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Abstract 
 

Over the past three years, increased rates of mortgage foreclosures in the U.S. have had devastating impacts 
on individuals, communities, organizations and government. As part of the societal response to this problem, 
community development corporations (CDCs) aim to minimize the negative effects of foreclosures by acquiring, 
redeveloping and selling foreclosed properties in their service areas. The decision problem faced by CDCs involves 
dynamically selecting properties to bid for acquisition and a bidding price for each bid such that the total expected 
returns from all acquisitions over a budget-constrained planning period is maximized. It is assumed that successful 
acquisition after a bidding decision is based on a probability distribution which may be a function of the bidding 
price. Each acquisition may have different resource requirements, also defined by a probability distribution. 
Similarly, the returns from acquisitions are also stochastic with multiple social and financial dimensions, which are 
modeled through a single utility value. We model this problem using a dynamic and stochastic knapsack framework, 
and perform analytical and numerical analyses to identify threshold-based policies for selecting properties and 
bidding policies. Results are demonstrated through computational experiments based on data obtained through 
interactions with several CDCs. 
 
Keywords 
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Introduction 

A dramatic increase in mortgage foreclosures has had adverse effects in all sectors of the economy but 
especially in the housing sector. Home foreclosures have resulted in massive losses of consumer wealth: U.S. 
households lost nearly $500 billion in home value in 2009, and $3.6 trillion in 2008. In response, non-profit 
community development corporations (CDCs) provide a variety of services to mitigate the effects of foreclosures. 
These organizations which acquire foreclosed properties to support neighborhood stabilization and revitalization, 
take many actions on foreclosed properties to minimize blight, and provide affordable housing opportunities. 
However, the costs of all these actions exceed the limited resources available to typical community-based 
organizations. Given such resource limitations and the uncertain nature of the social returns to be realized from 
property acquisitions, the decision problem faced by CDCs involve a complex stochastic and dynamic structure, 
where bid/no-bid decisions are made over time on foreclosed properties as they become available for acquisition. 
Although, we use the phrase ’foreclosed’ for properties that are candidates for acquisition, such properties may be in 
the different stages of foreclosures process. The entire foreclosure process may involve different phases starting with 
delinquency of a mortgage and terminating with real-estate owned (REO) status.  

 
The foreclosed housing acquisition problem is a dynamic and stochastic resource allocation problem where a limited 
budget is allocated dynamically to maintain an optimal portfolio of acquired properties. The problem involves 
stochasticity due to the uncertainty in the costs and returns of the properties, as well as their availability based on the 
conditions of the housing market and foreclosures. Each property has some associated cost defined by the dollar 
value required for purchase, and return defined by the social utility value which is measured by specific indicators, 
such as crime rate, distance from municipality and amenities. The costs and returns of the properties are unknown 
before arrival and become known at the time of availability for a property. Bid/no bid decisions are made for each 
housing unit upon their arrival, i.e. their becoming available for sale. The overall objective in this paper is to develop 
tractable decision models to assist CDCs in their bidding decisions in order to maximize expected social value. We 
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model this problem as a dynamic stochastic resource allocation problem where a limited budget is allocated 
dynamically and bidding decisions are made for each associated housing unit when they become available.  

There are some related works on CDCs and their involvement in housing markets through property 
acquisitions. Swanstrom et al. (2009) describe acquisition strategies that CDCs employ to acquire and redevelop 
foreclosed housing. Key challenges encountered by CDCs during implementation of foreclosure acquisition and 
redevelopment strategies are investigated by Bratt (2009). Based on these strategies, Simon (2009) derives some key 
lessons for CDCs and policy makers to implement. Also in some recent papers these strategies are derived via math 
programming applications. As an example, Johnson et al. (2010) describe the formulation and solution of a 
multi-objective integer program to guide long-term foreclosed housing acquisition. Moreover, Johnson (2010) 
reviews the related literature on decision models on housing and community development. In addition to these 
papers, Bayram et al. (2011a) and Bayram et al. (2011b) investigate optimal policies for resource allocation and 
foreclosed property acquisition under some restrictive assumptions. These two papers form the background for the 
research described in this paper, specifically describing the problem framework. However a general portfolio 
management problem is described in those papers while more specific acquisition decisions are made for the same 
problem structure in this paper. Overall, no published work is known that specifically addresses the dynamic 
stochastic decision process for foreclosed housing acquisition and the related bidding decisions.  

There is also substantial research literature on stochastic and dynamic models for resource allocation. A 
few examples that are somewhat related to our problem include Mild and Salo (2009), where the authors develop a 
decision model for the allocation of resources to road maintenance activities by combining several criteria in a single 
objective function. Loch and Kavadias (2002) develop a dynamic model for allocating resources to different new 
product development projects and identify analytical solutions by considering different types of return functions. Li 
and Solak (2011) study dynamic resource allocation decisions for capacity expansion in a production environment 
with stochastic demand. Some papers study the stochastic discrete resource allocation problem where integer 
decision variables are integrated into the stochastic resource allocation problem structure. Some examples to these 
studies include Gokbayrak and Cassandras (2001) and Diaz-Garcia and Garay-Tapia (2007). However, given that 
our modeling is based on a dynamic stochastic knapsack structure, there are not many papers on stochastic and 
dynamic knapsack models. The most related examples are: Kleywegt and Papastavrou (1998) in which the authors 
describe the general structure for such knapsack type problems with equal weight, and Kleywegt and Papastavrou 
(2001) in which the authors extend the modeling framework in Kleywegt and Papastavrou (1998) by considering 
different sizes. In these two papers, the authors characterize the optimal cost and threshold policies for the 
corresponding problems. We extend this general framework by adding some specific structure, such as bidding price 
decisions and probability of winning a bid. We then perform similar analyses in order to characterize optimal cost 
and threshold policies for this extended model.  

In this paper we address an important decision problem that directly deals with effective management of 
public resources to improve social welfare. More specifically, we design, implement and evaluate decision models 
that yield foreclosed housing acquisition policies for community-based organizations that try to curtail the negative 
impacts of foreclosures through neighborhood stabilization and revitalization.  

Main contributions of this research are as follows: (1) We extend the literature on stochastic and dynamic 
knapsack problems by considering different distributions and characteristics in the problem structure, which involve 
bidding options, success probabilities and costs for lost bids. We also characterize the optimal bidding rate for 
specific cases. (2) The results are generalizable to similar investment or resource allocation problems where the 
objectives may involve only financial return considerations. (3) We use and implement actual data based on real life 
operations in developing a rigorous analysis for a relevant public policy problem. (4) To the best of our knowledge, 
this paper is the first such study in the area of housing investment, both in public and private sectors. 

The remainder of this paper is structured as follows: The dynamic and stochastic knapsack model is 
described in Section 2, while the structure of the infinite horizon problem and the finite horizon problem, along with 
some numerical examples are discussed in Sections 3 and 4, respectively. We mention some practical implications 
based on our numerical examples in Section 5. Finally our conclusions are outlined in Section 6. 

 
2. Dynamic Foreclosed Housing Acquisition Model 

In this section, the dynamic and stochastic model for foreclosed housing acquisition is described and a 
continuous time Markov decision process (MDP) formulation is introduced. 

Assume that the properties become available for acquisition according to a Poisson process with rate 𝜆. 
The availability rate of properties, i.e. 𝜆, may be related to the conditions of the economy and housing markets. A 
high availability rate implies a poor state of economy where foreclosure rates are high, while low rates would 
indicate that the economy and the housing market are in strong condition. We note here that 𝜆 is assumed to be 
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stationary, i.e. we do not model a dynamic environment where the state of the economy fluctuates. Let 𝐴𝑡 represent 
the time of availability where 𝑡 = 1, . . . ,∞. We assume that initially an amount of resource, i.e. budget, is available 
to be used for acquiring properties. This initial budget is denoted by 𝐵0, which represents the amount of credit or 
available funds that CDCs can use for property acquisition. Suppose 𝑇 ∈ (0,∞] denote the time limitation for the 
available budget, i.e. after which any unused funds will have no value. This time limitation typically depends on the 
funding/credit source. For example, certain government funds have deadlines that they need to be used by, while 
other resources such as donations may not have any such stipulations, implying that they can be used anytime. Let 
𝐶𝑖  denote the resource requirement for property 𝑖. It is assumed that the costs are defined by a probability 
distribution, and they are known at the time of arrival. Similarly, the return from property 𝑖 is also stochastic and is 
denoted by 𝑅𝑖, which becomes known upon arrival. We assume that while 𝑅𝑖 is distributed independent of the 
arrival time, it may be dependent on the cost of the property 𝐶𝑖. Decision 𝐷𝑖  denotes whether to bid or not to bid 
for the current property 𝑖. 

If a bidding decision is made for property 𝑖, then the next decision involves the determination of the 
bidding rate Δ𝐶𝑖, which corresponds to the percent difference between the bidding price and the asking price. We 
assume that each bidding decision has a probability of success 𝑃(Δ𝐶𝑖), which is a function of the bidding rate. If the 
bid is successful, the return associated with the property is received. If the bid is lost, a penalty cost Γ(Δ𝐶𝑖), 
representing the overhead cost for bidding, is incurred. It is assumed that there is no penalty for not bidding on a 
property. The objective is to determine a policy involving bid/no bid decisions and optimal bidding rates that 
maximizes the expected total value accumulated over a given planning horizon. 

We now formulate this problem as a continuous time MDP. Let 𝜋 define the set of policies for the MDP, 
where 𝜋 ≡ 𝐷𝜋 and suppose Π is the set of all Markovian deterministic policies. 𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑐,Δ𝑐) denotes the 
decision under policy 𝜋 at time 𝐴𝑖 = 𝑡 for a property 𝑖 with reward 𝑅𝑖 = 𝑟, cost 𝐶𝑖 = 𝑐 and the bidding rate 
Δ𝐶𝑖 = Δ𝑐  if the remaining capacity 𝐵𝜋(𝑡) = 𝑏. Note that in this notation we assume Δ𝐶  is predetermined and 
known. Later in the paper, we analyze how the optimal Δ𝐶  value can be determined for a given instance of the 
problem. 𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑏,Δ𝑐) can formally be defined as follows:  

 

 𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑏,Δ𝑐) ≡ �1if𝑐 ≤ 𝑏 and property i is selected for bidding
0if𝑐 > 𝑏 𝑜𝑟 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑖 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑓𝑜𝑟 𝑏𝑖𝑑𝑑𝑖𝑛𝑔

� (1) 

 
The state space for the MDP is defined by [0,𝐵0], while the action space is defined by the decision set 

where 𝐷 ≡ {{𝐷𝑖}𝑖=1∞ :𝐷𝑖 ∈ {0,1}}. Hence, the problem includes a countable state space and measurable action space 
with a bounded return rate. 

Let the acceptance set for policy 𝜋 be 𝑅1𝜋(𝑏, 𝑡) ≡ {(𝑟, 𝑐,Δ𝑐) ∈ 𝑅 × 𝑅+ × 𝑅+:𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑐,Δ𝑐) = 1} and 
the rejection set be 𝑅0𝜋(𝑏, 𝑡) ≡ {(𝑟, 𝑐,Δ𝑐) ∈ 𝑅 × 𝑅+ × 𝑅+:𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑐,Δ𝐶) = 0}. 

Then, transition probabilities for these policies can be described as below: 
 
 𝑃[𝑏|𝑏,𝜋(𝑏, 𝑡)] ≡ ∫  𝑅0

𝜋(𝑏,𝑡) 𝐹𝑅,𝐶(𝑑𝑟) 

 𝑃[𝑏 − 𝑐 − 𝑐⋅Δ𝑐
100

|𝑏,𝜋(𝑏, 𝑡)] ≡ 𝑝(Δ𝑐)∫  𝑅1
𝜋(𝑏,𝑡) 𝐹𝑅,𝐶(𝑑𝑟) 

 𝑃[𝑏 − Γ(Δ𝑐)|𝑏,𝜋(𝑏, 𝑡)] ≡ (1 − p(Δ𝑐))∫  𝑅1
𝜋(𝑏,𝑡) 𝐹𝑅,𝐶(𝑑𝑟) 

 
for any set 𝑐 + 𝑐⋅Δ𝑐

100
 ⊆ (0, 𝑏), where 𝐹𝑅,𝐶 denotes the joint probability distribution of 𝑅 and 𝐶. 

The expected total discounted value under policy 𝜋 ∈ Π, i.e. 𝑉𝜋(𝑏, 𝑡), from time 𝑡 until time 𝑇 is 
defined as follows, when the remaining capacity 𝐵𝜋(𝑡+)=b, where the, +, sign indicates the time after time 𝑡. 

 
 𝑉𝜋(𝑏, 𝑡) ≡ 𝐸𝜋[∑  𝐴𝑖∈{𝑡,𝑇} 𝑒−𝛼(𝐴𝑖−𝑡)[𝑃(Δ𝐶𝑖)𝑅𝑖𝐷(𝐵𝜋(𝐴𝑖),𝐴𝑖 ,𝑅𝑖,𝐶𝑖 ,Δ𝐶𝑖) 
 −(1 − 𝑃(Δ𝐶𝑖))Γ(Δ𝐶𝑖)𝐷(𝐵𝜋(𝐴𝑖),𝐴i,𝑅𝑖,𝐶𝑖 ,Δ𝐶𝑖)] − 0(1 − 𝐷(𝐵𝜋(𝐴𝑖),𝐴𝑖,𝑅𝑖 ,𝐶𝑖 ,Δ𝐶𝑖)) 
 +𝑒−𝛼(𝑇−𝑡)𝑣(𝐵𝜋(𝑇+))|𝐵𝜋(𝑡+) = 𝑏] (2) 

 
where 𝑉𝜋(𝑏, 𝑡) = 𝑣(𝑏) for 𝑡 = 𝑇. 𝑣(𝑏) is the salvage value of the remaining budget 𝑏. In Equation 2, it is 
described that if a bidding decision is made where 𝐷(𝐵𝜋(𝐴𝑖),𝐴𝑖 ,𝑅𝑖,𝐶𝑖 ,Δ𝐶𝑖) = 1, the associated return is obtained 
with probability 𝑃(Δ𝐶) or only the overhead cost is incurred with probability (1 − 𝑃(Δ𝐶)). If the bid is not placed, 
where 𝐷(𝐵𝜋(𝐴𝑖),𝐴𝑖 ,𝑅𝑖,𝐶𝑖 ,Δ𝐶𝑖) = 0 no additional penalty cost is incurred. 𝑉∗(𝑏, 𝑡), i.e. the corresponding optimal 
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expected value can then be defined as 𝑉∗(𝑏, 𝑡) ≡ 𝑠𝑢𝑝𝜋∈Π𝑉𝜋(𝑏, 𝑡). 
Similar to the discussion in Kleywegt and Papastavrou (2001), it is intuitive and easy to show that a 

threshold policy would be optimal for the foreclosed housing policy acquisition problem. The structure of this 
threshold policy is as follows:  

 𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑏,Δ𝑐) ≡ �1if𝑐 ≤ 𝑏 and 𝑟 > 𝑥𝜋(𝑏, 𝑡, 𝑐,Δ𝑐)
0if𝑐 > 𝑏 or 𝑟 < 𝑥𝜋(𝑏, 𝑡, 𝑐,Δ𝑐)

� (3) 

 
where 𝑥𝜋(𝑏, 𝑡, 𝑐,Δ𝑐) refers to the threshold value, implying that a property is bidded on if the cost 𝑐 ≤ 𝑏 and the 
return 𝑟 is above this threshold level. No bidding is done if 𝑐 > 𝑏 or the return 𝑟 is below this threshold level. 
We describe the intuitive characteristics of this threshold policy as follows: 

If it is decided to bid on the property, the optimal expected value from then on is 𝑝(Δ𝑐)(𝑟 + 𝑉𝜋(𝑛 − 𝑐 −
𝑐Δ𝑐
100

, 𝑡)) + (1 − 𝑝(Δ𝑐))(𝑉𝜋(𝑛, 𝑡) − Γ(Δ𝐶)). If it is decided not to bid, then the optimal expected value from then on 
is 𝑉𝜋(𝑛, 𝑡) . Hence, a bidding decision should be made if 
𝑝(Δ𝑐)(𝑟 + 𝑉𝜋(𝑛 − 𝑐 − 𝑐Δ𝑐

100
, 𝑡)) + (1 − 𝑝(Δ𝑐))(𝑉𝜋(𝑛, 𝑡) − Γ(Δ𝐶)) ≥ 𝑉𝜋(𝑛, 𝑡) , which can also be expressed as 

𝑟 − (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶)) ≥ 𝑉𝜋(𝑛, 𝑡) − 𝑉𝜋(𝑛 − 𝑐 − 𝑐Δ𝑐
100

, 𝑡). Otherwise, the property should not be bid on. 
We note, similar to in Kleywegt and Papastavrou (2001), that the return threshold above is equivalent to a 

cost threshold, which can be defined as follows:  
 
 𝑧∗(𝑏, 𝑡, 𝑟,Δ𝑐) ≡ 𝑠𝑢𝑝{𝑐 ∈ [0, 𝑏]: 𝑟 − (1−𝑝(Δ𝑐))

𝑝(Δ𝑐)
Γ(Δ𝑐) ≥ 𝑉𝜋(𝑛, 𝑡) − 𝑉𝜋(𝑛 − 𝑐 − 𝑐Δ𝑐

100
, 𝑡)} 

 
According to the above inequality the cost threshold is equal to the supremum value of the return threshold. 

Threshold policy can be determined based on the costs of the properties upon their arrival. Thus, if the cost of a 
property is lower than the threshold and the remaining amount of budget, this property should be bid on, otherwise it 
should not be bid on. Suppose the remaining budget is 𝑏 and a property with a return 𝑟 arrives at time 𝑡. Then the 
bidding rule based on the cost threshold can be described as; to bid if 𝑐 < 𝑧∗(𝑏, 𝑡, 𝑟,Δ𝑐) ≤ 𝑏, and not to bid if 
𝑐 > 𝑧∗(𝑏, 𝑡, 𝑟,Δ𝑐). 

As part of our analysis throughout the rest of the paper, we consider two types of decision making 
situations: (1) An infinite horizon case where the budget does not expire. (2) A finite horizon case where the unused 
amount of budget is assumed cost at the end of a fixed planning such as a fiscal year. We study these two cases 
separately. 

 
3. Optimal Value Function and Optimal Policy Characterization for the Infinite Horizon 
Problem 

  In this section, the optimal policy for the foreclosed housing acquisition problem with no deadlines is 
characterized. Our analysis builds upon the discussion in Kleywegt and Papastavrou (1998) and Kleywegt and 
Papastavrou (2001).  

Noting that 𝐹𝑅,𝐶 denote the joint probability distribution of 𝑅 and 𝐶, we characterize the optimal value 
function for the infinite horizon problem through Theorem 1 as follows. 

 
 Theorem 1 The optimal expected value function 𝑉∗ for the infinite horizon foreclosed housing acquisition 
problem is the unique bounded solution of  

 𝛼𝑉∗(𝑏) = 𝜆 ∫  𝑅1(𝑏) 𝑝(Δ𝑐){𝑟 − [𝑉∗(𝑏) − 𝑉∗(𝑏 − 𝑐 − 𝑐⋅Δ𝑐
100

) + Γ(Δ𝐶)]𝐹𝑅,𝐶(𝑑𝑟,𝑑𝑐) (4)   
 Proof : The proof is based on the reference paper Kleywegt and Papastavrou (1998), so it is skipped ∎ 

Based on the above definitions the optimal threshold policy for the infinite horizon problem can be 
expressed as follows:  

 𝐷𝜋(𝑏, 𝑟, 𝑏,Δ𝑐) ≡ �
1if𝑐 ≤ 𝑏 and 𝑟 − (1−𝑝(Δ𝑐))

𝑝(Δ𝑐)
Γ(Δ𝐶) ≥ 𝑉∗(𝑏) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐

100
)

0if𝑐 > 𝑏 or 𝑟 − (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶) < 𝑉∗(𝑏) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐
100

)
� (5) 

 
Evaluating the the integral in Equation 4, we can define a set of recursive relationships that can be used to 

numerically solve for 𝑉∗(𝑏) and determine 𝑥∗(𝑏, 𝑐,Δ𝑐) and 𝑧∗(𝑏, 𝑟,Δ𝑐). 
These recursive relationships for the cost and return thresholds can respectively be defined as follows:  
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 𝛼𝑉∗(𝑏) = 𝜆 ∫  𝑏
0 ∫  ∞

𝑥∗(𝑏,𝑐,Δ𝑐) 𝑝(Δ𝑐){𝑟 − [𝑉∗(𝑏) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐
100

) 

 + (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶)]𝐹𝑅|𝐶(𝑑𝑟|𝑐)𝐹𝐶(𝑑𝑐)} (6) 
 

 
 𝛼𝑉∗(𝑏) =

𝜆 ∫  ∞
−∞∫  𝑧∗(𝑏,𝑟,Δ𝑐)

0 𝑝(Δ𝑐){𝑟 − [𝑉∗(𝑏) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐
100

) + (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶)]𝐹𝐶|𝑅(𝑑𝑐|𝑟)𝐹𝑅(𝑑𝑟)} (7) 
 
where 𝐹𝑅|𝐶  is the conditional probability distribution of 𝑅  given 𝐶  and 𝐹𝐶|𝑅  is the conditional probability 
distribution of 𝐶 given 𝑅. 

 
3.1 Numerical Example 
In this section we perform some numerical analysis for foreclosed housing acquisition problem based on 

real data to seek general policies for CDCs and policy makers over an infinite horizon. More specifically, we try to 
determine a threshold policy to decide to bid or not to bid on a property that becomes available. We also aim to 
identify some general insights based on the changes in the value function and the threshold for different levels of 
remaining budget. We perform our analysis based on actual data outlined by Johnson et al. (2010). 

In our example we assume that each property has a uniformly distributed cost, where the associated lower 
bound 𝑎 and upper bound 𝑏 are equal to 1.0 and 1.1 million dollars, respectively. Properties become available 
exponentially with rate 𝜆 = 1. The return from each property is conditionally uniformly distributed with mean equal 
to the cost. Cost of lost bid is assumed to be 2% percent of the bidding price, while a discount rate of 𝛼 = 0.1 is 
used. We also assume that the budget is limited over a planning period and it varies between 10 and 50 million 
dollars for analysis purposes. In Figure 1, we show the change in the expected value function and the threshold level 
over time for different amounts of remaining budgets, 𝑏. It is clear that the infinite horizon is time independent and 
the optimal expected value increases when the remaining budget increases while the threshold value decreases for 
the same situation. The increase and decrease rates are nonincreasing in the remaining amounts of budget. In other 
words, we see that as the budget gets higher, the marginal change in the optimal value decreases, implying that if 
resource acquisitions have associated costs it may be possible to consider an 'optimal' budget for a given availability 
rate 𝜆. Similarly, we also note that the marginal change in the threshold decreases as a function of the budget, 
although for this infinite horizon example the threshold levels are low due to the effect of discounting. 

   
(a) The change in the optimal expected value over time           (b) The change in the the threshold level        

    for different budget levels                                 over time for different budget levels    
 

  Figure 1: The change in the optimal expected value and the threshold level over time for different budget levels 
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4. Optimal Value Function and Optimal Policy Characterization for the Finite Horizon 
Problem 

  In this section, the optimal policy for foreclosed housing acquisition problem with a specific deadline is 
characterized. 

Suppose the policy 𝜋 describes a property with a return value 𝑟, which arrives at time 𝑡 when the 
remaining available budget is 𝑏. Then, the optimal value function can be characterized as described in Theorem 2, 
where 𝐹𝑅,𝐶(𝑑𝑟,𝑑𝑐) is joint probability derivative representation of the 𝑅 and 𝐶. 

 
 Theorem 2: The optimal expected value function 𝑉∗ for the finite horizon foreclosed housing acquisition problem 
is the unique absolutely continuous solution of the following differential equation:  

 𝑑𝑉∗(𝑏,𝑡)
𝑑𝑡

= −𝜆 ∫  𝑅1(𝑏,𝑡) 𝑝(Δ𝑐){𝑟 − [𝑉∗(𝑏, 𝑡) − 𝑉∗(𝑏 − 𝑐 − 𝑐⋅Δ𝑐
100

, 𝑡) + Γ(Δ𝐶)]𝐹𝑅,𝐶(𝑑𝑟,𝑑𝑐)} +
𝛼𝑉∗(𝑏, 𝑡) (8) 
  
where 𝑅1∗(𝑏, t) ≡ {(𝑟, 𝑐) ∈ 𝑅 × [0, 𝑏]: 𝑟 − Γ(Δ𝐶) ≥ 𝑉∗(𝑏, 𝑡) − 𝑉∗(𝑏 − 𝑐 − 𝑐⋅Δ𝑐

100
, 𝑡) 

 Proof: The proof is based on the reference paper Kleywegt and Papastavrou (1998), so it is skipped ∎ 
Based on the above definitions optimal threshold policy for finite horizon, 𝜋∗, which determines the 

bidding rule can be defined as follows:  
 

𝐷𝜋∗(𝑏, 𝑡, 𝑟, 𝑏,Δ𝑐) ≡ �
1if𝑐 ≤ 𝑏 and 𝑟 − (1−𝑝(Δ𝑐))

𝑝(Δ𝑐)
Γ(Δ𝐶) ≥ 𝑉∗(𝑏, 𝑡) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐

100
, 𝑡)

0if𝑐 > 𝑏 or 𝑟 − (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶) < 𝑉∗(𝑏, 𝑡) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐
100

, 𝑡)
� (9) 

 
The optimal threshold policy is similar to the infinite horizon case, but the policy depends on the time in 

finite horizon. 
Evaluating the integral in Equation 8, we can define a set of recursive relationships that can be used to 

numerically solve for 𝑉∗(𝑏, 𝑡) and determine 𝑥∗(𝑏, 𝑡, 𝑐,Δ𝑐) and 𝑧∗(𝑏, 𝑡, 𝑟,Δ𝑐). These recursive relationships for 
the cost and the return thresholds can respectively be defined as follows:  

 
 𝑑𝑉∗(𝑏,𝑡)

𝑑𝑡
= −𝜆 ∫  𝑏

0 ∫  ∞
𝑥∗(b,𝑐,Δ𝑐) 𝑝(Δ𝑐){𝑟 − [𝑉∗(𝑏, 𝑡) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐

100
, 𝑡) (10) 

 + (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶)]𝐹𝑅|𝐶(𝑑𝑟|𝑐)𝐹𝐶(𝑑𝑐)} + 𝛼𝑉∗(𝑏, 𝑡) (11) 
 

 
 𝑑𝑉∗(𝑏,𝑡)

𝑑𝑡
= −𝜆 ∫  ∞

−∞∫  𝑧∗(𝑏,𝑡,𝑟,Δ𝑐)
0 𝑝(Δ𝑐){𝑟 − [𝑉∗(𝑏, 𝑡) − 𝑉∗(𝑏 − 𝑐 − 𝑐Δ𝑐

100
, 𝑡) (12) 

 + (1−𝑝(Δ𝑐))
𝑝(Δ𝑐)

Γ(Δ𝐶)]𝐹𝐶|𝑅(𝑑𝑐|𝑟)𝐹𝑅(𝑑𝑟)} + 𝛼𝑉∗(𝑏, 𝑡) (13) 
 

 These relationships define a set of ordinary differential equations that are not possible to solve 
analytically. Thus, these differential equations need to be solved numerically as a system in a recursive way. 

Based on these results, the optimal acceptance rule for the return threshold can be characterized as:  
 

 𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑏,Δ𝑐) ≡ �1 if 𝑐 ≤ 𝑏 and 𝑟 ≥ 𝑥∗(𝑏, 𝑡, 𝑐,Δ𝐶)
0 if 𝑐 > 𝑏 or 𝑟 < 𝑥∗(𝑏, 𝑡, 𝑐,Δ𝐶)

� (14) 

  
while the optimal acceptance rule for the cost threshold is:  
 

 𝐷𝜋(𝑏, 𝑡, 𝑟, 𝑏,Δ𝑐) ≡ �1 if 𝑐 ≤ 𝑧∗(𝑏, 𝑡, 𝑟,Δ𝑐)
0 if 𝑐 > 𝑧∗(𝑏, 𝑡, 𝑟,Δ𝑐)

� (15) 

 
4.1 Numerical Example 
In this section we again perform some numerical analysis to seek general policies for CDCs and policy 

makers over a finite horizon. We try to determine a threshold policy for bidding decisions and general rules of 
thumb based on the change in the value function and the threshold level, similar to the numerical example in the 
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infinite horizon case. In the finite horizon example we also use the same data as the infinite horizon case. The time is 
limited in the finite horizon case, and this is the only difference between two numerical examples. We assume the 
planning horizon to be 1 year, 𝑇 = 52 weeks. Hence 𝜆 = 1 implies an availability rate of 1 property/week. 

We first investigate the change in the optimal expected value and the threshold level over time. Figure 2 
shows the change for different amounts of remaining budget 𝑏. Since the value function is time dependent for the 
finite horizon case, the change over time can be observed clearly. The change in the optimal expected value and the 
threshold level over the remaining budget are same as the case in the infinite horizon. The value of the optimal 
expected value function increases when the remaining budget increases while the threshold value decreases if the 
remaining budget increases. The rates of change are a function of time, the changes are almost proportional to the 
remaining budget level 𝑏 at the beginning of the period, while this change is nonincreasing in remaining amounts 
of budget at the end of the period. In other words, we see that as the budget gets higher, the marginal change in the 
optimal value decreases. Similarly, we also note that the marginal change in the threshold decreases as a function of 
the budget. 

 

 
Figure 2: The change in the optimal expected value and the threshold level over time for different budget levels 

  
In Proposition 1 and Proposition 2 we describe that the value function in the finite horizon case is a 

nondecreasing concave function over bidding rate Δ𝑐, so there is a bounded solution for the optimal bidding rate 
where the value function attains a maximum value. Thus we could obtain the optimal bidding rate by differentiating 
𝑉(𝑏, 𝑡) with respect to Δ𝑐. This means that the CDCs could get more value by offering higher prices for a specific 
property, and this optimal bidding price can be obtained by solving a set of recursive differential equations for the 
finite horizon problem. The optimal value function is nonincreasing and concave function over time. The value of 
the remaining amounts of budget decreases towards the end of the period, since any unused funds/credit will be lost 
for that period. This concavity relationship is described in Proposition 3. 

 
Proposition 1  𝑉∗(𝑏, 𝑡) is concave in Δ𝑐 for any 𝑐 ∈ [0, 𝑏].  
Proof :  All proofs are included in the Appendix. ∎ 
 
Proposition 2  𝑑𝑉

∗(𝑏,𝑡)
𝑑𝑡

 is nondecreasing in Δ𝑐 for any 𝑐 ∈ [0, 𝑏].  
 
Proposition 3  𝑑𝑉

∗(𝑏,𝑡)
𝑑𝑡

 is nonincreasing in 𝑡 for any 𝑐 ∈ [0, 𝑏].  
 

5. Practical Implications 
We first note the following observations for the structure of 𝑉∗(𝑏, 𝑡) for the finite horizon case; and then 

use them in deriving our policy insights. Some of this insights are as follows. 
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Proposition 4  𝑉∗(𝑏, 𝑡) is nonincreasing in 𝑡 ∈ [0,𝑇] for any 𝑏 ∈ [0,𝐵0], and 𝑇 ∈ (0,∞].  
Proof : The proof is similar to a corresponding proof in Kleywegt (1996), so it is skipped. ∎ 
 
Proposition 5 𝑉∗(𝑏, 𝑡) is nondecreasing in 𝑏 ∈ [0,𝐵0] for any 𝑇 ∈ (0,𝑇].  
Proof : The proof is similar to a corresponding proof in Kleywegt (1996), so it is skipped∎ 
 

Based on the these numerical examples and the propositions, some practical policies can also be concluded 
for the finite horizon model. We list these insights as follows: 

(1) In regular markets, when probability of a successful bid is low; CDCs should be aggressive, and should 
keep trying to acquire, since there won't be much variation in the threshold over the year. 

(2) If CDCs have lower budgets, they should be more selective. Initially, they should only consider very 
high value properties. 

(3) Since the cost of bidding has a negligible impact on optimal policy, CDCs should continue the same 
strategy even if the bidding costs might vary 

(4) In improving markets, where the expected returns are higher, CDCs should be more selective initially; 
then they should become more aggressive in bidding/acquisition towards the end of the year 

(5) If the availability rate is high, CDCs should wait for the high value acquisitions. 
(6) In slow markets, where the expected returns are lower, CDCs do not be so selective. They should be 

aggressive and continue bidding/acquiring - assuming funds will not be usable next year. 
(7) If the budget increases the threshold value decreases, thus CDCs should be aggressive if they have 

higher budget levels. 
In general, the same policy results can be derived for the finite and infinite horizon cases at the beginning 

of planning horizon. The same policies, the same practical rules can be applied for both of the funding source types 
in the first weeks. In the infinite horizon case the policy does not change over time and it is the same policy for all 
the time. However, in the finite horizon case the policy changes over time and different practical implications might 
be applied at the different times of the period. 

 
6. Conclusions and Future Work 

In this paper we develop, implement and evaluate a dynamic and stochastic decision model that aims to 
assist community-based organizations to choose foreclosed housing properties to acquire in the service of 
community stabilization and revitalization. We characterize the optimal cost and return threshold policies for CDCs 
in order to provide guidance in their acquisition decisions. Thus, CDCs can decide to bid or not to bid on a specific 
property when it becomes available. We also develop an algorithm for finding optimal bidding rates if a bidding 
decision is made. Moreover, we perform some numerical examples based on the real data obtained from CDCs, 
which help develop insights for both infinite and finite horizon problems. Some analytical results characterizing 
optimal value functions are also obtained. These aspects provide relevant contributions to the research and practice 
in operations research. 

Some extensions to the analysis in this paper include further analytical implications of optimal bidding 
rates, especially as a function of time for the finite horizon problem, and potential consideration of non-stationary 
probability distributions of success in bidding processes. 

 
 
Appendix: Proofs 
  
Proof of Proposition 1 
   
Proof Assume Δ𝐶1 ≥ Δ𝐶2 . Then we have that:  
 𝑉(𝑏 − 𝑐 − 𝑐⋅Δ𝑐1

100
, 𝑡) ≤ 𝑉(𝑏 − 𝑐 − 𝑐⋅Δ𝑐2

100
, 𝑡) (16) 

  which follows from the fact that 𝑉∗(𝑏, 𝑡) is nondecreasing in 𝑏.  
Proof of Proposition 2 
Proof Let Δ𝐶1 ≥ Δ𝐶2 , the the following inequality holds since 𝑑𝑉

∗(𝑏,𝑡)
𝑑𝑡

 is nonincreasing in 𝑏.  

 
𝑑𝑉(𝑏−𝑐−

𝑐⋅Δ𝑐1
100 ,𝑡)

𝑑𝑡
≥

𝑑𝑉(𝑏−𝑐−
𝑐⋅Δ𝑐2
100 ,𝑡)

𝑑𝑡
 (17) 
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Proof of Proposition 3 
Proof: The following set of equations hold due the fact that each 𝑥∗(𝑏, 𝑡, 𝑐,Δ𝑐) is nonincreasing in 𝑡.  

 𝑑𝑉(𝑏,𝑡)
𝑑𝑡

≤
𝑑𝑉(𝑏−𝑐−

𝑐⋅Δ𝑐2
100 ,𝑡)

𝑑𝑡
 (18) 

  

 𝑑𝑥∗(𝑛,𝑡,𝑠,𝑑𝑠)
𝑑𝑡

=
𝑑(𝑉(𝑏,𝑡)−𝑉(𝑏−𝑐−

𝑐⋅Δ𝑐2
100 ,𝑡)+1−𝑝(Δ𝑐)

𝑝(Δ𝑐) ∗(𝑐+𝑐⋅Δ𝑐100 )∗𝑐

𝑑𝑡
≤ 0 (19) 
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