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Abstract 

 
In statistical processes control, there are many cases where several attribute quality characteristics of a product or a 
process are inspected simultaneously. Receiving a signal from the control charts used to monitor these processes is 
an indication of the process change, but not an indicator of the actual time of the process change, known as change 
point. Knowing the exact time of the process change would assist process engineers in their search for the special 
cause and aid in process improvements. In this paper, statistical process control techniques are studied and compared 
in situations where multiple correlated attribute characteristics of products or processes are measured continuously. 
The multi-attribute quality characteristics that are considered include conforming and nonconforming percentages of 
the items that follow a binomial distribution. An estimator of the process change point is proposed using the 
maximum likelihood estimation method. Using simulation experiments we show that the proposed estimator 
provides a good assessment to approximate the time of change in these processes. 
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1. Introduction 
A control chart as an application tool in statistical process control (SPC) is a suitable method of monitoring process 
and provides the possibility of discovering the assignable causes or changes in the characteristics of a process 
(Montgomery 2009). Woodall and Montgomery (1999) stated that multivariate process control is one of the most 
rapidly developing areas of statistical process control, where there are many situations in real-world environments in 
which simultaneous monitoring or control of two or more correlated quality characteristics is necessary. Monitoring 
these quality characteristics independently can be very misleading. Hotelling (1947) established multivariate process 
control techniques in his pioneering paper, where he applied multivariate process control methods to a bombsights 
problem (Bersimis et al. 2007). 
 
Control charts can issue a signal from a change in a process mean in a substantial amount of time after the change 
occurred. To identify the reason of assignable causes, the engineers need to have the real-time change. One of the 
most effective solutions for this problem is so called the change point estimation, where plenty of research works 
have been conducted so far. Most of the research works conducted on the estimation of the process change point can 
be classified into three classes of the maximum likelihood estimation (MLE), cumulative sum (CUSUM), and 
exponentially weighted moving average (EWMA) procedures. Lu et al. (1998) reviewed monitoring procedures 
developed for multi-attribute processes with correlated quality characteristics. Sulivan and Woodall (1996) proposed 
a likelihood ratio approach for detecting a shift in the mean or standard deviation of univariate normal observations. 



 

1665 
 

Pignatiello and Samuel (1998a, 1998b, and 1998c) used the maximum likelihood estimator on X, S, and C charts to 
estimate the real time changes in the process parameters. In addition, Pignatiello and Samuel (2001a) proposed a 
maximum likelihood estimates (MLE) of the change points of the p and np control charts. Samuel et al. (1998) 
presented an MLE estimator in identifying the step change in a mean of a normal process in X  control chart. 
Pignatiello and Samuel (2001b) showed that using MLE of a change point is superior in identifying the step change 
in X  control chart in comparison with the estimators offered by the cumulative sum (CUSUM) and exponentially 
weighted moving average (EWMA) procedures. Perry and Pignatiello (2006) used the MLE for the time of a linear 
trend change in a normal process mean and compared the performances of their estimator with the ones obtained 
using a MLE method for step changes worked by Samuel et al. (1998). They also proposed a maximum likelihood 
estimator for the change point of a Poisson rate parameter with a monotonic effects and a linear trend disturbance 
(Perry et al. 2006 and 2007). 
 
While most of the research works on the change point estimation of discrete qualitative characteristics have been 
conducted only in univariate cases, in this paper, we first use a control chart to monitor nonconforming items in a 
sample produced by a bivariate binomial process. Then, a MLE approach is proposed to estimate the change point of 
the process mean experiencing a step-change. Finally, the performance of the proposed MLE is evaluated using 
extensive simulation experiments. 
 
In the next Section, a brief overview of the bivariate binomial control chart and the probability model of the process 
are given. In Section 3, the proposed change point estimator is derived. In Section 4, the performance of the 
proposed estimator is evaluated using simulation experiments. Finally, we conclude the paper in Section 5. 
 
2. Bivariate Binomial Control Chart 
Following Lu et al. (1998) who developed a Shewhart control chart to monitor multi-attribute processes that follow 
multivariate binomial distribution, in this research, we introduce a new Z statistic that is the weighted sum of the 
nonconforming units of all the quality characteristics in a sample, i.e., 
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Where k  is the number of quality characteristics and ip  indicates non-conforming units for i th discrete 
characteristics ki ,...,1( = ). We note that in (1) all the quality characteristics of the process are assumed to have an 
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Where ijρ  indicates the correlation coefficient between any two quality characteristics i and j , obtained by 

              ( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )ij i j i j i i j j i jCov C ,C Var C Var C E C E C C E C Var C Var Cρ  = = − −          (3) 

Moreover, the control chart parameters including the ratio of nonconforming units and the correlation between 
discrete characteristics are estimated based on the work by Lu et al. (1998). 
 
2.1. Probability Model of the Process 
Consider a process in which each of the products is inspected for compliance with the standards according to two 
separate qualitative characteristics, simultaneously. As the result of the inspection process, each product is classified 
and is placed under conforming and nonconforming categories based on each of the two features separately. In other 
words, each product is classified under one of the four groups (0,0), (0,1), (1,0) or (1,1) after inspection and quality 
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evaluation, so that the first/second component of these pairs regularly represent conformity or nonconformity for the 
first/second quality characteristic. Moreover, to monitor the process a sample includes n products, and 00n , 01n , 

10n , and 11n  show the number of products classified in each of the above four groups. Therefore, the probabilities 
corresponding to each of the four groups, are denoted by 00p , 01p , 10p , and 11p , respectively, as follows 

               { },, 21 sIrIpprs ===                            1,0;1,0 == sr  (4)                                                              
 If X  indicates the number of nonconformity in a sample of n  products according to the first quality characteristic, 
and similarly Y  represents non-conforming units in a sample according to the second quality characteristics, then X  
and Y  are coming from a bivariate binomial distribution with the means XX np=µ  and YY np=µ and correlation 

XYρ as 
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where 1110 pppX +=  and 1101 pppY += . Accordingly the probabilities 00p , 01p , 10p , and 11p  are obtained using 

the Excel software. Note that 1=∑ rsp , and that  
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Moreover, the Joint probability mass function of the random variables X  and Y  is 
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where the summation is calculated on the range of ),min(),0max( 11 yxnnyx ≤≤−+  (Kocherlakota and 
Kocherlakota 1998). 
 
3. MLE Estimation of the Change Point of a Bivariate Binomial Process 
Consider X  and Y  the two discrete quality characteristics following a bivariate binomial distribution, where after 
an unknown time  one or both of the process means are shifted from an in-control nonconforming proportion 0p to 
an unknown value 1p , and until the assignable causes removed, the process remains in its new level of 1p . 
Assuming 1 2 1 1T , TZ ( Z Z ,..., Z , Z , Z ,...Z )τ τ τ− += the first subgroup sample of an out-of-control process, where τ is 
the real change-time of the process mean, then 1 2 1,( Z Z ,..., Z , Z )τ τ− are assumed to come from an in-control 
process and 1 T( Z ,..., Z )τ + are the results of an out-of-control process. 
 
3.1. Estimating the Parameters 
Having the covariance between the two attribute quality characteristics X  and Y  as 11   XY X Yp - p pσ = , the 
likelihood function for a sample of n  products is obtained by  
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After simplifications, it can be shown that 
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Since the three parameters Xp , Yp , and XYσ involved in the likelihood function are unknown, an expression is 
needed for the mentioned parameters in terms of τ that provides the maximum of the logarithm of the likelihood 
function. Hence, taking the partial derivatives of the logarithm of the likelihood function with respect to Xp , Yp , 
and XYσ and setting them zero results in (Kocherlakota and Kocherlakota 1998). 
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3.2. The Proposed MLE Estimator 
The change point τ in the control chart of the bivariate binomial process at hand is the time at which the likelihood 
function reaches its maximum level. Regarding the parameters estimations given in (10), the likelihood function can 
be obtained as 
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Thus τ is estimated by 
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4. Performance Evaluation of the Proposed MLE of the Step-Change Point 
In this Section, simulation experiments are used to evaluate the performance of both the control chart and the 
proposed maximum likelihood estimator of the step-change point. To do this, the probability of type-I error is 
considered fixed at 0.0027 and the change point of the process is placed at 50=τ . In other words, subgroups 

50,...,2,1=i  are in-control. The means of the quality characteristics are considered 1.00 =Xp  and 25.00 =Yp , the 
sample size is 25=n , and the correlation between the two characteristics is 5.00 =ρ . As discussed in Section 2.1, 
for an in-control process, 74.000 =p , 16.001 =p , 01.010 =p , and 09.011 =p  are used to generate random data. 
Further, the correlation remains unchanged for out-of-control processes as well.  
Table 1 shows the performance of both the bivariate binomial control chart and the proposed MLE to identify the 
step-change point of the above process for four different modes of the process. In this Table, τ̂  shows the average 
of the change point estimates and ˆSe( )τ denotes the standard error of the estimate. Moreover, the expected length 
of each simulation run, E (T ) for different magnitudes of the change in the process mean is also shown in this table 
based on 10,000 trials. 

 
Table 1: Change Point Estimates and Their Standard Errors for 50τ =  

 
 
 
 
 
 
 
 
 
 
The results in Table 1 indicate that as the mean of the first quality characteristic increases from 0.1 to 0.2 for 
example, the average time for the control chart to signal is 83.5332; the average estimated time of the process 
change point is 50.1319 that is fairly close to the actual change point of 50. Moreover, on the average, the proposed 
maximum likelihood estimator of the time of the process change is fairly close to the actual change point. In 
addition, the results in Table 2 that contain the estimated precision performances of the proposed step-change 
estimator indicate that when the mean of the first characteristic increases in the first column for example, in almost 
58% of the trials the change point estimate shows the actual time of the process change. In almost 82% of the trials, 

ˆSe( )τ  τ̂  E (T )  Yp  Xp  row 

0.0158 50.1319 83.5332 0.25 0.2 1 

0.0246 49.8837 172.2225 0.15 0.1 2 

0.0208 50.0317 59.2628 0.35 0.2 3 

0.0057 50.0142 156.3582 0.15 0.2 4 
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the estimate is within 1±  subgroups, and the like. Similar patterns can be seen for other mean shifts. More 
specifically, when the mean of the first characteristic increases while the mean of the second characteristic decreases 
in the last column, the proposed estimator shows the best performance in identifying the actual time of the process 
change. 
 

Table 2: Estimated precision performances of the proposed step-change estimator based on 10,000 trials   
0.2 0.2 0.1 0.2 Xp  

0.15 0.35 0.15 0.25 Yp  

0.8238 0.5036 0.4603 0.5827 ˆ ˆP( )τ τ=  

0.964 0.7504 0.7151 0.8190 1ˆ ˆP( )τ τ− ≤  

0.989 0.8601 0.8341 0.9104 2ˆ ˆP( )τ τ− ≤  

0.997 0.9147 0.8948 0.9538 3ˆ ˆP( )τ τ− ≤  

0.9995 0.9442 0.9316 0.9756 4ˆ ˆP( )τ τ− ≤  

0.9999 0.9650 0.9559 0.9860 5ˆ ˆP( )τ τ− ≤  

1 0.9783 0.9703 0.9922 6ˆ ˆP( )τ τ− ≤  

1 0.9854 0.9787 0.9957 7ˆ ˆP( )τ τ− ≤  

1 0.9918 0.9845 0.9973 8ˆ ˆP( )τ τ− ≤  

1 0.9941 0.9883 0.9982 9ˆ ˆP( )τ τ− ≤  

1 0.9957 0.9916 0.9987 10ˆ ˆP( )τ τ− ≤  

1 0.9996 0.9987 0.9996 15ˆ ˆP( )τ τ− ≤  
 
5. Conclusions 
In this paper, a maximum likelihood estimator to identify the time of step-change point of a bivariate binomial 
process mean was proposed. Identifying the exact time of the process change can help the engineers to search for the 
special cause in smaller range. Therefore, they can improve the quality of process more quickly. We showed that the 
proposed estimator provides an acceptable performance when the changes occur in the mean of the two 
characteristics. For this purpose, the use of the proposed estimator was shown using a hypothetical example in a 
bivariate binomial control chart. The results of simulation studies indicate the proposed estimator works effectively 
in detecting the actual time of the process change. 
 
Future research is recommended to identify the combination of the process variables that is responsible for a process 
change. Moreover, future research may also include using the EWMA, CUSUM & neural networks in detecting the 
changes in bivariate binomial processes. 
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