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Abstract 
 
In this paper we present a novel two-stage heuristic approach to minimize the sum of maximum earliness and 
tardiness of jobs with different processing times and distinct due dates on a single machine with no inserted idle 
time. To solve this problem the proposed heuristic relies on finding approximate jobs’ positions in a sequence 
and then applying the induced knowledge to find more precise jobs’ positions. The presented approach is 
examined through a computational comparative study with benchmark problems. Computational results reflect 
the optimal and near optimal solutions in a few seconds and confirm the efficiency of the proposed algorithm. 
 
Keywords 
Single machine scheduling, Earliness and Tardiness, Knowledge induction, Local search 
 
1. Introduction 
This article addresses the single-machine scheduling problem with distinct due dates and no inserted idle time. 
Performance is measured by the minimization of sum of maximum earliness and tardiness of jobs. Single 
machine scheduling environments actually occur in several practical applications. The performance of many 
production systems is often determined by the schedules for a single bottleneck machine. Furthermore, the study 
of single machine problems frequently provides results useful for more complex scheduling environments. The 
assumption that no machine idle time is allowed is also appropriate for many production settings. In fact, idle 
time should be avoided when the machine has limited capacity or high operating costs, and usually starting a 
new production run involves high set-up costs or times [1]. 
 
The earliness–tardiness (E/T) measure has been the subject of abundant scheduling research efforts due to the 
increasing business emphasis on commitment to due dates as a competitive advantage. A notable feature of 
modern manufacturing is the extensive use of the Just-in-Time concept in inventory/production management 
where each job should be completed as close as possible to its due date. In such an environment, tardiness or 
earliness is important. Thus, any schedule of a set of jobs should strive to minimize the total earliness and 
tardiness with tardiness reflecting customer satisfaction while earliness measures inventory performance. A few 
applications of JIT to minimize sub-quality or defective products include the manufacturing of plastics, glass, 
chemicals, and semiconductors. In these manufacturing activities, raw material or work-in-process items may 
either degrade in quality or become unusable due to either early or late processing. This need for on-time 
processing  is  also  encountered  in  semiconductor manufacturing, where  some  chemical coating  processes  
of  the  wafer  surfaces  cannot  be  done  either  early  or  late  because  it  may  result  in  degrading  the  wafer  
surface. In this situation, earliness and tardiness are considered as equally undesirable.  
 
Beginning with the seminal work by Sidney [2] (1977) and Kanet [3] (1981), well over 200 research papers on 
numerous versions of the E/T scheduling problem have been published. These include models with common due 
dates or distinct due dates with common/symmetrical penalty functions as well as distinct job dependent penalty 
functions. Except for a few basic models, most of these scheduling problems have been shown to be NP-hard.  
 
To solve the considered scheduling problem, we propose a novel two-stage heuristic that relies on finding 
approximate jobs’ positions in a sequence and based on the induced knowledge a good solution is attained 
through a second stage procedure. Applying a local search leads to improving the solution quality. 
 
The remainder of the paper is organized as follows. In the following section we review the scheduling literature 
related to numerous versions of earliness and tardiness, especially those related to the scheduling problem with 
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the objective function addressed in this paper i.e. ETmax. Section 3 is devoted to the description of our proposed 
novel two-stage heuristic approach for the single machine ETmax problem with distinct due dates. Computational 
results to test the proposed approach performance are described in Section 4. We conclude in Section 5 with a 
summary and suggestions for further work. 
 
2. Literature review: 
The first work on earliness and tardiness penalties was by Sidney [2] (1977) who developed a polynomial 
algorithm of complexity 𝑂(𝑛2) to minimize maximum of (earliness, tardiness) for a single machine problem. 
Lakshminarayan et al. [4] (1978) refined the procedure and developed an algorithm with 𝑂(𝑛𝑙𝑜𝑔𝑛) complexity. 
Kanet [2] (1981) considered the problem of minimizing the sum of E/T in a single machine environment with a 
common due date. Related works, such as Bagchi et al. [5] (1986), and Hall et al. [6] (1991) all consider the 
single machine E/T problem with common due date. 
 
Baker and Scudder [7] (1990) present useful references on some of the early published work and provides a 
framework to show how results have been generalized starting with a basic model that contains symmetric 
penalties, one machine and a common due date. To this base they add such features as parallel machines, 
complex penalty functions and distinct due dates. They also consolidate many of the existing results by proving 
general forms of two key properties of earliness/tardiness models. 
 
Readers specially interested in earliness–tardiness scheduling are referred to the book by T’kindt and Billaut [8, 
chapter 5]. Those interested in setup considerations in scheduling problems are referred to the survey article by 
Allaverdi et al. [9]. Lauff and Werner [10] survey some results on multi machine scheduling problems with a 
given common due date, where the focus is on possible approaches for shop scheduling problems. 
 
Pfund et al. [11] survey the literature related to solving traditional unrelated parallel-machine scheduling 
problems in their paper. They compile algorithms for the makespan, total weighted sum of completion times, 
maximum tardiness, total tardiness, total earliness and tardiness, and multiple criteria performance measures. 
The review of the existing algorithms is restricted to the deterministic problems without setups, preemptions, or 
side conditions on the problem. Even for such traditional problems, this survey reveals that while makespan 
minimization has been fairly widely studied, problems that include processing characteristics such as release 
times, sequence dependent setups, and preemptions remain largely unstudied. Research in solving unrelated 
parallel-machine scheduling problems involving the minimization of the number of tardy jobs, weighted number 
of tardy jobs, total tardiness, and total weighted tardiness is quite limited. 
 
Models with Minmax objectives have received little attention in the scheduling literature (Sidney [2] (1977), Li 
and Cheng [12] (1994), Mosheiov and Oron [13] (2007)). One of the criteria that can fulfill this objective is 
minimizing the sum of maximum earliness and tardiness (called ETmax). This objective function was first studied 
by Amin-Nayeri and Moslehi [14] (2000). They proposed a branch-and-bound algorithm to find the optimal 
sequence of jobs in the single-machine scheduling problem. Moslehi et al. [15] (2010) developed a novel 
branch-and-bound algorithm including efficient dominance rules and heuristic methods as upper bound for 
minimizing the sum of maximum earliness and tardiness (ETmax) in the single-machine scheduling problem with 
distinct due dates. A very effective heuristic solution procedure DYNA was also developed. The algorithm was 
shown to be more capable of optimally solving 100% of the instances, and more efficient than the existing 
methods reported in Amin-Nayeri and Moslehi [16] (2000).  
 
Considering this objective function with common due date, Tavakkoli-Moghaddam et al. [16] (2005) proposed 
an optimal algorithm to obtain the best value of idle insert in a known sequence. In another study, Tavakkoli-
Moghaddam et al. [17] (2006) presented a branch-and-bound algorithm for single-machine sequencing to 
minimize ETmax , taking into account an idle insert.  
 
More recently, however, attention has been directed toward considering the above conditions in real 
manufacturing settings, such as jobs with unequal release times. Scheduling problems with different release 
times show up in many practical situations. It is appealing since, in most real production settings, the orders (job 
arrivals) are released to the shop floor over time, which is either known or able to be estimated with some 
accuracy [18]. Mahnam and Moslehi [19] (2009) presented a branch-and-bound algorithm to minimize ETmax in 
a single machine scheduling problem with unequal release times and no unforced idle time. In the proposed 
algorithm, modified dispatching rules based on different release times are proposed as the upper bound, while a 
procedure considering preemption assumption is used to obtain a good lower bound. Also, dominance rules 
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based on no unforced idle time, adjacent pairwise-interchanges in the base problem, and job blocks are used to 
fathom the nodes. 
 
This paper proposes a novel approach on single machine scheduling problem with distinct due dates and no 
inserted idle time to obtain a better solution which can be applied as an upper bound to make the B&B methods 
more efficient. 
 
3. Problem statement 
 
3.1 Problem description 
In the single-machine scheduling problem with distinct due dates, there are n jobs available to be processed at 
time zero. No preemption is permitted. Each job j has a processing time pj and distinct due date dj. the 
completion time Cj of job j, j ∈ N, is the sum of the processing times of the subset of jobs that precede job j 
including job j. Job j is early if Cj < dj ; its earliness Ej = max{0,dj – Cj }. A job j is tardy if Cj >dj; its tardiness 
Tj = max {0,Cj – dj }. The objective is to find a sequence S that minimizes the following non-regular function: 

   
𝑓(𝑆) = ∑ (𝐸𝑚𝑎𝑥  +  𝑇𝑚𝑎𝑥𝑗∈𝑁  )                                                 (1) 

 
Since the problem class is NP-hard, exact methods such as dynamic programming (DP) and different branch-
and-bound algorithms are developed to obtain the best permutation sequence. It is noteworthy that meta-
heuristic methods and hybrid procedures have proven much more useful than exact methods in large and 
complex situations.  
 
To solve this problem we propose a novel two-stage heuristic that relies on finding approximate job position in a 
sequence. Generating an initial random sample, a job-position matrix, as shown below, is constructed. Based on 
this matrix and according to the procedure described in detail in next section, the approximate position of each 
job in a sequence is specified. The induced knowledge is applied in generating a new sample. A job-position 
matrix is reconstructed. In order to find the optimal assignment of each job to each position, a Hungarian 
algorithm is applied to the job-position matrix of second stage. Kuhn-Munkres Hungarian algorithm was first 
proposed by H. W. Kuhn [20] in 1955 and improved by J. Munkres [21] in 1957. In a nonnegative n×n matrix, 
where the element in i-th row and j-th column represents the cost of assigning the j-th position to i-th job, 
Hungarian algorithm is applied to find an assignment of the jobs to the positions of a sequence so that minimum 
cost is attained. 

 
 

To improve the solution quality a local search is applied. Local search algorithms are widely used as a practical 
approach for solving combinatorial optimization problems. Starting with a feasible solution, these algorithms 
iteratively try to improve the current solution by searching for a better solution in the neighborhood of the 
current solution until a local minimum is found. The proposed heuristic approach procedures are described in 
detail in the following section. 
 
3.1 The proposed heuristic approach 
The procedure of the proposed approach is shown as follow: 
• Stage Ι: 
Step 1- Generate an initial population of 

1
𝑛−1

%. Compute and keep the objective function value i.e. ETmax 
corresponding to each sequence. Keep the best generated solution of the population, as well. 
 

o  Note: Try to generate such a sample where all jobs have the same chance of placing in a special position. 
 
Step 2- Construct an n×n “job-position” matrix. Each column of the matrix represents a position and each row 
corresponds to a job. The cell value “ij” stores the objective function values of those sequences where job 
i(i=1,..., n) is located in position j(j=1,…,n). 
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Step 3- To make the algorithm more effective, a limit concept is proposed as follows: 
Compute the limit value. Limit value is equal to minimum of the objective function values when jobs are 
arranged in a non-decreasing order of their due dates (EDD rule) and when jobs are arranged in a non-
decreasing order of their slack time (MST rule) i.e.: 

  
𝑙𝑖𝑚𝑖𝑡 𝑣𝑎𝑙𝑢𝑒 = min (𝑓𝐸𝐷𝐷, 𝑓𝑀𝑆𝑇)                                                 (2) 

So that, 
 fEDD: the objective function value of EDD sequence, 
 fMST: the objective function value of MST sequence. 
 
 In those sequences where the objective function value is greater than or equal to limit value, find the two jobs 
and their corresponding positions making Emax and Tmax. For appointed sequences, enter the objective function 
value just into the cell corresponding to those jobs and their related positions. Applying this concept leads to a 
modified “job-position” matrix where improper objective function values are assigned just to those jobs worsen 
the sequence. 
 
Step 4.1- Construct an n×2 “job-part” average matrix. The n-position sequence is partitioned into two half parts 
considered as the two columns of this matrix. Each row belongs to a job. The element corresponding to job i 
(i=1,…, n) and part j (j=1,2) denotes the average value of the stored objective function values in i-th row and the 
columns locating in j-th half part described in Step 3. 
 
Step 4.2- Construct an n×2 “job- part” deviation matrix similar to the described matrix in Step 4.1, so that 
instead of computing averages, calculate the deviation of the numbers. 
 
Step 5- Construct one sigma two sided confidence interval on the mean i.e. �̅� ± 𝜎 for each job in each part. 
o If �̅�𝑖Ι < �̅�𝑖ΙΙ  and �̅�𝑖Ι + 𝜎𝑖Ι < �̅�𝑖ΙΙ − 𝜎𝑖ΙΙ assign job i to the first part. 
o If �̅�𝑖Ι > �̅�𝑖ΙΙ  and �̅�𝑖Ι − 𝜎𝑖Ι > �̅�𝑖ΙΙ + 𝜎𝑖ΙΙ assign job i to the second part. 
o If the two above conditions are not met, job i is assigned to the unspecified part. 
 
• Stage ΙΙ: 
Step 6- Generate second population based on the induced knowledge of Step 5 i.e. the jobs belong to j-th part 
are only allowed to be placed in j-th half part of generated sequences. All positions of a sequence are allowable 
for jobs belonging to the unspecified part. 
 
Step 7- Similar to Step 2, consider an n×n matrix where the cell value ij denotes the average value of the stored 
objective function values obtained from second population. 
 
Step 8- In order to specify an optimal assignment of n jobs to n positions, apply the Hungarian algorithm to the 
average matrix computed in Step 7. 
 
Step 9- To improve the solution quality, perform local search to the generated schedule in Step 8. The search 
implements a forward move based on adjacent pairwise-interchanges of n-1 consecutive jobs. Try to find better 
feasible schedules by iteratively applying the above procedure. Local search is terminated after 4 iterations and 
the best objective function value with corresponding sequence, is saved. 
 
Step 10- The resulting solution of the proposed approach relates to the best overall solution found so far either 
by the local search or the best one among the first and second populations. 
 
4. Computational Experiments 
In this study, processing times were randomly generated integers from the uniform distribution in the range [1, 
50]. For determining due dates, researchers have considered two significant factors in early/tardy problems. The 
first factor is the tardiness represented by 𝜏. This factor specifies the proportion of the average due date of jobs 
to the sum of processing times in the single-machine problem and it is defined as follows: 

  
�̅� = (1 − 𝜏)∑ 𝑝𝑗𝑛

𝑗=1                                                  (3) 
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Wherein, �̅� is the average due date of jobs. Processing times and 𝜏 are known a priori and then �̅� is obtained, 
accordingly. The second factor is the range of due date (R). �̅� is obtained from Equation (3). Then, the due dates 
are drawn from the uniform distribution [�̅��1 − 𝑅

2� �, �̅��1 + 𝑅
2� �]  where R is the range of due date. This form 

of due date generation has been adopted by previous researchers (Amin-Nayeri and Moslehi, [14] (2000); Ow 
and Morton, [22] (1989); Tavakkoli-Moghaddam et al., [17] (2006); Zegordi et al., [23] (1995)) [15]. 
 
4.1 Experimental design 
To show the efficiency of the proposed approach, four different series of problems are generated by combining 
two factors of tardiness and the range of due date. These four series include [15]:  
1- Those with R = 0.6, 𝜏 = 0.2  
2- Those with R = 0.6, 𝜏 = 0.6  
3- Those with R = 1.6, 𝜏 = 0.2  
4- Those with R = 1.6, 𝜏 = 0.6. 
  
In each series, problems in small sizes are considered. For each combination of parameters, 20 problems are 
generated. The algorithms are coded in C# programming language and run on a Pentium IV processor running at 
3.4 GHz on the Windows XP operating system. 
 
4.2 Computational results 
In order to evaluate the behavior of our heuristic approach in minimizing the ETmax objective function on single 
machine, we compared it with the branch-and-bound method proposed by Amin-Nayeri and Moslehi [14] 
(2000).  Each line of table 1 reports the behavior of the two algorithms for an instance of 10 jobs, related to the 
first series indicated in experimental design i.e. those with R = 0.6, 𝜏 = 0.2 . The second and third columns 
represent the best known solution found by the proposed procedure and the optimal solution of the B&B 
method, respectively. The fourth column relates to the deviation between these two solutions. The fifth column 
reports CPU running time in seconds. 
 

Table 1: Comparative evaluation of proposed algorithm with B&B method with R = 0.6, 𝜏 = 0.2, with 10 jobs 
problem 
number 

best known solution of 
proposed approach 

optimal solution of 
B&B %error CPU time(s) 

1 89 89 0.00% 1.20 
2 123 123 0.00% 1.17 
3 108 108 0.00% 1.11 
4 75 75 0.00% 1.14 
5 138 138 0.00% 1.08 
6 137 137 0.00% 1.11 
7 139 139 0.00% 1.09 
8 113 112 0.89% 1.09 
9 170 170 0.00% 1.06 
10 131 131 0.00% 1.05 
11 155 155 0.00% 1.08 
12 99 99 0.00% 1.08 
13 134 134 0.00% 1.09 
14 153 153 0.00% 1.15 
15 91 91 0.00% 1.11 
16 200 200 0.00% 1.17 
17 151 151 0.00% 1.09 
18 156 149 4.70% 1.09 
19 95 95 0.00% 1.08 
20 125 125 0.00% 1.11 
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With regard to the instances with 10 jobs (see Table 1) 18 of the 20 problems were optimal and the average 
percentage deviation from the optimal objective function value is 0.28%. 
 
Table 2 describes the number of optimally solved problems and the average deviation from the optimal 
objective function value associated with the four generated series. 
 

Table 2: Computational results in different series with 10 jobs 
Problem series Number of optimally solved problems % Average deviation 

R6T2 18 0.28% 
R6T6 20 0.00% 

R16T2 11 3.34% 
R16T6 16 0.99% 

 
Computational results reflect the optimal and near optimal solutions in a few seconds and confirm the efficiency 
of the proposed algorithm, at least for small instances. However, as generating adequate population is quite 
time-consuming for the larger problem instances, the quality of the approach is hard to be ascertained. 
 
Among different series, problem solving has a reverse relation with R and a direct relation with 𝜏. Due to the 
fact that �̅� increases when 𝜏 reduces and upper bound of range of uniform distribution for due date generation is 
increased. Hence, the bigger due date is generated. Thus, current Emax is bigger than the last. As the problem is 
more complicated, the more the computational time of the algorithm increases. 
 
5. Conclusion  
In this paper, a novel two-stage approach is proposed as an approximate method in solving the single-machine 
scheduling problem with distinct due dates and no inserted idle time with the objective of minimizing maximum 
earliness and tardiness. The efficiency of the proposed approach has been demonstrated by numerical results on 
four sets of benchmark problems. Computational results reflect the optimal and near optimal solutions in a few 
seconds and could be applied as an upper bound to make the exact methods more efficient. 
 
 Further work could consist in enhancing the problem to multi-operation scheduling problems such as shop 
scheduling problems. Applying the novel two-stage proposed method to different other objective functions such 
as weighted version of our problem is also worth pursuing. 
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