM) was used. Each of these approaches was programmed using GAMS, a high-

level algebraic modeling language, in which Cplex 12.6 is called as the solver. A total computing time of 100 seconds 

was allocated for instances in SET1 and SET2 and 300 seconds for instances in SET3 and SET4. The total time 

assigned to the two compared approaches is the same to ensure the validness of the comparisons. For the parameter 

setting of LugNP, values of α, β, and γ are set to [5+Tlim/300], 2, and 2, respectively, for obtaining the initial upper 

bound solutions, while the value of α is altered to the total length of the entire horizon when solving the subproblems. 

The number of partitioning variables at any iteration is set to 2, and the number of sampling variables at any iteration 

is set to max(
𝐼×𝑇

2
, |𝑞𝑚| ∗ 0.6) in the dth iteration. Trf is set to 5 + Tlim/100 seconds otherwise. The number of 

partitioned subregions within the promising region at any iteration is set to 10, the number of sample problems in each 

partitioned subregion at any iteration is set to 3, and the number of sample problems in the surrounding region at any 

iteration is set to 1. The Cplex solver is set using the default setting. 

 

Table 2. Solution comparisons of Cplex and LugNP for SET3 and SET4 

Prob ID LB Cplex LugNP Cplex G LugNP G Prob ID LB Cplex LugNP Cplex G LugNP G 

SET3-01 65,101 258,911 214,220 74.86% 69.61% SET4-01 16,274 69,106 53,168 76.45% 69.39% 

SET3-02 81,831 341,020 243,046 76.00% 66.33% SET4-02 31,500 87,676 79,392 64.07% 60.32% 

SET3-03 73,836 305,025 231,028 75.79% 68.04% SET4-03 24,864 75,261 67,100 66.96% 62.95% 

SET3-04 77,840 312,270 232,849 75.07% 66.57% SET4-04 27,516 83,708 69,014 67.13% 60.13% 

SET3-05 76,187 279,583 229,151 72.75% 66.75% SET4-05 25,351 76,948 66,659 67.05% 61.97% 

SET3-06 78,941 294,257 233,254 73.17% 66.16% SET4-06 30,632 83,692 74,702 63.40% 58.99% 

SET3-07 72,404 282,499 225,348 74.37% 67.87% SET4-07 22,300 73,115 64,133 69.50% 65.23% 

SET3-08 88,112 257,591 227,787 65.79% 61.32% SET4-08 40,286 102,941 85,246 60.86% 52.74% 

SET3-09 63,803 231,483 207,796 72.44% 69.30% SET4-09 13,457 68,880 52,761 80.46% 74.49% 

SET3-10 66,322 339,534 219,899 80.47% 69.84% SET4-10 15,276 68,585 58,547 77.73% 73.91% 

SET3-11 42,182 182,224 142,592 76.85% 70.42% SET4-11 12,534 30,001 29,578 58.22% 57.62% 

SET3-12 85,560 309,256 246,827 72.33% 65.34% SET4-12 43,244 75,765 72,085 42.92% 40.01% 

SET3-13 74,392 319,833 211,415 76.74% 64.81% SET4-13 28,139 61,935 55,307 54.57% 49.12% 

SET3-14 84,729 326,133 212,852 74.02% 60.19% SET4-14 56,174 91,181 80,547 38.39% 30.26% 

SET3-15 39,671 213,188 146,785 81.39% 72.97% SET4-15 14,585 26,965 24,872 45.91% 41.36% 

SET3-16 46,027 219,715 163,184 79.05% 71.79% SET4-16 17,171 36,437 35,162 52.88% 51.17% 

SET3-17 71,084 292,812 217,661 75.72% 67.34% SET4-17 28,940 55,277 51,672 47.64% 43.99% 

SET3-18 39,016 191,709 106,831 79.65% 63.48% SET4-18 19,184 27,002 26,631 28.95% 27.97% 

SET3-19 47,089 220,302 165,121 78.63% 71.48% SET4-19 10,717 39,328 34,087 72.75% 68.56% 

SET3-20 57,702 246,442 176,995 76.59% 67.40% SET4-20 18,605 49,130 38,786 62.13% 52.03% 

SET3-21 42,468 236,541 147,814 82.05% 71.27% SET4-21 15,580 26,103 25,961 40.31% 39.99% 

SET3-22 128,187 335,275 268,848 61.77% 52.32% SET4-22 91,644 121,808 119,491 24.76% 23.31% 

SET3-23 96,312 302,808 248,941 68.19% 61.31% SET4-23 54,707 74,350 73,297 26.42% 25.36% 

SET3-24 104,839 310,989 260,107 66.29% 59.69% SET4-24 58,856 86,183 81,919 31.71% 28.15% 

SET3-25 202,294 421,316 336,079 51.99% 39.81% SET4-25 171,644 203,231 196,645 15.54% 12.71% 

SET3-26 144,484 393,174 285,556 63.25% 49.40% SET4-26 110,484 145,172 134,888 23.89% 18.09% 

SET3-27 144,725 380,476 299,021 61.96% 51.60% SET4-27 101,063 136,828 132,463 26.14% 23.71% 

SET3-28 144,642 306,182 227,702 52.76% 36.48% SET4-28 112,872 129,263 126,153 12.68% 10.53% 

SET3-29 79,467 242,318 210,440 67.21% 62.24% SET4-29 51,149 69,758 67,028 26.68% 23.69% 

SET3-30 273,327 470,064 413,759 41.85% 33.94% SET4-30 241,477 277,052 263,059 12.84% 8.20% 

Average 89,752 294,098 225,097 70.97% 62.17% Average 50,207 85,089 78,012 47.97% 43.87% 

 
Comparisons of computational results for data sets SET1, SET2, SET3, and SET4 are given in Tables 1 and 2, in 

which LB represents the lower bounds obtained by the linear programming relaxation of the SLS-ML problem, and 
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LugNP and Cplex denote the upper bounds (Cplex G and LugNP G represent the optimization gaps) obtained by the 

LugNP and Cplex methods, respectively. The optimality gaps are calculated using the difference between the upper 

bound and lower bound divided by the upper bound. From the results, we see that LugNP method can obtain better 

upper bounds than Cplex. 

 

To analyze the impacts of carbon emission constraints on reducing carbon emissions, besides solving the SLS-ML 

problem using LugNP and Cplex, we also apply Cplex to solve the SLS-ML problem after removing the carbon 

emission constraints. The computational results on the carbon emissions are given in Tables 3 and 4, where YSE-

Cplex and YSE-LugNP denote the total carbon emissions achieved by the Cplex and LugNP methods for the SLS-

ML problem, and NOE-Cplex represents the total carbon emissions obtained by Cplex when the carbon emission 

constraints are removed. From the results, we see that the carbon emission constraints can reduce the total carbon 

emissions. 

 

Table 3. Impacts of the carbon emission constraints on reducing the total carbon emissions for SET1 and SET2 

Prob ID NOE-Cplex YSE-Cplex YSE-LugNP Prob ID NOE-Cplex YSE-Cplex YSE-LugNP 

SET1-01 3,554,108 3,504,072 3,519,121 SET2-01 5,543,390 5,521,884 5,483,473 

SET1-02 3,653,296 3,633,462 3,610,929 SET2-02 5,519,301 5,474,074 5,456,362 

SET1-03 3,515,424 3,479,297 3,477,642 SET2-03 5,364,817 5,372,412 5,313,616 

SET1-04 3,608,886 3,593,979 3,576,623 SET2-04 5,420,668 5,393,572 5,388,748 

SET1-05 3,661,817 3,589,602 3,622,691 SET2-05 5,435,937 5,324,195 5,354,921 

SET1-06 3,546,187 3,533,806 3,530,698 SET2-06 5,466,813 5,381,301 5,419,391 

SET1-07 3,573,415 3,573,548 3,567,724 SET2-07 5,426,181 5,432,331 5,401,149 

SET1-08 3,627,532 3,560,397 3,589,076 SET2-08 5,508,856 5,447,364 5,453,319 

SET1-09 3,596,798 3,532,439 3,561,576 SET2-09 5,442,577 5,377,693 5,377,067 

SET1-10 3,703,994 3,659,709 3,678,900 SET2-10 5,414,307 5,372,039 5,369,630 

SET1-11 3,524,773 3,504,535 3,500,291 SET2-11 5,780,695 5,707,085 5,712,318 

SET1-12 3,757,716 3,709,220 3,699,958 SET2-12 5,875,957 5,824,791 5,829,548 

SET1-13 3,782,201 3,754,733 3,753,640 SET2-13 5,067,567 5,033,973 5,042,409 

SET1-14 3,234,947 3,210,510 3,199,860 SET2-14 5,370,623 5,273,242 5,265,215 

SET1-15 3,650,244 3,634,259 3,628,551 SET2-15 5,488,100 5,369,398 5,408,104 

SET1-16 3,500,372 3,500,123 3,495,861 SET2-16 5,622,290 5,569,092 5,527,107 

SET1-17 3,466,806 3,432,834 3,420,614 SET2-17 5,926,821 5,901,702 5,889,446 

SET1-18 3,392,227 3,369,066 3,351,426 SET2-18 5,342,060 5,272,113 5,290,265 

SET1-19 3,353,463 3,333,438 3,328,311 SET2-19 5,440,846 5,379,367 5,360,244 

SET1-20 3,467,539 3,454,588 3,439,344 SET2-20 5,387,328 5,287,896 5,309,075 

SET1-21 3,870,773 3,821,739 3,837,793 SET2-21 5,245,741 5,139,772 5,153,330 

SET1-22 3,814,998 3,758,204 3,758,881 SET2-22 5,700,383 5,590,876 5,598,072 

SET1-23 4,160,419 4,097,942 4,122,108 SET2-23 6,004,304 5,958,127 5,937,387 

SET1-24 4,351,843 4,318,981 4,304,670 SET2-24 5,530,524 5,418,145 5,420,137 

SET1-25 3,248,781 3,141,111 3,147,528 SET2-25 6,453,617 6,348,620 6,363,856 

SET1-26 3,738,345 3,701,393 3,674,978 SET2-26 5,851,985 5,747,495 5,734,136 

SET1-27 4,015,763 3,950,935 3,935,410 SET2-27 4,690,141 4,608,968 4,570,226 

SET1-28 3,996,451 3,923,546 3,919,537 SET2-28 5,526,445 5,423,725 5,420,519 

SET1-29 3,432,024 3,350,887 3,353,104 SET2-29 5,238,316 5,095,134 5,112,542 

SET1-30 3,649,896 3,574,367 3,615,431 SET2-30 6,462,784 6,364,194 6,357,052 

Average 3,648,368 3,606,757 3,607,409 Average 5,551,646 5,480,353        5,477,289 
     

     
Table 4. Impacts of the carbon emission constraints on reducing the total carbon emissions for SET3 and SET4 

Prob ID NOE-Cplex YSE-Cplex YSE-LugNP Prob ID NOE-Cplex YSE-Cplex YSE-LugNP 

SET3-01 3,481,695 3,445,877 3,426,644 SET4-01 3,679,137 3,608,300 3,605,362 

SET3-02 3,684,641 3,582,421 3,588,700 SET4-02 3,804,922 3,762,534 3,817,932 

SET3-03 3,502,030 3,401,976 3,432,786 SET4-03 3,649,432 3,626,536 3,601,639 

SET3-04 3,619,271 3,546,029 3,578,282 SET4-04 3,784,464 3,700,674 3,721,917 

SET3-05 3,628,491 3,555,283 3,597,189 SET4-05 3,789,301 3,758,102 3,730,884 

SET3-06 3,519,465 3,491,843 3,459,097 SET4-06 3,707,032 3,635,247 3,655,067 

SET3-07 3,561,613 3,407,899 3,528,758 SET4-07 3,724,685 3,665,084 3,662,082 

SET3-08 3,632,238 3,507,634 3,568,382 SET4-08 3,712,464 3,758,247 3,701,626 

SET3-09 3,643,292 3,486,582 3,508,789 SET4-09 3,726,540 3,672,841 3,699,118 

SET3-10 3,774,718 3,567,712 3,641,057 SET4-10 3,853,703 3,787,348 3,791,286 
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SET3-11 3,509,883 3,460,831 3,430,529 SET4-11 3,640,731 3,593,009 3,577,736 

SET3-12 3,727,398 3,647,379 3,623,139 SET4-12 3,898,313 3,859,487 3,874,949 

SET3-13 3,804,498 3,694,920 3,696,097 SET4-13 3,924,728 3,853,910 3,904,386 

SET3-14 3,262,425 3,012,262 3,108,694 SET4-14 3,362,377 3,276,140 3,331,349 

SET3-15 3,637,423 3,523,738 3,547,259 SET4-15 3,723,132 3,694,856 3,694,562 

SET3-16 3,474,113 3,394,270 3,469,999 SET4-16 3,642,927 3,593,118 3,546,123 

SET3-17 3,504,011 3,342,905 3,455,120 SET4-17 3,637,356 3,617,785 3,636,384 

SET3-18 3,385,277 3,175,990 3,333,130 SET4-18 3,508,280 3,492,472 3,439,321 

SET3-19 3,329,087 3,227,815 3,213,170 SET4-19 3,468,928 3,366,926 3,408,355 

SET3-20 3,471,684 3,234,309 3,419,744 SET4-20 3,614,837 3,599,288 3,612,660 

SET3-21 3,846,861 3,586,067 3,746,063 SET4-21 3,983,596 3,965,108 3,955,605 

SET3-22 3,765,703 3,690,851 3,739,798 SET4-22 3,956,126 3,932,230 3,930,848 

SET3-23 4,209,864 4,137,726 4,228,370 SET4-23 4,321,274 4,269,678 4,288,378 

SET3-24 4,284,849 4,321,352 4,309,869 SET4-24 4,501,563 4,419,727 4,456,182 

SET3-25 3,240,670 3,043,401 3,153,317 SET4-25 3,407,609 3,281,942 3,300,683 

SET3-26 3,717,253 3,474,213 3,583,234 SET4-26 3,835,870 3,806,770 3,799,754 

SET3-27 3,960,383 3,958,047 3,943,239 SET4-27 4,169,837 4,141,952 4,103,433 

SET3-28 4,018,360 3,955,912 4,008,132 SET4-28 4,116,216 4,100,706 4,053,026 

SET3-29 3,359,372 3,320,422 3,350,654 SET4-29 3,486,312 3,474,498 3,476,886 

SET3-30 3,618,321 3,517,650 3,677,229 SET4-30 3,862,519 3,819,150 3,749,192 

Average 3,639,163 3,523,777 3,578,882 Average 3,783,140 3,737,789       3,737,558 

         

5. Conclusion and Future Research  
 

In this paper, we introduce environmental constraints to the capacitated multi-level lot sizing problem. Carbon 

emission constraints are applied to the problem, enforcing that the total carbon emissions associated with production, 

setup, and storage cannot exceed the periodic regulation limits. Because the problem is NP-hard and complicated to 

solve, we present a lower and upper bound guided nested partitions method to obtain feasible solutions for the problem. 

According to our computational results, this new method can provide better upper bounds, and the carbon emission 

constraints can effectively reduce the total carbon emissions and better maintain the sustainability. For the future 

research, we are interested in adding inequalities into the mathematical formulation and applying local cuts and multi-

period convex hull closures (e.g., Akartunalı et al. (2016)) to enhance lower bounds yielded by linear programming 

relaxation. We are also interested in reformulating the problem using the facility location and shortest path network 

models that are known in obtaining better lower bounds by linear programming relaxation. Additionally, the carbon 

emissions can be considered as the second objective of the lot sizing problem, while the new bi-objective optimization 

problem can be handled using a Pareto front optimization method. 
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