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Abstract 

MEMS cantilever arrays can be used as non-destructive alternatives during frequency tuning 
applications. This is because a small electrostatic voltage applied between the cantilever and the 
bottom electrode is enough to pull it down. Further perturbations can be used to resonate the beam 
at a different frequency. However, before such micro cantilevers can be designed and fabricated, 
analytical and numeric modelling and simulation is helpful in the validation of the concept. This 
paper presents the modelling and simulation of MEMS cantilevers that are used in frequency tuning 
applications. 
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1. Micro-cantilever Beam Mechanics

Micro-electro-mechanical resonators use beam structures as their building blocks [1-17]. When an external 
force ʮ is applied on the beam structure due to electrical or electrostatic voltages and temperature changes 
there are internal tensile or compressive stresses ʘ that deform it resulting into strains ʓ as shown in Figure 
1a. The strain is then the ratio of the elongation in the structure to its original length [5, 6]. An expansion or 
contraction in the structure due to electrical voltages or temperature also generates internal mechanical forces 
that try to resist the electrostatic and temperature deformation respectively. Depending on the direction of the 
load, either tensile or compressive stresses in the structure across any section such as XX in Figure 1b. The 
intensity of the stress σ, is the ratio of the applied load at any beam section P to the area of that section A as 
shown in Equations 1 and 2 where x is the extension due to the applied tensile force. 

𝜎𝜎 = 𝑃𝑃
𝐴𝐴� (1) 

𝜀𝜀 = 𝑥𝑥
𝐿𝐿� (2) 

For elastic structures the deformation is proportional to the load, thus the strain is proportional to the stress 
producing it as per Hooke’s law [18, 19]. The Young’s modulus E, which is a constant representing the stress 
required to cause a unit strain in the structure is represented by: 

𝐸𝐸 = 𝜎𝜎 𝜀𝜀⁄ = 𝑃𝑃𝐿𝐿
𝐴𝐴𝑥𝑥�  (3) 

while the ratio of the lateral strain LT to the longitudinal strain gives the Poisson ratio v so that: 

𝐿𝐿𝐿𝐿 = 𝑣𝑣 𝜎𝜎 𝐸𝐸� (4) 

and the work done in straining a structure by a compressive or tensile load also called the strain energy, U, is 
given by:  

𝑈𝑈 = (1/2)𝑃𝑃𝑥𝑥 = 𝜎𝜎2/2𝐸𝐸. (5) 
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For an element of the micro-beam structure ab subtending an angle at the centre of the radio O, with 
longitudinal stress σ, radius of curvature R, the resultant strain is proportional to the distance y from the neutral 
axis NN as represented by:  

 𝜀𝜀 = 𝜎𝜎
𝐸𝐸

= ∆𝐿𝐿
𝐿𝐿

= (𝑅𝑅+𝑦𝑦)𝜑𝜑−𝑅𝑅𝜑𝜑
𝑅𝑅𝜑𝜑

= 𝑦𝑦
𝑅𝑅
    (6) 

and  

 𝐸𝐸
𝑅𝑅

= 𝜎𝜎
𝑦𝑦
    (7) 

 
2. Methodology 
 
2.1 Beam deflection 
 
Considering a small cross-section δA, of the element in Figure 2, the resulting shearing force and bending 
moment due to the applied lateral load P, are represented by equations 8 and 9 respectively where the moment 
of inertia I or the second moment of area is the summation over a structure of the product of a particle’s distance 
from a given axis [20].  

 𝑃𝑃 = ∫ 𝜎𝜎𝜎𝜎𝐴𝐴 = 𝐸𝐸
𝑅𝑅
∫ 𝑦𝑦𝜎𝜎𝐴𝐴    (8) 

 𝑀𝑀 = 𝑃𝑃.𝑦𝑦 = 𝐸𝐸
𝑅𝑅
∫ 𝑦𝑦2𝜎𝜎𝐴𝐴 = 𝐸𝐸𝐸𝐸

𝑅𝑅
    (9) 

From equation 9, the flexural rigidity or bending stress EI, determines how easy it is to bend or deflect a 
structure, and  

 𝐼𝐼 = ∫ 𝑦𝑦2𝜎𝜎𝐴𝐴    (10) 

For a small slope with 1>> δy/δx, the curvature of the beam approximates to equation 11, and from which the 
deflection of the beam due to the applied load is calculated as shown in equation 12. 

 1
𝑅𝑅

=
𝜕𝜕2𝑦𝑦

𝜕𝜕𝑥𝑥2
�

�1+�𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�
2
�

3
2

= 𝜕𝜕2𝑦𝑦
𝜕𝜕𝑥𝑥2

    (11) 

 𝑀𝑀
𝐸𝐸𝐸𝐸

= 𝜕𝜕2𝑦𝑦
𝜕𝜕𝑥𝑥2

    (12) 

For the lateral vibration of the beam, F was used to represent the shearing force, and f(x,t) the loading per unit 
length of the beam. By resolving forces and moments acting on the element of the beam in the z-direction, the 
total force was as shown in equation 13, and the total moment as equation 14. 

 𝑓𝑓(𝑥𝑥, 𝑡𝑡)− 𝛿𝛿𝛿𝛿 = 𝜌𝜌𝐴𝐴(𝑥𝑥) 𝜕𝜕2𝑦𝑦
𝜕𝜕𝑡𝑡2

(𝑥𝑥, 𝑡𝑡)    (13) 

 𝛿𝛿𝑀𝑀 + 𝛿𝛿𝜎𝜎𝑥𝑥 = 0    (14) 

From equations 12, 13, and 14, the equation for lateral vibration was derived as shown in equation 15. 

 𝐸𝐸𝐼𝐼 𝜕𝜕
4𝑦𝑦

𝜕𝜕𝑥𝑥4
(𝑥𝑥, 𝑡𝑡) + 𝜌𝜌𝐴𝐴𝜕𝜕2𝑦𝑦

𝜕𝜕𝑡𝑡2
(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡)    (15) 

For free vibrations where no external loading accelerates the structure, f(x,t)=0 so that the vibration equation 
became equation 16.  

 𝐸𝐸𝐼𝐼 𝜕𝜕
4𝑦𝑦

𝜕𝜕𝑥𝑥4
(𝑥𝑥, 𝑡𝑡) + 𝜌𝜌𝐴𝐴𝜕𝜕2𝑦𝑦

𝜕𝜕𝑡𝑡2
(𝑥𝑥, 𝑡𝑡) = 0    (16) 

Considering a free vibration such that y(x,t)=W(x)T(t), where W(x) is the characteristic function describing 
the deflection of the beam and T(t) the time component, and using equation 16, the frequency equation became 
equations 17 and 18. 

 𝜕𝜕4𝑊𝑊(𝑥𝑥)
𝜕𝜕𝑥𝑥4

− 𝛽𝛽4𝑊𝑊(𝑥𝑥) = 0    (17) 
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 𝜕𝜕2𝑇𝑇(𝑡𝑡)
𝜕𝜕𝑡𝑡2

+𝜔𝜔2𝐿𝐿(𝑡𝑡) = 0    (18) 

The vibration frequency was ω, while β was an eigen value constant given by equation 19. 

  𝛽𝛽4 = 𝜌𝜌𝜌𝜌𝜔𝜔2

𝐸𝐸𝐸𝐸
   (19) 

To solve equations 17 and 18, it was assumed that: 

 𝐿𝐿(𝑡𝑡) = 𝐶𝐶1 cos𝑤𝑤𝑡𝑡 + 𝐶𝐶2 sin𝑤𝑤𝑡𝑡     (20) 

𝑊𝑊(𝑥𝑥) = 𝐴𝐴 cos𝛽𝛽𝑥𝑥 + 𝐵𝐵 sin𝛽𝛽𝑥𝑥 + 𝐶𝐶 cosh𝛽𝛽𝑥𝑥 + 𝐷𝐷 sinh𝛽𝛽𝑥𝑥   (21) 

where C1, C2, A, B, C, D, were constants solved using the beam’s boundary conditions. 
 
2.2 Cantilever beam end configuration 
 
Different micro-mechanical beam end configurations have different boundary conditions. Configurations could 
be in the form of fixed or clamped end, free end, or simply supported or pinned end. The lateral displacement 
and lateral velocity are both zero for a fixed end, while the bending moment and shearing force are both zero 
for a free end.  

For a simply supported beam end, both the lateral displacement and bending moment are zero. For a cantilever 
beam, one end is free while the other end is firmly fixed as shown in Figure 3. Considering a micro-mechanical 
cantilever beam of length L, the resulting boundary conditions are shown in equation 22. 

 𝑊𝑊(𝑥𝑥)𝑥𝑥=0 = 𝜕𝜕𝑊𝑊(𝑥𝑥)
𝜕𝜕𝑥𝑥 𝑥𝑥=0

= 𝜕𝜕2𝑊𝑊(𝑥𝑥)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

= 𝜕𝜕3𝑊𝑊(𝑥𝑥)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

= 0    (22) 

By using the boundary conditions in equation 22, the constants in equation 21 were solved resulting in equation 
23, which determined the modal shape of the cantilever. The constant Dn represented the amplitude of the nth 
mode while αn was given by equation 24. The characteristic function of the cantilever beam from which the 
eigen values for the nth mode were calculated was as shown in equation 25. 

𝑊𝑊𝑛𝑛(𝑥𝑥) = 𝐷𝐷𝑛𝑛[sin𝛽𝛽𝑛𝑛𝑥𝑥 − sinh𝛽𝛽𝑛𝑛𝑥𝑥 − αn(cos𝛽𝛽𝑛𝑛𝑥𝑥 − cosh𝛽𝛽𝑛𝑛𝑥𝑥)]   (23) 

 𝛼𝛼𝑛𝑛(𝑥𝑥) = [(sin𝛽𝛽𝑛𝑛𝑥𝑥 + sinh𝛽𝛽𝑛𝑛𝑥𝑥) (cos𝛽𝛽𝑛𝑛𝑥𝑥 + cosh𝛽𝛽𝑛𝑛𝑥𝑥)⁄ ]   (24) 

 cos(𝛽𝛽𝑛𝑛𝐿𝐿) cosh(𝛽𝛽𝑛𝑛L) = −1   (25) 

Other micro-mechanical beam structures resulted in respective modal shape and characteristic functions shown 
in equations 26 - 28 for clamped-clamped configurations, and equations 29 - 30 for simply supported 
configurations.  

𝑊𝑊𝑛𝑛(𝑥𝑥) = 𝐷𝐷𝑛𝑛[sinh𝛽𝛽𝑛𝑛𝑥𝑥 − sin𝛽𝛽𝑛𝑛𝑥𝑥 + αn(cosh𝛽𝛽𝑛𝑛𝑥𝑥 − cos𝛽𝛽𝑛𝑛𝑥𝑥)]   (26) 

 𝛼𝛼𝑛𝑛(𝑥𝑥) = [(sinh𝛽𝛽𝑛𝑛𝐿𝐿 − sin𝛽𝛽𝑛𝑛𝐿𝐿) (cos𝛽𝛽𝑛𝑛𝑥𝑥 − cosh𝛽𝛽𝑛𝑛𝑥𝑥)⁄ ]   (27) 

 cos(𝛽𝛽𝑛𝑛𝐿𝐿) cosh(𝛽𝛽𝑛𝑛L) = 1   (28) 

𝑊𝑊𝑛𝑛(𝑥𝑥) = 𝐷𝐷𝑛𝑛[sin𝛽𝛽𝑛𝑛𝑥𝑥]  (29) 

 sin(𝛽𝛽𝑛𝑛𝐿𝐿) = 0   (30) 

2.3 The natural frequency 
From equation 19, the resonance frequency of the micro-mechanical beam was transformed into equation 31, 
which emphasizes that the dependence of material and cross-sectional properties of the beam on its natural 
frequency. These properties include the Young’s modules E, the moment of inertia I, the mass per unit area ρA, 
the beam length L, and the boundary conditions. In particular the bending stiffness or the flexural rigidity EI 
determines how easy it is to bend the beam, while the eigen values βnL contributed to the amplitude and shape 
of the n modes.  

The vibration of a micro-mechanical beam structure was compared to that of a simple one-degree of freedom 
masslesss spring system with a spring constant K, and a mass m attached to it. Neglecting damping, the 
resonance frequency fo of a harmonic oscillator is given by equation 32. This shows that a beam resonator can 
be approximated to a simple harmonic oscillator if an effective spring constant and an effective mass are defined 
as shown in equations 33 and 34.  
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𝑓𝑓𝑛𝑛 = 1
2𝜋𝜋

(𝛽𝛽𝑛𝑛𝐿𝐿)2� 𝐸𝐸𝐸𝐸
𝜌𝜌𝜌𝜌𝐿𝐿2

  (31) 

𝑓𝑓𝑜𝑜 = 1
2𝜋𝜋
�𝐾𝐾
𝑚𝑚

  (32) 

𝐾𝐾𝑒𝑒𝑒𝑒𝑒𝑒 = 𝛽𝛽𝑛𝑛
4𝐸𝐸𝐸𝐸
𝐿𝐿3

  (33) 

𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜌𝜌𝐴𝐴𝐿𝐿  (34) 

From equations 31 to 34, changing the dimensions of the micro-mechanical beam structure changes the 
resonance frequency. Additionally, inducing the compressive and tensile stresses into the beam structure 
changes the flexural rigidity EI which results into changes in the resonance frequency.  
 
2.2 Relevancy to frequency tuning 
 
In terms of frequency tuning, changing the dimensions or weight of the cantilever as well as introducing 
compressive or tensile loads that change the stiffness, can result in changes in its resonance frequency. For 
micromechanical cantilevers, dimensional and weight changes might be carried out using focused ion beam 
micromachining, reactive ion etching, ion milling, selective material deposition and laser trimming. Stiffness 
can be achieved through thermal stress using heat from an applied current or electrostatically using inbuilt 
capacitive actuators. 

Another way of changing the frequency of the resonating structure is by adjusting the vibrating length. As shown 
in equation 26, for every eigen value βnL, the frequency of a vibrating structure is proportional to the inverse 
square of its length. By devising a mechanism of changing the length of a micromechanical cantilever, a novel 
means of changing the frequency can be developed. This is the basis for the length tuning method. 

3. Ressults and Discussion 
 

The eigen values of the modes were determined from the characteristic function of the beam given by 
equation 25, derived as roots of the transcendental equation as shown in Table 1. 

3.3.1.1 The fundamental frequency 

For frequency tuning applications, the natural frequency is the key. This is because it 

determines both the higher modes and the shift in frequency that can be attained 

during tuning. The natural frequency of a cantilever beam, fo is determined from 

(3.30) by taking the first eigen value that corresponds to the first mode of, vibration 

of the beam such that BETAnL = BETA1L.  
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Table 3.2: Material properties of the cantilever beams [33]. 
 

Material parameter Value 
Density of Gold, p (kgm~ ) 19300 

Young's modulus of Gold, E (GPa) 78 
Beam thickness, d (jum) 2 
Cantilever gap, H (jum) 2 
Permittivity, EQ (Fm"1) 8.85e-12 

Oxide thickness, h (jum) 0.5 
Slope (h/H ratio) 0.25 

Table 3.3: Calculated and ANSYS modelled fundamental frequencies for beam 

lengths from 300 um to 1500 um. 
 

Beam length 
Lo(jum) 

Natural frequency,/^ (Hz) 
Analytical FEM (ANSYS 9.0) % difference 

300 7216 7209.71 0.09 
400 4059 4055.46 0.09 
500 2598 2595.50 0.10 
600 1804 1802.43 0.09 
700 1325 1324.23 0.06 
800 1015 1013.87 0.11 
900 801.8 801.08 0.09 
1000 649.4 648.87 0.08 
1100 536.7 536.26 0.08 
1200 450.9 450.61 0.06 
1300 384.3 383.95 0.09 
1400 331.3 331.06 0.07 
1500 288.6 288.39 0.07 

The natural frequencies for cantilever beams of lengths from 300 um to 1500 um 

were analytically calculated and also finite element modelled (FEM) in ANSYS 9.0 

(using a code given in Appendix B), to ascertain the accuracy of the results. The 

design parameters used in the calculation are shown in Table 3.2. Both findings were 

recorded in Table 3.3. From these results, shorter cantilevers have a higher resonance 

frequency than longer ones. Additionally, the calculated natural frequency for each 

beam is slightly higher than the modelled one with a small discrepancy of 0.1%, 

which is attributed to numerical differences in the two methods. However, a better 

understanding of the relationship between cantilever length and resonance frequency 

is given in Figure 3.19. From this plot, it is concluded that to attain a higher natural 

frequency, shorter beams must be used however, to fully understand the dynamic 

behaviour of the cantilever, a varied range of beam lengths must be used. This 
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suggests a device with an array of cantilevers of lengths ranging from 300 /mi to 
1500 /urn. 

 
Length (um) 

Figure 3.19: Variation of the fundamental resonance frequencies with beams of 
lengths between 300 um and 1500 um in 100 jum increments. 

300  400  500  600  700  800  900  1000  1100  1200  1300  1400  1500 
Beam length (urn) 
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Figure 3.20: Variation of the modal frequencies with beams of lengths between 300 

jum and 1500 /urn in 100 /mi increments. 
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3.3.1.2 Higher modes of vibration 

All modes of vibration are determined by substituting the eigen values pnL (n = 1,2, 

3 ...) for a cantilever as given in Table 3.1, into (3.30). Calculated frequencies for the 

first three modes that follow the fundamental frequency are shown in Table 3.4 for 

beam lengths ranging from 300 /mi to 1500 /mi. From the table, it is observed that for 

all beams the higher the mode, the higher the corresponding frequency. Also longer 

beams have a relatively lower frequency for a corresponding mode than shorter ones. 

A better visualisation of the relationship between the modes of vibration and the 

beam length is shown in Figure 3.20 for lengths from 300 /mi to 1500 /mi. 

Table 3.4: Higher modes of frequency calculated from analytical derivations. 
 

Beam length 
L0Qim) 

Mode 2 (Hz) Mode 3 (Hz) Mode 4 (Hz) 

300 45221.35 126514.1 247912.7 
400 25437.01 71164.21 139450.9 
500 16279.68 45545.09 89248.57 
600 11305.34 31628.54 61978.18 
700 8305.962 23237.29 45534.99 
800 6359.252 17791.05 34862.72 
900 5024.594 14057.13 27545.86 
1000 4069.921 11386.27 22312.14 
1100 3363.571 9410.143 18439.79 
1200 2826.334 7907.134 15494.54 
1300 2408.237 6737.44 13202.45 
1400 2076.49 5809.323 11383.75 
1500 1808.854 5060.566 9916.508 

3.3.1.3 Modal frequencies derived from ANSYS 

Cantilever beams were also modelled in ANSYS 9.0 to compare the results with 

those obtained analytically from analytical derivations using MATLAB, Maple 9 and 

MATHCAD 11. Table 3.1 shows the results of the first three modes following the 

fundamental frequency for beams whose length is between 300 /mi and 1500 //m in 

100 jum increments. Comparing the analytical and modelled results of the beams' 

modes of vibration, a 0.01% discrepancy between the two methods was observed. 

This conclusion provided more confidence in the application of indirect variational 

methods in the analysis of the dynamic and static behaviour of mechanical systems. 
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Table 3.5: Other modes of frequency modelled in ANSYS. 
 

Beam length 

300 

Mode 2 (Hz) 
45225 Mode 3 (Hz) 

12665 

Mode 4 (Hz) 

24832 

400 2544 71244 1397 
500 16282 45598 89412 
600 11307 31665 62093 
700 8307 23265 4562 
800 63601 17812 34928 
900 5025 14074 27598 
1000 4071 114 22354 
1100 3364 9421 18475 
1200 2828 7917 15524 
1300 2409 6746 13228 
1400 2077 5816 11405 
1500 1809 5067 9936 

Table 3.6 Critical voltages corresponding to the four critical points. 
 

Beam length  Critical voltages (V)  

L0(jum) rci = 0.7407 r^ =1.4258 Tc3 = 0.5408 K= 1.3917 

300 6.181096 11.89821 4.512943 11.61365 
400 3.476866 6.692745 2.53853 6.532679 
500 2.225195 4.283357 1.624659 4.180914 
600 1.545274 2.974553 1.128236 2.903413 
700 1.135303 2.185386 0.828908 2.13312 
800 0.869217 1.673186 0.634633 1.63317 
900 0.686788 1.322024 0.501438 1.290406 
1000 0.556299 1.070839 0.406165 1.045229 
1100 0.459751 0.884991 0.335673 0.863825 
1200 0.386318 0.743638 0.282059 0.725853 
1300 0.329171 0.633633 0.240334 0.618478 
1400 0.283826 0.546347 0.207227 0.53328 
1500 0.247244 ' 0.475929 0.180518 0.464546 

3.3.1.4 Modelling frequency tuning 

The universal behaviour of a cantilever beam undergoing actuation was summarized 

in Figure 3.18. The calculated values of the critical points are shown in Table 3.6. 

From this table, it is observed that shorter beams take longer to reach the stable pull- 

in point than longer beams. A relationship of the plot of the corresponding critical 

voltages for beams of different lengths is shown in Figure 3.21. This data is based on 
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beams of actuating voltage and the corresponding voltages can be derived from 

(3.54) for fixed values of the h/H ratio equal to 0.25. 

300  400  500  600  700  800  900  1000  1100  1200  1300  1400  1500 
Beam length (urn) 

Figure 3.21: Critical voltages corresponding to the four critical points cantilever 

beams undergo during actuation based on h/H = 0.25. For smaller beams, the pull- 

down voltage is much higher than that required on smaller beams. 

Within the region GZ in Figure 3.18, the cantilever beam can be used as a frequency 

tuning device by decreasing or increasing the actuating voltage. For tuning purposes, 
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the values of T are from 1.4258 onwards for the h/H ratio equal to 0.25. The slope a, 

which can me measured from the r Vs F plot over the region GZ, is represented by 

(3.91) 

Using (3.91), (3.30) and (3.54), the variation of the tuned frequency^ with the 

actuating voltage can be represented as: 

KV     .. Kfb(h/H) 
(3.92) 

where & is the breakdown voltage of the 

insulating layer, and K is a constant 

determined by the material properties of the vibrating structure as: 
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(3.93) 

Using (3.92), the variation of the tuned frequency with the actuation voltage has been 

plotted to compare the response of short and long beams as shown in Figure 3.22, 

Figure 3.23, and Figure 3.24. From Figure 3.22, it is observed that the change in the 

tuned frequency with voltage is always the same irrespective of the beam length. It is 

approximately 3.1 kHz/V. This is because the h/Hratio, which dictates the slope, a, 

of the r Vs T characteristic was kept at 0.25 throughout the analysis. Practically 

however, both the thickness of the cantilever h, and the electrostatic gap H, are 

determined by the fabrication process and might not necessarily be the same for all 

beams. 

 

Figure 3.22: Variation of the tuned frequency with the actuating voltage for all 

beams. The observed slope is the same although shorter beams will require much 

higher voltages to pull in. 
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Another observation is that the longer the beam the smaller the initial actuation 
voltage required to fully pull them in. This can be seen in Figure 3.23 from which a 
1500 jum beam required less than 1 V to reach pull-down whereas a 300 jj.m one 
required 12 V as shown in Figure 3.24. Additionally, longer beams have a wider 
frequency tuning range after pull-down before reaching the breakdown voltage of the 
bottom insulating layer. The approximate frequency shift of 3.1 kHz/V is therefore 
the same for both the longer and shorter beams. 

 
Figure 3.23: Comparing the tuned and fundamental frequency for a longer beam 

(1500 jim). It requires < 1 V to pull in the beam and the tuned frequency with 

actuation voltage is much higher than the fundamental one. 

 

Proceedings of the International Conference on Industrial Engineering and Operations Management 
Washington DC, USA, September 27-29, 2018 

© IEOM Society International 2619



 

Figure 3.24: Comparing the tuned and fundamental frequency for a shorter beam 

(300 jum). It requires 12V to pull in the beam and the tuned frequency with actuation 

voltage is much higher than the fundamental one. 

3.3.2        Design parameters for prototype devices 

From (3.92), the tuned frequency7J depends on the structural material parameters K, 

the electric field breakdown voltage of the insulating oxide &, the beam thickness d, 

the electrostatic gap between the cantilever and the bottom insulating layer H, and 

the bottom insulating layer thickness h. Also it has been observed in Figure 3.22 that 

the tuned frequency increases with the actuating voltage. From these details the 

device structure, dimensions and material properties can be dictated. 

3.3.2.1 Determining the beam thickness 

In equation (3.92) the tuned frequency (fi) is proportional to the inverse-square of the 

beam thickness (d). This means that thinner the cantilever beam, the higher the tuned 

frequency. Limitations set by the fabrication process however impose a lower limit 

of the beam thickness. This is because the cantilever beam is manufactured using 

electroplating. This process involves depositing a seed layer of the beam material, 
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followed by the actual plating of the beam and eventually etching away the seed 

layer deposited in areas not covered by the beams. A beam thickness of 2 pim. is 

possible with this process and was chosen in this design, with a titanium/gold seed 

layer of 100 nm. 

3.3.2.2 Determining the electrostatic gap 

From (3.92) to have a large tuned frequency and therefore large frequency shift, the 

electrostatic gap (H) between the beam and the substrate should be made as small as 

possible. This gap however is determined by the material and deposition method of 

the sacrificial layer during fabrication. Usually organic polymers are used as 

sacrificial layers and deposited by spin-coating [34] followed by a hot bake. This 

process ensures the polymer covers all around the wafer but does not guarantee the 

same thickness all across the wafer. Additionally, the method of removing the 

sacrificial layer during the release of the cantilever also dictates the final gap after 

fabrication. Wet release results in capillary forces pulling the cantilever down thus 

decreasing the gap at the tip whereas uncontrolled dry release results in over- 

releasing the beam, which results in a large gap at the tip. 

Taking all the above issues in mind, the electrostatic gap of 2 //m was chosen in this 

design to target large frequency shifts. In addition, the fabrication process was set to 

use photo-resist as the sacrificial material so that it could be readily be removed 

using an oxygen plasma during the dry release of the cantilever beams. 

3.3.2.3 Determining the thickness of the insulating layer 

The thickness of the insulating layer (h) on the substrate electrode is very important 

in determining the maximum voltage that can be applied between the device 

electrodes for tuning. It also dictates the slope of the region GZ on the rVsT plot 

(Figure 3.18), the and therefore the frequency shift per unit tuning volt. This is 

because the integral in equation (3.90) of the analysis, which determines the slope 

depends on a given ratio of (h/H), and by changing (h), r too would change. 
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A thick insulating layer means a large frequency tuning range before the electric field 

across the insulating layer breaks down. However this lowers the slope, which results 

in a smaller frequency shift per unit voltage. The thickness of the insulating layer 

was chosen to be 0.5 um, and made of silicon dioxide to be deposited using plasma 

enhanced chemical vapour deposition (PECVD). Since the electric breakdown 

voltage of PECVD SiC>2, & > lMV/cm, this allows an electrostatic actuating voltage 

of up to 50 V without device breakdown. 

3.3.2.4 Choice of device materials 

The tuned frequency increases proportionally with the material constant K as shown 

in (3.92). The key material parameters here are the density of the vibrating structure 

material and the permittivity. The device material was chosen to be gold. This is not 

only because of the good conductivity of gold, corrosion resistance, but also to ease 

testing of the device using optical methods since the beams would be reflective [35, 

36]. Also it is easily incorporated in the intended fabrication process. 

Silicon wafers are used for the manufacture of the device because they are 

inexpensive, readily available and very good substrates. Because the device is 

fabricated using a surface micromachining technique, the silicon substrate is merely 

used as a substrate and does not play any other role in the functioning of the device. 

Wafers chosen had the following properties: 

Table 3.7: Silicon wafer properties. 

 _________ Material 
Properties _ Value______________________________________  

Orientation '  

Table 3.7: Silicon wafer properties. 

Material Properties Value 
Orientation <100> 

Thickness (um) 500 
Resistivity (Q) 1-10 

Dopant type N 
Diameter (mm) 100 
Surface finish Single-sided polish 

Dopant Phosphorous 
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Thickness (urn) 500 
Resistivity (Q) 1-10 

Dopant type                                                            N 
Diameter (mm)                                                        100 
Surface finish                                            Single-sided polish 
 ______________ Dopant  _______________________ Phosphorous
 ______________  
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44 3.3.2.5 Determining the length of the device 

The tuned frequency is independent of the fabricated or original length of the 
cantilever device. However, the beam's length dictates the natural frequency of the 
device and the starting point of the tuning process. It was concluded in section 
3.3.1.4 that longer beams have lower pull-in voltages than shorter ones, and that they 
provided a wider tuning range because the actuating voltage can be changed to 
achieve higher frequencies before reaching the electric field breakdown voltage of 
the insulating material. To examine the effect of length on the performance of the 
device, beams of lengths between 300 jum to 1500 jum were fabricated. 

3.3.3        Device structure 

The fabricated structures were designed to have arrays of gold cantilever beams, with 
lengths from 390 /mi to 1490 /mi, spanning three sides of a central square anchor 
point (800 /mi x 800 /mi) whose other side is connected to an actuating electrode. A 
layout of the prototype device is shown in Figure 3.25. The cantilevers are raised and 
suspended above a 0.5 /mi insulating silicon dioxide layer used to avoid a short 
circuit between the beam arrays and the bottom titanium/gold actuating electrode 
30/1 OOnm thick. Both electrodes are 500 /mi x 500 /mi wide. Titanium is chosen for 
its good adhesion with other materials, whereas gold is chosen for its good 
conductivity. A cross-section of one of the beams is shown in Figure 3.26. The 
bottom electrode is exposed to enable connection to the chip package using a wire 
bonding process. The whole structure is manufactured on a 500 /mi thick silicon 
substrate. 
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Figure 3.25: Device layout. 

 

Figure 3.26: Cross-section of a single cantilever beam. 
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3.3.4        Additional design considerations 
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The designed device model has not taken into consideration the surface adhesion 

forces that would result in the cantilever beam sticking down upon contact with the 

substrate [37-40]. These forces, together with fringing effects and the dielectric of 

the insulating oxide layer between the cantilever and the bottom electrode affect both 

the static and dynamic behaviour of the system [41, 42]. As a result, the free 

vibrating length of the beam after pull-down, the resonance frequency and the 

electrostatic adjustment of the frequency are not as analytically simulated in Figure 

3.18. The implications of these effects on the device performance are discussed 

further in the sections below. 

33.4.1 Fringing effects and the insulating layer dielectric 

The normalised analytical static deflection equation of the system given in (3.15) can 

be transformed to include fringing effects and the dielectric of the insulating layer, e; 

to give: 

 

where 

 

The solution of (3.94) can be done in the same way detailed in Section 3.2.2. The key 

difference here is in the quantities embodied in the parameter controlling the 

actuation for the two cases: T (without fringe considerations) and Tn (with fringe 

effects considered). Table 3.8 shows a comparison of the free-length of the beam 

following a set of voltages applied to the beam irrespective of the original beam 

length. It is observed that with fringe and dielectric considerations, any long beam 

(3.94) 

(3.95) 
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when actuated by 10 V would undergo electrostatic pull-down leaving, a free- 

vibrating length of 376 /um as compared to one of 380.7 /mi. 

In general therefore, fringing effects and the dielectric of the insulating layer do not 

limit the frequency tuning range of the beam and thus the frequency shift. 

Table 3.8: Fringe effect on the free-vibrating length of the beam after pull-down 

stability 
 

Biasing (V) Beam length with 
fringing (um) 

Beam length without 
fringing (urn) 

1  1189.1 1203.9 
10  376.0 380.7 
50  168.1 170.2 
100  118.9 120.3 
200  84.08 85.13 

3.3.4.2 Surface forces 

Stiction is the unintentional adhesion of compliant microstructure surfaces when 

restoring forces are unable to overcome interfacial forces such as capillary, Van der 

Waals, Casimir effects, etc., [37, 39, 43-45]. Surface forces naturally attract the 

cantilever beam towards the substrate thereby affecting the static and dynamic 

behaviour of the system [46-50]. 

In the presence of these forces, the dynamic behaviour of the cantilever given 

derived in equation (3.15) can be modified to include their effect on the system: 

^_6Y\l + 0.65(l + 
hlH-u)lb)
 A^u=Q 

where^S is the total surface force per unit area acting on the cantilever. The solution 

of this equation is laborious -because of the inexact nature of the surface forces, and 

as such the work done by stiction forces is assumed small as compared to the 

necessary elastic deformation energy of the cantilever [39]. However the result of 

these forces is to lower the electrostatic stiffening of the beam resulting in an earlier 

pull-in point of the cantilever, a lower pull-up point, and a shorter frequency tuning 

range. 
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Engineering solutions to overcome stiction when releasing the beam from the 

substrate during its fabrication include texturing the surfaces to reduce the contact 

area [40, 51] and to change the water meniscus shape [52], designing dimples in the 

cantilever and spacer posts or sidewalls on the insulation layer [53, 54], the 

avoidance of liquid-vapour interfaces altogether through the use of supercritical 

fluids [55], freeze sublimation drying [56]. 

In order to alleviate in-use (adhesion-related) stiction, both the topography and the 

chemical composition of the contacting surfaces must be controlled [57-59]. 

Chemical modification of micro structure surfaces involves the use of anti-stiction 

coatings [60-68]. One approach is to use hydrogen passivation of the surfaces by 

ammonium fluoride followed by supercritical CO2 drying [69]. Additionally, 

monolayers of perfluorodecanoic acid that are hydrogen bonded to the substrate can 

be applied to microstructures as an anti-stiction treatment. The coating is deposited in 

the vapor phase to microstructures to survive repeated impacts during motion of the 

microstructures. Another treatment for in-use adhesion reduction involves plasma- 

deposited Teflon-like fluorocarbon films on the cantilevers during release [70]. 

Laser-induced stress waves or pulses have also been used to remove stiction-failed 

microcantilevers from the substrate [38, 71-73]. 

3.3.5        Device actuation mechanism 

A mechanism of actuating the prototype devices is required to achieve the developed 

change in frequency with applied voltage. When the actuating voltage DD is applied 

across the gold cantilever and the bottom electrode, an electrostatic attraction force 

Fe is induced. Before any deflection occurs the relationship between the applied 

voltage and the resultant force is given as: 
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where s is the permittivity, Ac the cross-sectional area of the beam, and H the gap 

between the cantilever and the bottom electrode. From (3.98), the driving force is 

proportional to the square of the actuating voltage. Because of the sinusoidal nature 

of the actuating voltage, it comprises of both alternating current (ac) and the direct 

current (dc) voltage components (Figure 3.27). Taking the dc bias as Vp, the ac drive 

amplitude as u<j, the total driving voltage of the cantilever beam at a frequency co is 

represented by: 

(3.98) 

The  resultant  electrostatic  actuating  force,  Fe,   due  to  the  applied voltage  is 

represented by: 

(3.99) 

The dc voltage is responsible for the static deflection and for the stiffening effect of 

the beam. The second and third components are responsible for the dynamic 

behaviour. The second component results in an excitation force which is at the 

frequency (co) of the driving sinusoidal voltage whereas the third component results 

in a driving force at a frequency of twice the driving signal frequency. The 

magnitude of the dc voltage increases the amplitude of the voltage produced at the 

frequency (©). 

AC driving voltages were set to be much smaller (max 5 Vpp) than the DC bias 

voltage in order to not to resonate the device at twice its natural frequency. The DC 

voltage was set between 0 to over 200 V to maximise the device's tuning range. 
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Figure 3.27: Actuating mechanism showing the AC and DC voltages were connected 

and applied across the cantilever electrode and the bottom electrode. 

3.4    Summary 

A universal analytical model has been developed to investigate the behaviour of an 

actuated cantilever before and after pull-in instability. This model neglected fringing 

and stiction effects. Four critical voltages were identified, and it was shown that 

these determine the three stable states of the beam. It was shown that a minimum 

voltage must be applied to the beam before proportional changes in frequency can be 

achieved. 

The development of the prototype device to demonstrate the developed frequency 

tuning technique including the design principle, material considerations and 

optimisation has been described. The device design involved an array of twelve 

cantilevers fixed around an 800 x 800 um2 anchor, four on each side, with the other 

side connected to a 500 x 500 um2 actuating top electrode/pad using a conducting 

metal path. The cantilever array structure was protected from short-circuiting with 

the bottom metal electrode by using an insulating layer. The beams had lengths of 

390 - 1490 um in 100 um increments, a thickness of 2 um, and a width of 50 um. 

The insulating layer was designed to be 0.5 um thick. 

From the analytical and finite element simulation, the resonance frequency of the 

shortest cantilever (390 urn) was 4.059 kHz, while that of the longest beam (1490 

um) was 288.38 Hz. It was discovered that longer beams were easier to pull-in than 

shorter ones with a. 1490 um cantilever requiring just 0.48 V to bring into pull-down 

stability whereas a 390 um one required 6.7 V. Following pull-down stability, the 
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frequency increased proportionally with actuation voltage with a frequency shift of 

approximately 3.1 kHz per volt. 
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