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Abstract—Petri nets are an effective way to model, analyze, and
control deadlocks in automated manufacturing systems (AMS).
There are three important criteria in designing and evaluating a
liveness-enforcing supervisor for a system to be controlled:
behavioral  permissiveness,  structural complexity, and
computational complexity. A maximally permissive supervisor can
lead to high utilization of system resources. A supervisor with a
simple structure can decrease the hardware and software costs. As
for the computational complexity, means that a deadlock control
policy can be applied to large systems. The objective of this paper
is to design liveness-enforcing supervisors for different flexible
manufacturing systems, simulate the controlled systems, and
estimate the utilization of resources and throughput of the system.
The siphon control methods (Strict Minimal Siphons and
Elementary Siphons) are used to solve the deadlock control
problems for a number of AMSs with different sizes. Moreover,
the paper aims to evaluate the performance of selected methods
such as utilization of resources, throughput, and the number of
monitors, arcs, and states. Finally, the computational results
indicate that the elementary siphons based policy provides better
criteria for designing and evaluation of the systems than the strict
minimal siphons based policy.

Keywords— Deadlock prevention, automated manufacturing
system, Petri net, Siphon, Simulation, Matlab software.

. INTRODUCTION

Manufacturers must adapt to changes in the production
environment as well as in the market in order to achieve and
maintain competitiveness. Effectively designing and operating
an automated manufacturing system (AMS) can be of
assistance to manufacturers in reaching this goal. In an AMS,
different types of parts enter the system at discrete points of
time and are processed concurrently; these parts have to share
some common resources, such as machine tools, robots,
buffers, automated guided vehicles (AGVs), and fixtures. This
competition for shared resources can cause deadlocks in an
AMS during its operation, which are highly undesirable
phenomena that often cause low use of some critical and
expensive resources, long downtime, and may lead to
catastrophic results in highly automated manufacturing
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systems. Therefore, it is required to develop an effective AMS
control policy to make sure that deadlocks will never occur in
AMS.

Petri net is a major mathematical tool to model, analyze, and
control deadlocks in resource allocation systems including
AMS [1]. Moreover, the Petri net can be used to describe the
behavior of AFMS and develop appropriate deadlock resolution
methods. To overcome the deadlocks in AMS, there are three
major applied strategies which are deadlock detection and
recovery, deadlock avoidance, and deadlock prevention [2]. In
AMS environment, usually achieving deadlock prevention is
either by an off-line mechanism or by using effective system
design to control the requests for resources to ensure that
deadlocks never occur [3].

There are three important criteria in designing and evaluating a
liveness-enforcing supervisor for a system to be controlled:
behavioral permissiveness, structural complexity, and
computational complexity. A maximally permissive supervisor
can lead to high utilization of system resources. A supervisor
with a simple structure can decrease the hardware and software
costs. As for the computational complexity, means that a
deadlock control policy can be applied to large systems. Thus,
many researchers try their best to develop deadlock prevention
algorithms that can obtain liveness-enforcing supervisors with
maximal permissiveness, a simple supervisory structure, and
low computational complexity [4].

In general, there are mainly two Petri net analysis techniques
for deadlock prevention in AMSs: structural analysis [5],[6] and
reachability graph analysis [7],[8],[9]. Structural analysis often
applied in terms of structural objects of Petri nets, such as
siphons and resource transition circuits. In this case, control
laws are often simple, each possible empty minimal siphon
requires a monitor to be added to prevent itself from being
emptied, but the resulting controlled system is suboptimal in
terms of behavioral permissiveness in general and the number
of control places is linearly dependent on the size of a net [10].
Reachability graph analysis requires an enumeration of all or a
part of reachable markings which always suffers from a state
explosion problem. The reachability graph of a net is classified
into two parts: live zone (LZ) and deadlock zone (DZ). First
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met bad markings (FBMs) are first derived from the
reachability graph. An FBM is a marking in DZ, representing
the very first entry from LZ to DZ. A control place is designed
to prevent the FBM from being reached and an FBM should be
singled out. These requires iterations to forbid all FBMs. This
process cannot terminate until the resulting net is live [11].
There are several methods and algorithms used for deadlocks
prevention; some of them are siphon control method, theory of
region and iterative methods [8], [11], [12], [13],[14]. Most of
researchers use and develop these methods to design liveness-
enforcing supervisors with maximal permissiveness, a simple
supervisory structure, and low computational complexity.
Unfortunately, for maximal permissiveness, they do not use
simulation to test the utilization of resources and throughput of
plant model.

The objective of this paper is to explore whether a permissive
liveness-enforcing Petri net supervisor can definitely lead to
better time performance using a simulation based on a large
number and a large variety of Petri net models and exiting
deadlock prevention policies. The simulation work will be
conducted in the following steps. (1) Assign the time to the Petri
net models in a variety of ways, which leads to time Petri nets,
timed Petri nets, and stochastic Petri nets. (2) Built the Petri net
model using Matlab software (Petri Net Toolbox (PN
Toolbox)). (3) Run and simulate the model, the time
performance of the system can be obtained. (4) Finally, the
simulation results will be analyzed to determine which
deadlock prevention policies are suitable for different classes of
production systems. The siphon control methods (Strict
Minimal Siphons and Elementary Siphons) will be used for
deadlocks prevention. Moreover, this paper aims to evaluate the
performance of the selected methods such as utilization of
resources, plant throughput, and number of monitors, number
of arcs, and number of states. Including this introductory
section, the paper is organized as follows. Section Il provide
literature review for previous research work related to deadlock
prevention. The basics of Petri nets are discussed in Section IlI.
The deadlock prevention methods and policies are presented in
Section 1V. Section V shows the analysis of the selected
methods for two different AFM systems. Finally, Section VI
presents the conclusion.

In this section, the researches in siphons are
summarized, although, the methods used to solve siphons
problems. Ezpeleta et al. [15] used special class of Petri Nets
that called System of Simple Sequential Processes with
Resources (S*PR) and proposed a policy for resource allocation
in FMS based on the addition of new places to the net imposing
restrictions that prevent the presence of unmarked siphons. The
work of Huang et al. [16] presents a new deadlock prevention
algorithm for the class Petri nets, where deadlocks are related
to unmarked siphons. Two kinds of control places are added to
the original model for FMS called ordinary control place and
weighted control place to prevent siphons from being
unmarked. An FMS example is investigated by Li and Zhou [3]
with its Petri net model having 26 places, 20 transitions, and 18

LITERATURE REVIEW

559

strict minimal siphons. By using the concept of elementary
siphons, a liveness-enforcing Petri net supervisor is computed
by explicitly adding only six monitors to control the six
elementary siphons among the 18 strict minimal siphons.
However, the approach described by Ezpeleta et al. [15]
requires the design of monitors for all 18 strict minimal siphons.
Huang and Jeng [17] proposed siphon-based algorithm for
deadlock prevention of a class of Petri nets. Two kinds of
control places are added to the original model for FMS called
ordinary control place and weighted control place to prevent
siphons from being unmarked. The work of Li and Zhou [18]
develops a two-phase deadlock prevention policy. The first
phase adds a monitor for each elementary siphon derived from
the mixed integer programming (MIP) -based deadlock
detection method. The output arcs of a monitor lead to the
source transitions of a plant net model, which represents the
entry of raw parts into the system. The second phase rearranges
the output arcs of the monitors such that they, as much as
possible, lead to non-source transitions if this rearrangement
does not result in dead transitions. Such an improvement
increases the behavioral permissiveness of the supervisor.

Huang [19] proposed a methodology to synthesize supervisors
for a class of sequential resource allocation system for flexible
manufacturing systems. The type of Petri nets are called S3PR,
where deadlocks are related to emptied siphons. Since all
minimal siphons should be controlled. In this study, a concept
of the elementary siphon is used to reduce the number of control
places. Based on P-invariants and elementary siphons of Petri
nets, a deadlock prevention policy is developed by Li and Wei
[20] for a special class of Petri nets that can well model many
FMS. Siphons in a plant net model are divided into elementary
and dependent ones. For each elementary siphon, a monitor is
added to the plant model such that the siphon is invariant-
controlled. When all elementary siphons are controlled, the
controllability of a dependent siphon is ensured by properly
setting the control depth variables of its related elementary
siphons. In the work of Li et al. [21], a mixed integer
programming (MIP)-based deadlock detection technique is
used to find some, in general not all, minimal siphons in a plant
model without complete siphon enumeration. For each siphon
found, depending on its non-controllability, a monitor is added
such that it is invariant-controlled. Their siphon control method
guarantees that no emptiable control-induced siphon is
generated due to the addition of the monitors. The siphon
control process proceeds iteratively until there is no unmarked
siphon in the supervisor of a plant model. They found that
compared with the work of Ezpeleta et al. [15], the novel
deadlock prevention policy can usually lead to a structurally
simple liveness-enforcing supervisor by adding only a small
number of monitors and arcs. However, this work does not
improve the behavioral permissiveness. Li et al. [22]presented
a novel deadlock prevention policy for Petri nets that model
flexible manufacturing systems using siphon extraction. At
each iteration, a siphon extraction algorithm finds a maximal
deadly marked siphon, classifies the places in it, and decides a
necessary siphon from the classified places. Accordingly, the
deadlock prevention policy adds a proper control place (CP) to



make each necessary siphon marked or max-controlled until the
controlled system is live.

A variety of deadlock control policies based on Petri nets have
been proposed for automated manufacturing systems (AMSs)
with unreliable resources by Liu et al. [23], recovery subnets
and monitors are designed for unreliable resources and strict
minimal siphons that may be emptied, respectively, normal and
inhibitor arcs are used to connect monitors with recovery
subnets in case of necessity. Hou et al. [24] investigated the
structure of a class of generalized Petri nets, WS3PR, to
compute all strict minimal siphons (SMS) and a compact set of
elementary siphons. In order to reduce structural complexity of
a supervisor, a set of elementary siphons derived from all strict
minimal siphons (SMS) is explicitly controlled. The study of
Wang et al. [25] deals with the problems of computational and
structural complexity in designing maximally permissive
liveness-enforcing supervisors for a class of Petri nets called
(S3PR) without &-resources. They used two steps to obtain
supervisor for the model, the first step, proposed an algorithm
to extract a desired emptied strict minimal siphon (SMS) from
a given emptied siphon based on loop resource subsets. The
second step, proposed a siphon-based deadlock prevention
policy, which can obtain a maximally permissive liveness-
enforcing supervisor with reduced structural complexity and no
weighted monitors.

I11. BASICS OF PETRI NETS

Petri nets are a mathematical and graphical modeling
tool applicable to many systems. It is a major tool for studying
and describing information processing systems that are
characterized as being asynchronous, concurrent, parallel,
distributed, nondeterministic, and/or stochastic. A Petri net or
place/transition net N is a four-tuple (P, T, F,W) where Pand T
are finite, non-empty sets, and disjoint sets. P is a set of places,
and T is a set of transitions, elements belongingto P U T are
callednodes PUT#@andPNT=@.FS (PxT)U (T xP)
is called a flow relation of the net or the set of directed arcs,
represented by arcs with arrows from places to transitions or
from transitions to places. W: (P x T) U (T x P) > Nis a
mapping that assigns a weight to an arc: W(x, y) > 0if (x,y) €
F, and W(x, y) = 0, otherwise, where X,y e P U T and isthe
set of non-negative integers. N = (P, T, F,W) is called an
ordinary net, denoted as N = (P, T,F), if vf € F, W(f) = 1. Given
anodex€PUT,x={yePuUT|(y, x) € F}is called the preset
of X, while x« = {y € P U T|(X, y) € F} is called the post set of
X. A marking is a mapping M:P—N.M(p) denotes the number
of tokens in place p. We usually describe markings and vectors
using a multiset or formal sum for economy of space. As a
result, Yper M(p)p is used to denote vector M. For instance, a
marking that puts two tokens in place p, fife tokens in place pa,
and no tokens in other places in a net is denoted as 2p, + 5pa.
The pair (N,Mo) is called a marked Petri net or a net system.
Sometimes we use N = (P, T, F,W, M) to denote a net system.
A net is pure (self loop free) if vx, y e PU T, W(x, y) >0
implies W(y, x) = 0. Incidence matrix [N] of net N is a |P| x |T|
integer matrix with [N](p, t) = W(t, p) “W(p, t). A transition t
€ T is enabled at marking M if vp € °t, M(p) > W(p, t). This

560

fact is denoted as M[t). Once a transition t fires, it yields a new
marking M’, which is obtained by removing W(p, t) tokens from
each place pe't, and placing W(t, p) tokens in each place p €t’,
denoted as M[t) M’, where M'(p) = M(p) —“W(p, t) +W(t, p). M’
is reachable from M if there exists a firable transition sequence
8 =tyty, . . . th and markings My, My, . . ., and My-1 such that
M[t;) M1[t,)M2 . . . Maa[t,) M’ holds, which is denoted as

M[8)M’ and satisfies the state equation M’ =M + [N] 5, where
& : T — Nisa vector of non-negative integers, called a counting

vector, and 5(t) indicates the algebraic sum of all occurrences
of t in 8. M|)is the set of all markings reachable from M by
firing any possible sequence of transitions. Mo[) is called the set
of reachable markings of a Petri net N from initial marking Mo,
denoted by R(N,My). The reachable markings R(N,Mo) can be
graphically expressed by a reachability graph. The reachability
graph of a net (N,Mo), denoted as G(N,My), is a directed graph
whose nodes are markings in the reachable markings R(N,My),
and arcs are labeled by the transitions of N. An arc from M3 to
Mjs is labeled by t; if M[t;) Ms. A marked Petri nets N with
initial marking My is said to be k-bounded if VM € R(N,My):
M(p) < k (k € N\ {0}). A net is k-bounded if every place is k-
bounded. A net is bounded if it is k-bounded for some k. A net
is safe if it is 1-bounded. Let (N,Mo) be a net system with N =
(P, T, F,W). A transition t € T is live at Mg if YM € R(N,Myg),
aM € R(N,M), M'[t). (N,Mo) is live if vt € T, tis live at Mo. It
is dead at Mg if At € T, Mo[t). A P-vector is a column vector |
: P — Z indexed by P, and a T-vector is a column vector J : T
— Z indexed by T, where Z is the set of integers. P-vector I is
called a P-invariant (place invariant, PI for short) if I # 0 and
ITIN] = 0. T-vector J is called a T-invariant (transition
invariant) if J # 0 and [N].J = 0. P-vector | is a P-semiflow if
every element of | is non-negative. ||I||= {p [I(p) # 0} is called
the support of I. I is called a minimal P-invariant if ||1]| is not a
superset of the support of any other one and its components are
mutually prime. I;’s are called the coefficients of I if Vp; € P, |;
= I(pi). Let | be a P-invariant of (N,Mo) and M be a reachable
marking from Mo. Then, ITM = "M,

IV. DEADLOCK PREVENTION METHODS AND POLICIES

A Strict Minimal Siphons (SMS) Control Method
A siphon in a Petri net is a set of places S = {ps, . . .,
p}. Let Sp = 2P be the set of all subsets of the places

representing siphons of a Petri net with |P| places.

Definition 1. A non-empty set S € P is asiphon if ‘'S cS'. S c
P is a trap if S'c'S. A siphon (trap) is minimal if there is no
siphon (trap) contained in it as a proper subset. A minimal
siphon S is said to be strict (SMS) if 'S ¢ S".

Property 1. Let S; and S; be two siphons (traps). Then, S1US; is
a siphon (trap).

Property 2. Let MER(N,Mjg) be a marking of net (N,Mo) and S
a siphon. If M(S) = 0, then YM’ € R(N,M), M’(S) = 0.
Property 3. Let MER(N,My) be a marking of net (N,Mg) and S
a trap. If M(S) > 0, then vM’e R(N,M), M'(S) > 0.

Property 2 indicates that once a siphon loses all its tokens, it
remains unmarked at any subsequent markings that are
reachable from the current marking. Property 3 implies that



once a trap is marked at a marking, it is always marked at the
subsequent markings that are reachable from the current one. A
siphon provides a further negative reachability test. If
MeR(N,Mo) marks a siphon that is unmarked at Mo, then M is
unreachable. In summary, once the invariant laws associated
with siphons and traps become true, they remain true at any
subsequently reachable markings.

Siphons and traps play an important role in the liveness analysis
of a net, particularly in ordinary ones. If a siphon S in a net has
no tokens, then no transition in S* is enabled and all the
transitions connected to S can never be enabled, i.e., the
transitions are therefore dead, leading to the loss of liveness of
the net. The deadlock-freedom and liveness of a Petri net are
closely related to its siphons, which is shown by Desel and
Esparza [26] results.

Theorem 1. Let (N,Mo) be an ordinary net and IT the set of its
siphons. The net is deadlock-free if VS € I1, VM € R(N,My),
M(S) > 0.

Theorem 2. Let (N,M) be an ordinary net that is in a deadlock
state. Then, {p €P|M(p) = 0} is a siphon.

Theorem 1 states that an ordinary Petri net is deadlock-free if
no (minimal) siphon eventually becomes empty. Theorem 2
means that if an ordinary net is dead, i.e., no transition is
enabled, then all the unmarked places form a siphon.
Definition 2. A siphon S is said to be controlled in an ordinary
net system (N,Mo) if YM € R(N,Mo), M(S)> 0.

A siphon in an ordinary net that contains a marked trap is
controlled, which does not imply a deadlock. In a generalized
Petri net, however, a siphon that is always marked may lead to
dead transitions.

Definition 3. Siphon S in an ordinary net system (N,Mg) is
invariant controlled by P-invariant | under My if "M, > 0 and
vp € P\S, I(p) <0, or equivalently, TMo>0and |I|f € S.

If S is controlled by P-invariant | at Mo, S can be always
marked, i.e., VM € R(N,Mo), S cannot be emptied at M.
Remark 1. The number of siphons (minimal siphons) grows fast
with respect to the size of a Petri net and in the worst case grows
exponentially with a net size.

A control place is added to every SMS such that liveness can be
enforced. The method is simple and guarantees a success.
However, too many control places and arcs have to be added,
leading to a much more complex Petri net than the originally
built one. In fact, the number of places added is equal to the
number of SMS in the target net and the number of arcs added
is generally much larger than that of places added, particularly
for large-scale Petri nets. The SMS control based on
complementary sets of siphons [S] is used to design the control
places, it is the set of operation places which are the holders of
the resources in S but do not belong to S. In addition, [S]U S is
the support of a P -invariant, which means the operation places
in [S] will compete for the resources in S with the operation
places belonging to S. S will be emptied when all tokens marked
in S flow into [S]. The following notation will be used in the
establishment of the control policy.

S denotes the set of strict minimal siphons which does
not contain the support of any p-semiflow (i.e., siphons
that can be emptied).
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Given S is a siphon (S = Sa U Sg, Sk =S N PR, Sa =S\
Sr), where Sa is the operation places and Sgr is the
resource places. [S] denotes the following set of state
places: [S]=(Uyes, H(r))\Sa, where H(r)= (|[LI[" \r), [I1;[|*
= {p | I(p) > 0} denotes the positive support of P-
invariant 1, Vije{l1.2,....n} i#, H(r) NH(r;)=0. For a
given siphon S, [S] is the set of holders, corresponding
to resources in S, which do not belong to S. [S] is called
S’s complementary set.

Given [S] is a complementary set of S, add a control
place for [S] and the initial marking of control place is
MOA(VS):Mo(S)-l.

Based on the concept of elementary siphons, The proposed
deadlock prevention algorithm developed by Ezpeleta et al. [15]
as follow:

SMS based policy (Algorithm 1)
Input: Petri net model (N,Mo) of an FMS with N = (P°U P
U Pg, T, FW).
Output: A controlled Petri net system (N1,M3).
Step 1: Find all strict minimal siphons (SMS) of a given
Petri net (N,Mo).
Step 2: For each siphon S, add a control place Vs such
that:

The output arcs (weights are all ones) of Vs are
connected to the source transitions that have
paths leading to the sink transitions of S.

The input arcs (weights are all ones) of Vs are
connected to the transitions related to the
stealing places of S.

Moa(Vs)=Mo(S)-1, Mo(Vs) is an initial marking
of control place.

Step 3: Repeat Step 2 until all such SMSs are
considered.

For example, the Petri net model shown in Fig.1(b). It consists
of one robots R1, which can hold one part at a time, two
machines M1-2, each of which can process one part at a time,
two loading and unloading buffers, Two parts types are
considered in the system: PA and PB. PA moves to the M1 and
PB moves to the M2. The robot R1 reaches the machine that
finishes its operation first, grips and loads the part to the next
machine 1 or 2. There are 11 places and 8 transitions. The places
have the following set partition: P® = {P1, Pg}, Pr = {P9,P10, P11
}, and Pa={P, ..., P7},where P%is the input places, P is the
resources places, and Pa is the operation places. It has 8
minimal siphons, 3 of which are Strict minimal siphons and 20
reachable markings. The three SMS are S1={P.,P7,Pg,P10,P11},
SZZ{P4,P5,P10,P11}, and 53={P3,P7,P9,P10}. Table | shows the
required monitors using algorithm 1 for Fig.1(b). Fig.2
illustrates the controlled system of the Petri net in Fig. 1(b) after
adding control places by algorithm 1.

B. Elementary Siphons Control Method

The strict minimal siphons (SMS) in a Petri net are cla-
ssified into elementary and dependent ones. In the sequel, ] is
used to denote the set of strict minimal siphons, while []e and
[Io the sets of elementary and dependent (redundant) ones,



respectively. Unless otherwise stated, we refer to a strict
minimal one when mentioning a siphon.

P ==z PA
4 = .
g 9999~
Frog Y
R1
Y PB
il )
& = '..;94“
oy

PB
o/ 1202

(b)
Fig. 1. (a) An AMS example (b) Petri net model of an AMS.

Definition 4. Let SSP be a siphon of N. P-vector A is called the
characteristic P-vector of S if VpeS, Aq(p)=1, otherwise
As(p)=0.
Definition 5. Let N= (P, T, F) be a net with |P| =m, |T|=n and
we assume N has k SMS, S;, S,, ..., and Sg, m, n, k €IN.
Let Agi(ng;) be the characteristic P(T) - vector of siphon S;, i €
{1, 2, ..n}. we define [Ayem = [As1, Asz) .., Age]Tand
(M kxn=[Akxm- [Nlmxn is called the characteristic P(T)- vector
matrix of the siphons of N .
Proposition 1: Let be N a net and [n] be the characteristic T -
vector matrix of the siphons of it. The number of elementary
siphons in N is the rank of []. Due to Proposition 1, it is easy
to find elementary siphons in a Petri net system (N, Mo) given
all siphons. First, we construct matrix [1] and then [5]. Then
linearly independent vectors can be found in [n]. Finally, the
siphons that correspond to these linearly independent vectors
are the elementary siphons in the net system (N, Mo).
Definition 6. Let S;-S, be the siphons in net N. T-vector 1,
N2...., and 1, form a vector space [n]. The base of the vector
space is denoted by ng={ng1, 152> ---» Mgk }» Where k is the rank
of the vector space [n]. Then {Sg, Sg2, ..., Sgx }His called a set
of elementary siphons in net N.
Definition 7. Let SE[T\[]g be a siphon in a net N and Sy, S,
...Sn € [1g. Sisstrongly dependent on S; —S if ng= Y.L, a;m;
holds, where a; > 0.
Definition 8. Let SE[T\[]k be a siphon of net N and Sy, S, ...
,Sn, SNty Snez, ..., and Spem € [[g > 1, m > 1). S is weakly
dependent on elementary siphons Sy-Spem if m; = XiL; a;. 15, —
fan a;.7s; holds, where vi, je{1,2, ..., n+mj}, ai> 0, a; >0.
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If S is dependent on S;-Si, we say that S;-Si are the elementary
siphons of S. The following results and Theorems are from Li
and Zhou [3].

s PB
*'1/02

PA 4
1/ot'e
b

Fig. 2. Controlled system of the Petri net in Fig. 1(b) by Algorithm 1.

Theorem 3. Let No be a marked net and S= {pi1, piz, ..., pin} be
a siphon in No . Control place Vs is added to No , the new net
system is denoted as (N1, My), such that: 1) I1=(..., Ipi1, 1piz,
vy 1pin, ..., -lvs, ...) T is a P-invariant of Nj, 2) M; (Vs
)=Mo(S)-&5, where & is called the control depth variable of
siphon S, which indicates the least number of tokens that siphon
can hold. Obviously is equal to or greater than 1 to achieve
purpose of control 1< &< Mo(S)-1, and 3) VpeEP,,
M1(p)=Mo(p), where Py is the set of places of No. Then S is
invariant-controlled.

Theorem 4. Let (N, M) be a net system and So be a strictly
dependent siphon with respect to elementary siphons S1, Sz,
...,and Sy . IfS1, Sz, ..., and S, are invariant controlled by
adding control places Vg, Vs, and Vg, and
Mo(So)> X ; a; .My (S;)- X, a; & holds, then So is invariant
controlled.

Theorem 5. Let (N, Mo) be a well-initially-marked net system
and So be a generally dependent siphon with respect to
elementary siphons S, Sy, ..., Sn, Sn+1, Sn+2, ..., and Sp+m Which
means s, = X7y G;. N, — X & ns;- 1£S1, Sz, ..., S, Sea,
Sh+2, ..., and Sp+m are invariant-controlled by adding control
places Vs, Vs, ..., Vsnm,..., and Mo(So)> YL, a; .My (S))-
YL a; &, where 1< &g; < Mo(Si)-1, Sois controlled.
Theorem 6. Let N= (P, T, F) be a net and w the number of
elementary siphons of N. We have w < min (|P|, |T|). This
indicates that the number of elementary siphons is bounded by
the smaller of place count and transition count in a Petri net.
From Theorems 3 and 4, a dependent siphon can be implicitly
controlled under some conditions related to its elementary
siphons.



Table I: Control places computations by algorithm 1.

SMS ||I|| + H(TR) [S] Vi | Vsi° MoA(Vsi)

gli{l;)4:l;)7:P9JP107P11}' ||Ip9||+:{p2’p79p9}’ H(rQ):{pzap7}a

A= {PePoj, ||I ||+={ } H(r10)={p3,p6}, =

SR:{PQ,PIO,P“}. p10 . p3’p6’p10 ! H(r ):{ } [Sl] {p29p3’p59p6}' t31t7 t1,t5 2
[T ={P4Ps:Pyy ) 17 PePs)

Sy={P4,Pe,P10,P11}, sl =4pspeap, }r | Ha10)={P3:0g )

Sa={P4.Ps}, P, e = [S:]={p,.ps}- ta,ts | tot 1

S§={PT0,1§“}_ ”Iplln ={Py:P5:Py, - Hr {p4,p5}- 21={PyPs} N B

S3={P3,P7,P9,P 1o}, ||I 9||+={p ,P->Do } H(r9)={p2,p7},

Sa={P3,P7}, P T H(rn)= [S:]={p,:Pg}- tot7 | tots 1

Se={PaPi. ol =toy oy | 0Pl >

Based on the concept of elementary siphons, The proposed
deadlock prevention algorithm developed by Li and Zhou [14]
as follow:
Elementary siphon based policy (Algorithm 2)
Input: Petri net model (N,Mo)
Output: A controlled Petri net system (N1,My).
Step 1: Find all strict minimal siphons of Petri net model N.
Step 2: T-vector matrix of the SMS [n].
Step 3: Find the elementary siphons of N. The others are the
dependent siphons.
Step 4: For each elementary siphon S, add a control place
Vs such that:
e The output arcs (weights are all ones) of Vs are
connected to the source transitions that have paths
leading to the sink transitions of S.
e The input arcs (weights are all ones) of Vs are
connected from the stealing places of S.
e Compute the initial token of place control Vs 1<
s < Mo(S)-1, M (Vs ) =Mo(S)-¢s.

Step 5: Repeat Step 4 until all elementary siphons are
considered.
Step 6: Adjust &;.such that each dependent siphon is
controlled.

For example, there are three SMS in the net shown in Fig. 1(b),
which are S;={P4,P;,Po,Po,P1;}, S,={P4,Ps,P10,P;1}, and
S;={P3,P7,P9,Py}. One can obtain that
A1=(0,0,0,1,0,0,1,0,1,1,1)", 2,=(0,0,0,1,0,1,0,0,0,1,1)", and
Xs3=(0,0,1,0,0,0,1,0,1,1,0)". Hence, ng,=(-1,0,1,0,-1,0,1,0)",
1,,=(0,-1,1,0,-1,1,0,0)", and ng=(-1,1,0,0,0,-1,1,0)". The
[n] for the Petri net in Fig. 1 is as follows. Evidently, the rank
of [n] is 2 since the first row ng, can be linearly represented
by the second and third rows, we can see that ng,=ng, ;-
Therefore, the siphons which correspond to the second and third
rows S,,S; are elementary siphons. Thus S, is a dependent

siphon.
-1 -1 0 1 0
n] = ( 0 -1 1 0 0)
-1 0 -1 1 0

0 1 0
-1 1 0
1 00
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By the meaning of the characteristic T-vector of a siphon, we
can see that the change of token count in a dependent siphon is
strongly related to the token flow in its elementary siphons. For
example in Fig.1(b), S; is a dependent siphon and S,,S; are
elementary siphons. It has eight transitions, it is clear that firing
t, decreases the number of tokens in S;and S; and firing t,
decreases the number of tokens in S,, increases the number of
tokens in S3, and no change the number of tokens in S;, also
firing t5 increases the number of tokens in S, and S; .

The dependent siphons and their elementary siphons, the initial
marking relationships between dependent and elementary
siphons, and the controllability of dependent siphons due to
Theorem 5 are shown in Table Il. Table I11 shows the required
monitors using algorithm 2 for Fig.1(b). Fig.3 illustrates the
controlled system of the Petri net in Fig. 1(b) after adding
control places by Algorithm 2.

PA 4 e FB
I/01le */n/02

Fig. 3. Controlled system of the Petri net in Fig. 1(b) by Algorithm 2.

V. COMPUTATIONAL RESULTS

In this section, the computational results of the applied
methods are conducted for two AMS case studies. Both cases
have modeled using Matlab Software. The simulation is done
for 24 time units.



Table 1I: Marking relationships between dependent and elementary siphons

Initial Marking Relationships,

Dependent relationshi Controlled
P i P Mo(So)> Ty a; My(S)- Bty a &g
Mo(S1) >( Mo(S2)+ Mo(S3)) —( &, + &;)
N =1, + Sz 783 Yes
1 N1 Up’ UK 3>(2+2)_(1+1), 3>2
Table 111: Required Monitors using algorithm 2.
Siphon *Vsi Vsi® MoA(Vsi)
Sz ta,te tots 1
S3 ta,t7 t1,ls 1
A. Case study 1 Table V: RequiredCMoniStorc'js uiing algorithm 1 for
) . . . ase Study 1.

The Petri net model of the first AMS case study is shown in Siphon Ve Ve Moa(Vs)
Fig. 4(b). It consists of two robots R1-2, each of which can hold . > - !
one part at a time, fife machines M1-5, each of which can si ttjttfllttl;ttl; tﬁf{ﬁim 5
process one part at a time, three loading buffers I11-3, and three S, to tir s tr.to,ts 4
unloading buffers O1-3. Three types of parts are considered in Sy tato, tis,tio tytr,tis 3
the system: PA, PB and PC. The production sequences are Ss 5ty ety flybis 5
shown in Fig. 4(a). There are 26 places and 20 transitions. The S ol tistie  fatn tintis 4

: L D0 — _ S ts,t1,lus t3,t0,t13 3
places have the following set partition: P° = {p1, pzs, p2s}, Pr = S, to.tss, o .t 2
{p1s — P24}, and Pa = {p2, ..., par}. It has 11 SMS, 6 and 5 of S ts,to, tag ty, bt 2
which are dependent siphons and elementary siphons, S1o ty t 1
respectively. Moreover, it has 1492 reachable markings. The Su to.lig 17, bis 1
applications of applied algorithms are shown in Table 1V.
R1 R1 R2
Table IV: Supervisor performance of applied algorithms for Case Study 1. Part A: 11— I_IMl > M4 > o1
R1 R1 R2
Parameters Algorithm 1 Algorithm 2 Part B: | M2 M4 02
No. of Monitors 11 5 R2
Part C: 13—
No. of Arcs 66 23
No. of Reachable States 1072 1072

Table IV shows the results for the case study 1 in terms of the
numbers of additional places, additional arcs, and reachable
markings of the controlled net for both algorithms. From the
table algorithm 2 obtains fewer numbers of monitors and arcs
than algorithm 1 and obtain the same number of reachable states
with algorithm 1. Fig.5 and Fig.6 show the results of Matlab
simulation for utilization resources and throughput of the case
studyl, respectively. From the figures, it can be found that both
applied algorithms obtain the same utilization for Mland M4,
and R1, for M3, R2 algorithm 1 obtains utilization better than
algorithm 2, moreover, algorithm2 obtains utilization better
than algorithmlin M2 and M5. Related to the throughput
algorithm 2 obtains greater produced number of part A and part
B than algorithml; algorithml obtains type C greater than
algorithm?2. Tables V and VI show the required monitors using
algorithm 1 and 2 for case study 1, respectively.
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Fig.4. (a) Production sequence (b) Petri net model of a case study 1.



Table VI: Required Monitors using algorithm 2 for

Case Study 1.

“Vsi Vs

MoA(Vsi)

ts,t11,lus [FACHEE

ts,t11,lus ta,to,li3

to,tas, tio tz,ts
t3 t1

to,t1s t7, tis

4

il ol NCROV]

Utilization Comparison

M1 M2 M3 M4 M5 R1 R2
= Algorithm 1 0.0890.1870.1350.1580.2420.4580.209

= Algorithm 2 0.0890.1310.1770.1590.2330.4590.234

0.500
0.450
0.400
0.350
0.300
0.250
0.200
0.150
0.100
0.050
0.000

Utilization

Fig.5. Utilization of resources for the Petri net model in case study 1

Throughput Comparison

600
500
5
a 400
S
> 300
o
e
= 200
Part Part Part Total
A B C
® Algorithm 1 122 78 346 546
m Algorithm2 127 91 333 551

Fig.6. Throughput of the system for the Petri net model in case study 1

B. Case study 2

The Petri net model of second AFMS case study is shown
in Fig. 6(b). This case developed by Ezpeleta et al. [15]. It
consists of three robots (RI. R2 and R3; each one can hold a
product at a time) and four machines (MIl, M2, M3, and M4;
each one can process two products at a time). There are three
loading buffers (named 11,12, and 13) and three unloading
buffers (named 01,02, and O3) for loading and unloading the

cell. Every raw product arriving to the cell belongs to one of the
three following types: PA, PB, and PC.

The production sequences are shown in Fig. 6(a). There are 26
places and 20 transitions. The places have the following set
partition: P° = {p1, p1o, P14}, Pr = {p20, ..., pas}, and Pa = {p2,
<.y P4, PG, ..., P13, P15, ..., p19}. Ithas 18 SMS, 9 and 9 of which
are dependent siphons and elementary siphons, respectively.
Moreover, it has 26750 reachable markings. The applications
of applied algorithms are shown in Table VII.

Table VII: Supervisor performance of applied algorithms for Case Study 2.

Parameters Algorithm 1 Algorithm 2
No. of Monitors 18 9
No. of Arcs 106 50
No. of Reachable States 6287 6287
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From the table VII algorithm 2 obtains fewer numbers of
monitors, arcs, and reachable states than algorithm 1. Fig.7 and
Fig.8 show the results of Matlab simulation for utilization
resources and throughput of the case study2, respectively. In
Fig.7, it can be found that when applied algorithm 2 M2, M4,
R2, and R3 have higher utilization compared with algorithm 1
,the same situation with algorithm 1 M1, M3, and R1 have
higher utilization compared with algorithm 1. In Fig.8,
algorithm 2 obtains greater produced number of part A and part
B compared with algorithml, moreover, algorithml can
produced higher number of part C than algorithm 2. Tables VIII
and 1X show the required monitors using algorithm 1 and 2 for
case study 2, respectively.

M3 R2 R3
R1 o —
Part A: 11 < R2 / 01
R1 M1 M4
R3
R2 R2
Part B: 12 » M2 » 02
R3 R2. R1
Patci13 — | M4 » M3 —p 03
@

PA
ot
ARy

Fig.6. (a) Production sequence (b) Petri net model of a case study 2.



Table VIII: Required Monitors using algorithm 1 for Case Study 2.

Siphon “Vsi Vsi® MoA(Vsi)
Sy t5,t10,l13,t19 [ERCIRET 10
S, 15,810,113, t18 3,87, tua,tis 7
S3 ts,ti0,taz,t17 ta,t,tua, tas 5
S4 ta,ti0, tis to,lis 2
Ss {49, 13, Tao t1,t,tie 9
Se ta,o, ti3,lig ta,t7, tislis 6
S7 ta,to, b3, b7 ta,ts, ti1,lis 4
S ta,ts, ti3,tio tytigtir 7
So s, 113, T1s [ERCACEREY, 4
Sio ta,t7, iz t3,t11 2
Su t3,t10, tho t1lis 8
Si2 t2,t10, t1s t7,ls 5
Si3 to,tio, tir tg,lis 3
Su t3,ts, t1o tytiz 5
Sis t2,1s, s t7,t7 2
Si6 t3,ty, tao ty,tis 7
Si7 ta,to, tig tz,tie 4
Sig t2,1, Ta7 {a,t16 2

Utilization Performance

0.5
0.45
0.4

0.35
0.3
0.25
0.2
0.15
0.1
0.05 .
0
M1I M2 M3 M4 Rl R2 R3

= Algorithm 1 0.09310.2545 0.356 0.34690.22880.38780.1649
= Algorithm 2 0.0715 0.375 0.26040.38240.16940.47460.2163

Utilization

Fig.7. Utilization of resources for the Petri net model in case study 2.

Throughput Performance

Part Part Part Total
A B C
247 230 373

252 339 270

900
800
700
600
500
400
300
200
100

Throughput

850
861

= Algorithm 1
= Algorithm 2

Fig.8. Throughput of the system for the Petri net model in case study 2.
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Table IX: Required Monitors using algorithm 2 for Case Study 2.

Siphon Vs Vi Moa(Va)
Sy ts,tio,tas,tio tytigtis 10
S3 ts,t0,t13,Ta7 t3,1,t11,1us 5
Sy t2,th0, tis to,lis 1
Sio ta,t7, iz ta,tyy 2
Su t3,T10, t1o to,ts 8
Sus t3,ts, tio tty7 5
Sis to,ts, tis t,ty7 1
Sz t2,1o, s t7,te 4
Sig to,to, ti7 tg,t16 1

VI. CONCLUSION

When the two applied deadlock control methods (strict
minimal siphons and elementary siphons based polices) are
used to design a liveness-enforcing supervisor for two AMS
case studies, and the controlled case studies are modeled and
simulated using Matlab software (Petri net toolbox) to analysis
and evaluate the performance of applied methods such as
utilization of resources and throughput, the computational
results can be summarized as follows.

In terms of behavioral permissiveness, the elementary siphons
based policy can obtain behavioral permissiveness better than
strict minimal siphons based policy. From the aspect of
structural complexity, the elementary siphons based policy can
reach smaller number of control places than strict minimal
siphons based policy. As for the computational cost, the
elementary siphons based policy can lead to computational
complexity liveness-enforcing net supervisors than strict
minimal siphons based policy.
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