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Abstract

Approximations to various performance measures in queuing systems have received considerable attention mainly
because these measures have wide applicability. In this paper, we propose a method to approximate the queuing
characteristics of a GI/M/1 system, which is easy to evaluate and provide reasonably accurate results. This method is
non-parametric in nature and utilizes only the first three moments of the arrival distribution. Numerical examples
and optimality analysis of performance measures of GI/M/1 queue are provided to illustrate the efficacy of the
method and compared with benchmark approximations.
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1. Introduction

The growth of queuing theoretic applications has been phenomenal ranging from communication and multimedia
systems to inventory and reliability theory. This has led to a sustained interest in the methods of evaluation of the
performance measures in queuing theory. In the case of non-Markovian queues, the computations of these measures
involve the arrival and/or service distributions explicitly. However, in practical applications like management,
optical and communication networks, the specific forms of these distributions might not be known and at best one
might be in possession of the moments of the underlying distribution only. There are a number of cases where the
moments of a distribution are easily obtained, but theoretical distributions are not available in closed forms (Lindsay
et al. 2000). Alternatively, from the observed sample data, efficient estimators for the various moments of the
underlying distributions could be calculated. Thus, computation of performance measures based on the first two or
three moments of the arrival and/or service distributions is very useful. Whitt-1 (1984) in a classic exposition
discussed approximations using extremal distributions giving the upper and lower bounds for the performance
measures in a GI/M/1 system. Smith (2011) proposed a two-moment approximation for the probability distribution
of M/G/1/K systems and extended it to the analysis of M/G/1/K queuing networks. Li and Tian (2011), in their recent
work, used the matrix analytical approach to obtain the steady state distributions of number of customers in the
system for a GI/M/1 queue with single working vacation. Zhang and Hou (2011) analyzed the steady state of the
GI/M/1/N queue with a variant of multiple working vacations by employing the supplementary variable and
embedded Markov chain methods. Sohn and Lee (2004) conducted a Monte Carlo simulation in order to study the
relation between various performance measures in a G/G/1 queue. Recent works on such systems with working
vacations for the server have immense applications in ATM machines and internet systems such as optical nets,
electric nets and communication nets (Li et al. 2008, Chae et al. 2009, and Baba 2005). In these applications the
arrival epochs could be observed or at worst simulated. Thus, our motivation in this paper has been to obtain
approximations to the performance measures of a GI/M/1 system using only the first three moments of the arrival
distribution without recourse to the arrival distribution explicitly.
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In the following, we will discuss our problem with specific reference to a GI/M/1 queuing system, even though our
method works in similar situations for other non-Markovian queues as well. Consider a GI/M/1 queue whose traffic
intensity is p= E (service time)/E (arrival time), L is the expected equilibrium queue length and o is the steady state
probability that a customer will have to wait to commence his service. It is well known that

L=p/(1-0)
1)
where o is the unique root in the open interval (0, 1) of the equation
Cb(u(l — a)) =0
)

with p=1/E(service time) and ®(s), the Laplace-Stieltjes Transform of the inter-arrival distribution function say F
given by:

[oe]

<.‘b(s)=f e S'dF (t)
0
@)

We note that the evaluation of the performance measures ¢ and L requires the prior knowledge of the inter-arrival
distribution function F and not just the moments of F. As remarked in the beginning of this section, many queuing
applications are likely to produce the moments of F and not the distribution itself. Thus, the problem is to find ¢ and
L based on the first few moments of F only. Whitt-1 (1984) showed that there is a considerable reduction in the
range of possible values of ¢ and L when the third moment is also used as compared to two moments of F. Our
endeavor in this note is to propose simple and accurate methods to evaluate o and L based on the first three moments
of the distribution function F in the absence of any knowledge on the form of F. In section 2 we propose a non-
parametric method based only on the first three moments of F without recourse to approximate F by another
distribution function. Numerical examples are provided to compare the values of ¢ and L using the present method
with their exact values. The method provides exact results for certain important arrival distributions like Erlang of
order 2, Coxian (K;), mixture of two exponentials, and exponential distribution. We also provide one optimization
illustration to obtain economic performance measures in the application of GI/M/1 queuing systems.

2. A non-parametric method

We observe from (2), that the computation of the performance measures o and L in the GI/M/1 system requires the
use of @(s), the Laplace Transform of the density function f corresponding to the distribution function F. However,
without the prior knowledge of F and armed with only the first three moments of F, an approximation to @(s) is
obtained from the following proposition.

Proposition
Suppose that the first three raw moments my(#0), m,, and ms (3m,%2m;ms) of the distribution function F exist and

are known. Then the following approximation to the Laplace Transform of the distribution function F holds.
A(s—sg)+ Bs

(D(S) ~ s(s—sg)+ A(s—sg)+ Bs
6mq(myp— Zmz) 1 —so(‘mz—Zmz) (4)
WhereSO = W,AZ m—l,andB = Tl
(®)

Proof.
In the classical renewal theory, the renewal density m(t) of a renewal process with interval density f(t) satisfies the
integral equation:

m(t) = f(t) + fm(t—u)f(u)du
(6)

Applying Laplace Transform to both sides of (6) we obtain the Laplace Transform of m(t) as:
m(s) = @(s) / (1 = @(s))
@)

where @(s) is the Laplace Transform of the density function f.
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Now ¢(0)=1 and %(1 - <D(s))|s=0 = & (0) = m, is non zero. This means that the denominator 1- @(s)of (7) has
a simple zero at s=0. Thus, we may approximate m’(s) by a rational function of the form
m*(s) = A/s+ B/(s — sp)
(8)

where A, B, and s, are constants determined as follows. Assuming the existence of moments of the density function
f(t), we can express @(s) as
Gy
@(s) = Z —m,

n=0 Ml

9)
where mo=1 and m, is the n™ order moment about the origin of f. Using (9) in (7) and (8) and comparing the
coefficient of s°, s* and s? on both sides we obtain after some algebra the values of A, B, and s, as given in (5). This
completes the proof. O
Notel: For the approximation to hold, it is necessary that s,<0. Simple calculations show that this condition implies
that @,>2 and @5>(3/2)®,” or ®@,<2 and d5<(3/2)®,’ (see Figure 1), where C? is the squared coefficient of variation
of inter-arrival time, @,= C?+1, and ®@;=my/m,>.
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Figure 1: Region I and Region |1 are the feasible regions for the approximation to hold
Note2: It is worth to mention that the error in the approximation (4) is of o(1) as s —0.

Note3: The condition that s, is non-positive, which is necessary for the approximation to hold, is satisfied by many
standard arrival distributions like uniform, gamma, mixed exponential, lognormal, Coxian (K,), mixture of
Erlangian, and Weibull. Also sy is non-positive for truncated normal and inverse Gaussian probability density
functions under certain conditions.

Using (4) in equations (2) and (1) with the values of m;, my, and ms, the performance measures ¢ and L could be
obtained. To illustrate the efficiency of the proposed method, we present in Tables 1 and 2 the values of ¢ and L
computed using (4) for certain choice of the set {my, m,, ms}. The triplet (my, m,, m3) is chosen from the regions |
and Il (Figure 1). In order to compare the approximations with exact values we have considered the values of the
moments of commonly used arrival distributions namely gamma and PH4 (Phase type) distributions. The values of &
and L are calculated for various values of traffic intensity p. Eckberg (1977) specified upper and lower bound
distributions that yield the maximum and minimum mean queue length in steady state among all inter-arrival time
distributions with two and three moments specified. Using these distributions Whitt-I (1984) calculated the
maximum relative error for ¢ and L using the formula
MRE(inL) = (L, —L)/L;
(10)
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where L, and L, are the minimum and maximum values of L using the lower and upper bound distributions. Tables 1
and 2 also present the upper and lower bounds for ¢ and L given two and three moments and the corresponding
maximum relative errors specified in (10). It can be seen that our method captures the values of ¢ and L with low
relative errors.

Table 1: Comparison of the values of the performance measures ¢ and L computed using the approximation with the
exact values when the arrival distribution is PH4

4
fe) = Z pid; e A" p=0.3 p=0.7 p=0.9
=1
¢ 0.33210 ¢ 0.73870 ¢ 0.91790
Exact
L 0.44917 L 2.67891 L | 1096224
Proposed ¢ 0.33143 ¢ 0.73583 ¢ 0.91792
approximation L 0.44872 L 2.67717 L 10.96491
m,=19.997 Relative Error 0.10% 0.06% 0.02%
m,= 1006.48 Upper ¢ 0.61894 ¢ 0.78823 ¢ 0.92330
ms= 101021.195 (2 moments) L 0.78728 L 3.30547 L | 11.73403
Lower ¢ 0.04088 ¢ 0.46700 ¢ 0.80690
Region- | (2 moments) L 0.31279 L 1.31332 L 4.66080
MRE(in L) 151.70% 151.69% 151.76%
Upper ¢ 0.61894 ¢ 0.78823 ¢ 0.92330
C?=1.517 (3 moments) L 0.78728 L 3.30547 L 11.73400
Lower ¢ 0.12374 ¢ 0.71530 ¢ 0.91730
(3 moments) L 0.34236 L 2.45873 L | 1088270
MRE(in L) 129.96% 34.44% 7.82%

Table 2: Comparison of the approximations values of the performance measures ¢ and L computed using the
approximation with the exact values when the inter-arrival distribution is gamma

e —J.t‘lk
()= ¢F1—— p=0.3 p=0.7 p=0.9
r(k)
Exact [ 0.27991 ¢ 0.68748 [ 0.89541
Case-| L 0.41661 L 2.23986 L 8.60503
Proposed [ 0.31799 ¢ 0.71160 [ 0.90422
approximation L 0.43988 L 2.42714 L 9.39653
Relative Error 5.58% 8.36% 9.20%
C= 0.9091 Upper 4 0.49760 G 0.72080 4 0.89890
(2 moments) L 0.59713 L 2.50716 L 8.90208
m;=0.55 Lower [ 0.04880 ¢ 0.46700 4 0.80690
my=0.5775 (2 moments) L 0.31279 L 1.31332 L 4.60798
m;=0.8951 MRE(in L) 90.91% 90.90% 93.19%
Upper G 0.49760 G 0.72080 o 0.89890
Region - Il (3 moments) L 0.59713 L 2.50716 L 8.90208
Lower [ 0.16180 ¢ 0.68076 [ 0.89520
(3 moments) L 0.35791 L 2.19271 L 8.58779
MRE(in L) 66.84% 14.34% 3.66%
Exact 4 0.60233 G 0.85242 4 0.95297
Case-ll L 0.75439 L 474319 L 19.13469
Proposed [ 0.55157 ¢ 0.85082 [ 0.95292
approximation L 0.66900 L 4.69232 L 19.11640
Relative Error 11.31% 1.05% 0.03%
m;=0.45 Upper 4 0.77867 G 0.87700 4 0.95540
my=0.8775 (2 moments) L 1.35542 L 5.69106 L 20.17937
m3=3.0273 Lower [ 0.04088 ¢ 0.46700 4 0.80690
(2 moments) L 0.31279 L 1.31332 L 4.66080
Region - | MRE(in L) 333.34% 333.33% 332.96%
Upper G 0.77867 G 0.87700 o 0.95540
C%=3.3333 (3 moments) L 1.35544 L 5.69106 L 20.17937
Lower 4 0.24600 G 0.84200 4 0.95270
(3 moments) L 0.39788 L 4.43038 L 19.02748
MRE(in L) 240.67% 28.46% 6.05%
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3. Optimization Illustration
In practice, queuing managers are generally interested in optimizing the model parameters under their control by
minimizing the operating cost or maximizing the business profit. In this illustration, we will be interested in
obtaining the optimal service rate in a cost minimization problem for a GI/M/1 queuing system. The objective cost
function consists of two components, which are the cost due to customers waiting in line known as the delay cost,
and the service cost rate. Thus, the cost function to be minimized is given by:
Cp) = ¢t(AW) + cop

(11)
where A and p are the arrival and service rates respectively, W is the expected waiting time of a customer in the
system, ¢, is the expected cost per unit time of a customer’s wait and c, is the service cost rate. Using Little’s
formula, (11) reduces to

C(w) = c1L + cyu
(12)

The optimal pu* of the above objective function was computed using our non-parametric method introduced in
section 2 by assuming the first three moments of the arrival distribution only and the cost rates. However, in order to
compare our results with the exact values, the moments were chosen so as to correspond to Coxian (K5) and Inverse
Gaussian distributions commonly used in queuing theory. The results are presented in Tables 3 and 4. When the
Coxian arrival distribution was used, our method provided the exact values of u* whereas in the case of Inverse
Gaussian distribution the relative errors were significantly small.

Table 3: The optimal service rate u* with Coxian inter-arrival distribution (The optimal pu* computed
using our method and using the Coxian distribution exactly match)

=0.8, =2, 1,=0.2
ﬂ, —ﬂv ﬂv —/‘L p s M s 1\2
) =] 22772 |7 exp(- 4t)+] 1- 22772 |1 exp(- A,t) (my=1.5, my=11.5, m;=167.25
A=A, A=A, and sy= -0.6, A=0.667, B=0.933)
C(w
S | n=222 | p=1.667 | p=1.333 | p=1.111 | p=0.952 | p=0.833 | p=0.741
E 22.9 17.87 15.33 14.35 14.86 17.91 29.74 ¢i=1, ¢=10
S 11.79 9.54 8.667 8.793 101 13.74 26.04 &=, ¢=5
Q.
Q.
< 5.127 4.54 4.667 5.459 7.242 11.24 23.81 &=, 6=2
Table 4: The optimal service rate u* with Inverse Gaussian inter-arrival distribution
¢ K 2 —K({t—M)? K=1, M=2
O=\53| Pl —Sumx (Mi=2, m,=12, My=152 and s5=-0.273, A=0.5, B=0.136)
C(w
p=1.6667 | p=1.25 p=1.00 1=0.8333 p=0.7143 p=0.625 | p=0.5556
g8 17.126 13.255 11.193 10.215 10.213 11.76 18.505 &=, ¢=10
X3
w> 8.793 7.005 6.193 6.048 6.642 8.635 15.727 &=, 6=5
3.793 3.255 3.193 3.548 4.499 6.76 14.061 &=, 6=2
.§ 17.139 13.265 11.198 10.213 10.206 11.75 18.505 &=, ¢=10
g 8.806 7.015 6.198 6.046 6.635 8.625 15.727 &=, 6=5
5 3.806 3.265 3.198 3.546 4.492 6.75 14.061 &=, =2
Q.
g— Relative Error = 0.16% 0.03% 0.07%
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4. Conclusions

This note introduces a method of approximation for the evaluation of performance measures in a GI/M/1 queuing
system in the absence of information on the arrival distribution and when only the first three moments are known.
This method is non-parametric in the sense that it does not use the explicit form of the underlying arrival distribution
function. Such situations arise frequently in queuing models wherein only the instants of customer arrivals are
known. This information will obviously lead us to the sample moments and thus our present approximation comes in
handy. This approximation is simple to execute and generates exact results for some important arrival distributions
such as exponential, mixture of two exponentials, Coxian, and gamma distribution function. It is worth mentioning
that it is also possible to employ moments matching procedures as an approximation for the unknown arrival
distribution. Typical distributions used in the matching procedure are phase type distributions. This is because of the
fact that any distribution can be approximated by a phase type distribution although the number of phases needed
might be large rendering the approximation ineffective. Work in this direction is in progress. The usefulness of the
methods in optimization procedures has been illustrated with examples.
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