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Abstract 
 
It is well known that optimal or near optimal polynomial time algorithms have been obtained for many single 
criterion and bicriteria scheduling problems while most multi criteria scheduling problems are NP-Hard. Thus, 
heuristics like simulated annealing, tabu search and genetic algorithm that produce ‘good solutions’ are usually 
employed in solving multi criteria problems. This paper explored the possibility of reducing multi criteria 
scheduling problems to single criterion or bicriteria scheduling problems to make them more amenable to optimal 
polynomial time algorithms. A total of four multi criteria scheduling problems were analyzed and reduced to their 
equivalent single criterion or bicriteria scheduling problems. It is expected that the solution for the reduced single 
criterion or bicriteria scheduling problems will also solved the parent multi-criteria problem without compromising 
its linear composite objective function. Validation was carried out by solving some multi criteria problem already 
solved by heuristics with an existing polynomial time algorithm that solves its equivalent single criteria or bi criteria 
problem and comparing the linear objective function of the two solution methods.  
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1. Introduction 
 

Scheduling objectives are criteria by which the performance of any solution method can be measured                      
(French, 1982). It is not easy to state scheduling objectives, this is because they are numerous, complex and often 
conflicting (Oyetunji, 2009).   
 
Scheduling problems can be classified in terms of the number of objectives by which the performances of solution 
methods may be assessed (Oyetunji, 2011). This can be single criterion, bicriteria, or multi criteria scheduling 
problems. When considering only two criteria, it is called bicriteria scheduling problem (Ehrgott and Grandibleux, 
2000).The simplest multi objective problems focus only on two criteria (Abdullah, 2010). Multi criteria scheduling 
problems deal with three or more objectives.  
 
Since the introduction of scheduling theory in the 1950s, most research has been concentrated on single criterion 
scheduling problems. This is probably due to the fact that single criterion scheduling problems are simpler. 
However, in the real-life, multiple and conflicting criteria play a role (Hoogeveen, 2005). The problem of multi 
criteria have recently been explored by different researchers; For instance, Erne (2007) presented an integer 
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programming model for multi criteria scheduling problem with sequencing dependent setup time to minimize the 
weighted sum of total completion time, maximum tardiness and maximum earliness. Abdullah (2010) studied the 
problem of scheduling jobs on a single machine to minimize total tardiness subject to maximum earliness or 
tardiness for each job. Also, Haidar and Tariq (2011) solved the single machine scheduling problem of minimizing 
maximum tardiness, maximum earliness and sum of square of completion time using a hierarchical method.  
 
Most multi criteria scheduling problems are NP-Hard in nature (Farhad and Vahid, 2009). Therefore, heuristics 
methods like simulated annealing, tabu search, genetic algorithms are usually explored in solving multi criteria 
problems. For instance, Tamer (2007) solved a multi criteria scheduling problem with sequence-dependent setup 
times on a single machine using tabu search method. Also, Ashwani and Pankaj (2010) framed multi criteria 
decision making for flow shop scheduling with weighted sum of total tardiness, total earliness and makespan as 
performance objective using hybrid genetic algorithms. In contrast, some researchers have utilized existing optimal 
solution methods proposed for some single criterion problems to solve multi criteria scheduling problems  (Oyetunji, 
2010; Haidar and Tariq, 2011). In view of this, coupled with difficulties in solving multi criteria scheduling 
problems, it is desired to explore the possibility of reducing some multi criteria problems into either single criterion 
or bicriteria problems. This will make them amenable to polynomial time solution methods. This is the focus of this 
paper. 
 

2. Formulation of Multi Criteria Scheduling Problems 
 

Generally, scheduling problem with m criteria can be formulated using three parameters notation given by: 
| | 		 	Lenstra, Rinnooy	kan, ; 	and	Garaham	et	al. , 1979 	 

Where: 
	α is the number of machines, β is Job characteristics like pre-emption, releases date, due dates, precedence 
constraints etc.  γ is the objective function. 
 
However, multi-objectives scheduling problem is defined as (Branke et al., 2008; Deb, 2001):  
 

/ 	 	 	 , 	 	 , 	 	                                                 (1) 
Subject to x ∈   
Where: 
 S is the set of feasible solutions, x is the decision vector, x = ( , , , -----------------, ,) 

 is the performance objectives or criteria (i = 1,2, …, m); m is the number of  performance objectives/criteria to be 
minimized or maximized.  
 
There are basically three approaches by which multi criteria scheduling problems may be solved. These are: 
simultaneous, hierarchical, and pareto-optimal approaches. However, only simultaneous optimization approach will 
be briefly discussed in this paper because it is the basis of our work. 
  

2.1 Simultaneous Optimization Approach to Multi Criteria Scheduling Problem. 
 

In this method, the objectives are aggregated into a single objective function called the composite objective function 
(COF). There are two types of composite objective functions; the linear and general composite functions. 
(Hoogeveen, 2005).   
 
The expression for linear composite objective function with respect to criteria X, Y and Z each carrying relative 
weights of , 	 	  respectively is given as:  

F(X,Y) =  X + Y +                                                     (2) 
Thus, the linear composite objective function (LCOF) consists of the sum of the relative weights of each objective 
multiplied by the value of each of the objectives. Mathematically;  
Optimize F(X) 		 	 	 	 	 ⋯   = ∑    
Such that  ∑ 1     0 1 , 	 	 	 	1, 2, … 	 
Where: 
 , , … ,  are relative weights of criteria	 , , … ,  to be optimized respectively.  
F(X) is the linear composite function (LCOF) and m is number of the criteria to be optimized. 
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An example of this method is the simultaneous minimization of machining cost (cost associated with completion 
time), total earliness penalties and makespan in an unrelated parallel machine explored by Farhad and Vahid (2009). 
The problem was formulated as 
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Similarly, Tamer (2007) considered a multi criteria scheduling problem with sequence-dependent setup times on a 
single machine. The objective function of the problem was formulated as simultaneous minimization of the 
weighted sum of total completion time, maximum tardiness and maximum earliness. This was given by: 
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3. Reducibility of Multi Criteria Scheduling Problems  

 
Parviz (2009) stated that the larger the number of performance objectives in scheduling problems, the higher the 
degree of computational complexity involved. In this regard, any effort towards reducing a multi-criteria scheduling 
problem to bicriteria or single criterion scheduling problem without compromising the composite objective function 
will enhance the chance of proposing an efficient algorithm to solve the problem. Therefore, there is a need to 
develop procedures for reducing multi criteria scheduling problems to either single criterion or bicriteria problems, 
so as to make them more amenable to solution methods. 
 

4. Illustrative Examples  
 

Some examples are discussed to illustrate how multi criteria scheduling problems can be reduced to bicriteria or 
single criterion problems. These examples are grouped into four classes:  
 
a. Three criteria scheduling problem reduced to bicriteria or single criterion problem 
b. Four Criteria scheduling problem reduced to bicriteria or single criterion problem 
c. Six criteria scheduling problem reduced to bicriteria or single criterion problem 
d. Eight Criteria scheduling problem reduced to bicriteria or single criterion problem 
 
The following notations given below are employed in the illustrative examples. 

 = Due time of job J 
P  = Processing time of job J                                                                                          
∑ 	 = the total completion time 
∑ 		 = the total earliness 
∑ L  = the total lateness                                                                                                
∑ W  = the total waiting time                                                                                              
∑ F  = the total flow time      
N  = the number of early job 
N  = the number of tardy job                                                                                    

 = the makespan 
 = the machine idle time 
 = the machine utilization time 

  = the maximum flow time 
∝, , , , , , , , 				= relative weights associated with each of the required performance objectives. 
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4.1 Reduction of Three Criteria Scheduling Problems  
 
Consider a multi-criteria scheduling problem in which the objective function is minimization of the weighted sum of 
machine idle time, total flow time and makespan. This problem was explored by Rajendran (1995). The problem 
was represented as: 
  

Min ∝ 	 ∑ F C                                           (5) 
 

The problem can be reduced to bicriteria or single criterion problem as follows: 
The machine idle time is defined as the difference between the makespan (C   and the total processing time on 
the machine (French, 1982). 
 

							 C ∑ P                                                                  (6) 
 
Substitute equation (6) into equation (5), the problem (equation 5) thus becomes; 
 

              Min ∝ C ∑ P 	 ∑ F C                 (7) 
 

               =Min ∝ C C 	 ∑ F ∝ ∑ P            (8) 
 

                =Min ∝ C 	 ∑ F ∝ ∑ P                   (9) 
 

Since ∝, β, γ and ∑ P	are constants, thus (∝+β)  and ∝∑ P	are also constants 
 
Assume ∝  and ∝ ∑ P , Thus, equation (5) becomes 
 

                    Min C 	 ∑ F 																																								 (10) 
 
This is a bicriteria scheduling problem of minimizing the weighted sum of total flow time and makespan. 
 
Similarly, the problem (equation 5) can also be reduced to bi-criteria scheduling problem with machine idle time and 
flow time as the criteria as follows: 
 
From equation (6)	, it can be deduced that makespan (C  is given by the equation: 
 

																																									C ∑ P                                                    (11) 
 
Substitute equation (11) into equation (5), and obtain:  
 

                        Min ∝ 	 ∑ F ∑ P 	                                (12) 
  
                                                    = Min ∝ 	 	 ∑ F ∑ P 	                                (13) 

 
                         = Min ∝ 	 	 ∑ F 	 	 ∑ P                                (14) 

 
Assume, ∝ , and ∑ P , the equation (14), thus becomes: 
 

                                        Min 	 ∑ F 	 	                                                (15) 
 
This is a bicriteria scheduling problem of minimizing the weighted sum of machine idle time and total flow time. 
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4.2 Reduction of Four Criteria Scheduling Problems 
 
Consider a multi criteria scheduling problem that involves minimization of the following objective functions: total 
flow time, total earliness, total lateness and total tardiness. This problem was explored by Gur and Sarig (2008). 
Though, the total lateness cost was represented by due window cost in the work. The problem was represented as: 
 

    Min ∝ ∑ 	 ∑ 		 ∑ E 	 ∑ L                               (16) 
 
This problem can be reduced to bicriteria scheduling problem as follows: 
 
Lateness of a job is defined as the difference between the completion time and the due date of the job. Thus, the total 
lateness ( ) is the sum of all the lateness of all the jobs.  
 

                        Total lateness ( ) = L  = C d                        (17) 

 
Similarly, Total earliness (  is the difference between the due dates (  and the completion time ( ) of the job. 
 

Therefore, the total earliness ( ) = E  = d C                 (18) 

 
Compare equation	 17 	 	 18 ,	we can deduce that, 	  
 

Summing over, n (number of jobs), thus, E 	 L                 (19) 

 
Substitute equation	 19  into equation (16), the problem (equation (16)), then,   
 

                              ∝ ∑ 	 ∑ 		 ∑ L 	 ∑ L                        (20)     
 

                             = ∝ ∑ 	 ∑ 		 ∑ L 	                                (21) 
 

Similarly, from equation (17), total lateness, L  C d            (22) 

 

                                Therefore, C L 	 d                                      (23) 

 
Furthermore, the flow time is the time interval between the time a job is released to the shop and the time the 
processing of the job is completed. It is given as the difference between the completion time and the release date of 
job.  The total flow time (Ftot) is the sum of all the flow times of all the jobs. 
 

Total Flow time (F ) =  = C r C r                          (24) 

 

                                             C F 	 r                                               (25) 

 
Compare equation 23 	and (25), this gives 
 

                                           L 	 d F 	 r                               (26) 
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Therefore 

                                                           L 	 F 	 r d                                 (27) 

 

                                                        F 	 L 	 d r                                    (28) 

 
Substitute equation (22) into equation (16 , this gives 
 

         ∝ ∑ 	 ∑ 		 F r 	 d                            ( 29) 

 

    = ∝ ∑ 	 ∑ 		 F 	 	 r 	 d            ( 30) 

 

          = ∝ ∑ 	 F 	 	 r 	 d 	                            (31) 

 

Since	∝, , r , d 	are	constants, it	follows	that	 	 , , r

d 	 	and	 	 	 r 	 d  are also constants. 

 

Thus, assuming, 	 , ,	and 	 r d K 		 

the equation (31) becomes: 
 

                                   ∝ ∑ 	 F                                                              (32) 

 
This is a bicriteria scheduling problem of minimizing weighted sum of the total tardiness and total flow time. 
 
Similarly, if equation 28  is substituted into equation (21), the problem thus becomes: 

       

       ∝ ∑ 	 L 	 d r ∑ L 	                      (32) 

 

      = ∝ ∑ 	 L 	 ∑ L d r                       (33) 

 

         = ∝ ∑ 	 L 	 	 d r                                  (34) 

 

Assume 	 and d r K , equation (34) becomes 

 

                                           = ∝ ∑ 	 L 	 	K                                                     (35) 

 
This is a bicriteria scheduling problem of minimizing the weighted sum of the total tardiness and total lateness 
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4.3 Reduction of Six Criteria Scheduling Problems 
 
Consider a flexible manufacturing system in which all parts to be assembled are available at the same time and 
required to schedule the jobs in order to optimize the following performance objectives:  number of early jobs, 
number of tardy jobs, and maximum flow time, makespan, machine idle time and machine utilization. The problem 
is represented as: 
 

                            Min ∝ 			 	                            (36) 
 

The problem can be reduced to bi criteria problem as follows: 
A job is said to be early if it completes before its due date. Scheduling criteria based on number of early jobs are 
listed below. 
 

Let  =
1	; 	
0	

 

 
                                  Number of early jobs (NE) =	∑ 1                                                 (37) 

Similarly, a job is said to be late or tardy if it completes after its due date. Scheduling criteria based on number of 
tardy jobs are listed below. 
 

Let  =
1	; 	
0	

 

 
                                              Number of tardy jobs (N ) =	∑                                               (38) 

The total number of jobs in any given problem equals number of early jobs plus number of tardy jobs  
                                                            		   = N                                                         (39) 

 
                                                   This gives;	 		                                                (40) 

 
Similarly, from equation (6), 

                                                		 C ∑ P                                                          (6) 
 

                 Also, according to Charles-Owaba (2002),  	 	 1                                            (41) 
 

                                                           	 		1 																																																																		(42) 
Substituting equation (6) into equation (42), gives;	
	

																																																		U 	 	1 C ∑ P 																																																															 (43)	
 

In a system where the ready time of all jobs are equal, Fmax=  Cmax                                      (44) 
 
Substituting equations (6), (40), (43) and (44) into equation (36), gives 
 

					Min	 ∝ 		 	 	 	 C ∑ P 1 C ∑ P 							 45 	
	

							Min	 ∝ C ∑ P 	 C ∑ P 																							 46 	
	

									Min	 ∝ 	 	 ∑ P 																																																				 47 	
	

																										Min	 ∝ 	 	 	 ∑ P 																										 48 	
	

Assuming	K1	 	∝ ;	K2	 	 	 ;	K3	 	 ∑ P ,				This	gives;		
	

Min	 																																											 49 	
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This is a bicriteria scheduling problem of minimizing the weighted sum of the makespan and number of early job 

	
4.4 Reduction of Eight Criteria Scheduling Problems 
 
Consider a flexible manufacturing system in which all parts to be assembled are available at the same time and is 
required to schedule jobs or parts in order to optimize multi criteria objective functions based inventory and 
resources utilization. The following objective functions are considered under each category 

i. Inventory : Number of jobs actually being processed at time t, ,	Number of job waiting for 
processing at time t, , Number of jobs completed at time t    

ii. Resources utilization: Makespan, maximum flow time, machine idle time, machine utilization 
The problem can be represented as: 
 

																		Min	 	 																																			 50 	
	 	
The	problem	can	be	reduced	to	bi	criteria	as	follows:			
	

																																					It	is	known	that	 French,	1982 ;	 																																 51 	
	

Where	N	is	the	total	number	of	jobs.	
		

																																													Therefore,	 																																																				 52 	
	
If	we	assume	that	the	weights	of	 	 	are	equal.	This	is	realistic	as	both	jobs	are	expected	at	either	in	
storage	or	around	the	workshop.		 .	Thus,	equation	 52 	becomes;	

	
																																																			Thus,	 																																																							 53 	

	
																																																																 																																																											 54 	

	
																																																														 																																																															 55 	

	
																																																									 	 																																																																						 56 	

	 	
																					From	equation	 44 ,		 	 	 	 0 																																																

																						
Also,	from	equation	 6 		 C ∑ P 			

		
Substitute equation (44) into equation (6), this gives 

	
																																																					 	 F ∑ P 																																																																																 57 	

	
Also	from	equation	 43 ,	 1 C ∑ P 	

	
Substitute equation (44) into equation (43), this gives 

 
                                         	1 F ∑ P 																																																																															 58 	

Substitute	equations	 56 ,	 57 ,	and	 58 	into	equation	 50 ,	this	gives	
	

																Min	 	 F ∑ P 1 F ∑ 																									 59 	

	
																					Min	 	 	 F F ∑ 	 ∑ 																			 60 	
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																								Min	 	 	F 	 ∑ 	 ∑ 																																												 61 	
	

	 	K ,		 ∑ 	 ∑ 	
The	problem	thus	becomes		
	

																																																													Min	 	 K F 	 																																														 62 	
	
This is a bicriteria criteria scheduling problem of minimizing the number of completed job at time t and the 
maximum flow time with all the jobs released at time zero. 
 
5.0 Conclusion 

 
It is a known fact that the complexities of scheduling problems grows as the number of criteria to be optimized 
increase. Also,it is known that optimal or near-optimal solution methods exist for a number of single criterion or 
bicriteria scheduling problems. In this paper we have explored the possibility of reducing multi criteria scheduling 
problems to their equivalent bicriteria scheduling problems. To illustrate this, four multi criteria problems have been 
reduced to equivalent bicriteria problems. 
 
One of the consequences of this work is that if solution methods can be found to the reduced problem, then these can 
be applied to the original multi criteria problem. Work is in progress to explore this thrust.  
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