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Abstract—According to researches, one of the productivity 

barriers among many organizations is assembly line balancing 

problem, which needs scientific models to be solved. Given the 

importance of line balancing, complexity of line balancing in the 

U-line arrangement, diverse demanding of customers and on the 

other hand, very few studies conducted to consider several 

objectives simultaneously in the field of balancing the assembly 

line,   this paper aimed to develop a new approach for U-line 

assembly line balancing for mixed products, independent of the 

production manufacturing sequence in which machineries and 

workers are simultaneously considered as two potential capacity 

limitations titled as dual constraint of resources and in terms of a 

two-objective mathematical model, the mixed integer was 

presented aimed at minimizing the number of stations needed in 

a line and minimizing the total cost of operators. Validation and 

better description of the model is shown by two numerical 

examples. The results show the effectiveness of the mentioned 

technique and improvements in goals. 

Keywords—assembly line balance, U-line mixed assembly line 

balance, type I, dual resources constraints 

 

I. INTRODUCTION  

Assembly lines are made of multiple working stations linked 

to each other by conveyor or other material transfer systems in 

order to produce a large number of standard products[1]. One 

of the most important activities that the industrial engineers 

and industrial managers are faced with is assembly lines 

balancing problem that is among the studies on which 

extensive studies have been carried out during the last 

decades. Assembly line balancing involves assigning specific 

tasks to workstations in a given time, such that the duties 

assigned to each workstation result in optimization of the 

performance of assembly line. The purpose of assembly line 

balancing is achieving the highest performance and it is a 

critical task in organizations to improve productivity and 

minimize the cost of the product unit [2, 3]. The necessities of 

the manufacturing systems are changing due to the variation 

of customer needs. To respond to the diverse needs of 

customers in today’s market that can provide the chance of 

competition for manufacturers, from a variety of simple 

products, mixed and multi-product, the mixed model of 

production lines were selected. In the mixed model assembly 

lines, several models with similar production characteristics or 

different models of a product are produced in a line; balancing 

is a major issue related to optimized use of these lines. These 

lines are used in many industries [4, 5].  

 

In recent years, special attention has been devoted to the U-

line line balancing problem, because compared to straight 

lines, they lead to more efficiency. In these lines, the two ends 

of the line are very close to each other and form a U-line line 

and stations may carry out their activities on both sides of the 

line. Compared to straight lines, U-line lines not only offer 

more options to assign tasks to workstations, but in this case, 

the operators can also control the adjacent tasks. In addition, 

the U-line line makes it possible for operators to work together 

in a closer distance. This saves the required space and creates 

a safer working environment for the operators. The U-line line 

is a user friendly model and results in satisfaction of workers 

and facilitates the communication of working team members 

with each other. Scientifically, this model leads to good 

ergonomics, increased production output and savings in space. 

Moreover, such a line would minimize the number of 

workstations. Thus, in the contrast to the straight lines, 

operators should have more skills [6-9]. 

 

The model presented in this paper uses the concepts of 

combined diagram [10] and phantom precedence diagram 

[11]. Generally, shared tasks are observed in different models 

of production on a mixed model assembly line. These shared 

tasks that exist in precedence relations of different models can 

be used in the model and all precedence diagrams in different 

models can be displayed in the form of a combined 

precedence diagram. Phantom precedence diagram is a copy 

of the main precedence diagram attached to it. When these 

two diagrams are combined, the tasks are assigned to the 
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workstations from starting point of the intersection of the 

graphs and by progress forward, backward or in both 

directions. Tasks can only be allocated through one of the two 

graphs. The diagram considered for the Phantom precedence 

graph is the same as combined precedence graph. 

 

Most of performed studies have focused on two types of 

balancing problems of assembly line. If in the balance of 

assembly line(s), cycle time is an input and the objective is to 

reduce the number of workstations, the problem is called type 

I [12, 13] and if the number of assembly stations is an input 

and the aims is reduced cycle time, the problem is called type 

II [14]. Many real-world problems are required to be 

optimized in more than one objective function that are called 

multi-objective optimization problems and it is one of the very 

active and useful research areas  among the optimization 

topics. There are several objective functions in such problems 

for each group of input variables. Most studies on the 

problems of assembly lines have only considered the facilities 

as the limitation of resources and do not consider the 

constraints of human resources as a significant limitation, but 

human resources are one of the most important resources in 

the development of country and act as a valuable asset in the 

face of risks and serious damages in different economic 

sectors. Therefore machineries and facilities and operators are 

both required to complete a task. This article aimed at using a 

new approach both for reducing the number of workstations 

(type I) and simultaneously reducing the total cost of human 

resources as the second objective. Production systems in the 

real world are often constrained by both machineries and 

human resources that these types of systems are called dual-

resource constrained (DRC) systems [15, 16]. in dual-resource 

constrained system, two major decisions should be taken: 

when the workers should move  and where to go [15, 17]. 

Since dual-resource constrained system is affected by labor 

work efficiency and effectiveness of duties of workers and 

stations, therefore, planning for workers is a very important 

matter [15, 17]. Based on their different abilities and skill 

levels, workers are classified into four categories in modern 

industry [18]. Based on their skill and knowledge levels, the 

workers can use the processes and equipment only in a certain 

workstation. In fact, the efficiency of workers should be 

predetermined based on their skill levels and type of 

machineries. This paper aimed at offering a balance model for 

manufacturing systems with U-line mixed lines, regardless of 

the sequence model. This paper mainly focuses on the 

problem type I, the first aim of which is minimizing the 

workstations and the other objective is to minimize the labor 

cost of the operators. 

 

This paper was organized in six sections: section 1 focused on 

the introduction. Section 2 contains a review of the literature. 

Section 3 defines the objective function and a mathematical 

model for the balance problem. Section 4 provides the 

numerical tests based on standard dataset and the 

computational results. Section 5 presents the conclusion and 

finally in the section 6, references are provided. 

 

II. LITERATURE REVIEW 

The problem of simple assembly line balancing was first 

formulated by Salveson [19]. U-line assembly line balancing 

problem was initially studied by Miltenburg and Wijngaard 

[20] and developing a proper plan for balancing U-line single-

product model was originally developed by Urban [11]. 

Miltenburg and Sparling [21] offered three accurate 

algorithms for the balancing problem of U-line single-product 

assembly lines. On the other hand, single-model assembly 

lines are standardized to produce large quantities of 

homogeneous products and are not suitable for the customer's 

demand with high variability; hence, mixed model assembly 

lines were widely used in a wide range of industries. Mixed-

model lines have two major problems. The first problem was 

balancing the mixed line and the second problem related to the 

problem of model sequences and several studies have been 

reported in this field [14, 22-26]. 

 

Patterson & Albracht [27] suggested the method of the first 

and last workstation to reduce the number of variables and 

constraints of model when solving the line balancing problem, 

however, since this method could not be used in U-line lines, 

Urban [11] corrected the proposed method for solving the 

balancing problem of U-line assembly line of single-product 

model and suggested using the lower limits that using the 

previous workstations could be allocated to a task of  phantom 

precedence graphs. In the single-product U-line assembly line 

balancing problems, the lower limits can be calculated using 

Urban equations [11]:  

 

 

 

 

 

That in equation (1),  is the first workstation (the 

lower level) that using the main precedence graph, the task i 

can be assigned to the m-th model. In relation (2),  is 

the first workstation (the lower level) that using phantom 

precedence graph, the task i can to be assigned to the m-th 

model. In the U-line assembly line balancing problem of 

mixed models with M models, the completion times of tasks 

for different models of products may vary and not identical. A 

task may have M lower limits for the original graph  

and M lower limits for graph . Therefore, we should 

consider a shared  and a shared  for a work 

as the representative of different models: These shared lower 

limits (  and ) for works are determined by 

selecting the highest value for lower limit for all product 

models based on equations 3 and 4: 
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The two problems of balancing and sequencing of mixed 

model U-line assembly line were investigated at the same 

times that include three major studies: Sparling and 

Miltenburg [28] were first to study the mixed model U-line 

assembly line balancing problem and proposed a 4-step 

approximate solution algorithm. They emphasized that to 

minimize the number of workstations, due to limited time of 

cycle, their algorithm leads to impractical solutions for solving 

problems, most of the times. Kim, et al [12] for the first time 

combined mixed model U-line assembly line balancing 

problem and mixed model U-line assembly line sequencing 

into a new problem, simultaneously. Miltenburg [29] 

developed the genetic algorithm application to solve the 

problem of balancing and sequencing of mixed-model U-line 

assembly line. In the literature, there are few studies on mixed 

model U-line line and its balancing [30-34]. In previous 

studies, researchers found the five main dimensions of the 

dual-resource constrained system that include: Flexibility of 

worker, transfer time of a worker, where the worker is 

transferred to, order of line (deploying the labors) and cost of 

workers’ transfer [35]. For decades, much research has been 

conducted in the field of dual constrained system by a man 

named Nelson [36]. Since that time, two review articles on 

dual constrained system research was published by Treleven 

[16], Hottenstein and Bowman[35]. 

 

In the recent years, many advances have been achieved by 

researchers of dual constrained system, especially where the 

operator is very important. Hax and Candea [37] developed 

several options of alternative production planning given the 

changing workforce, overtime work, seasonal inventory and 

volume of delayed works. Scheduling of production systems 

under the dual restrictions of resources using genetic 

algorithm was carried out by Elmaraghy et al [38]. Silva et al 

[39] presented a mass production programming model that 

involved a constant level of employment. Lagodimos and 

Leopoulos [40] suggested a mixed integer programming for 

the problem of planning for human resources. The aim of 

solving the problem was determining the minimum number of 

workers who must work in the existing periods to reach the 

pre-determined production goals. The team of Hopp [41] 

created a case study in which the workers could operate in 

different speeds and by defining the speed factors per worker 

compared to "standard worker", they examine the issue. Aase 

et al [42] studied the effect of U-line assembly lines layout on 

workers’ productivity.  Nakade and Nishiwaki [43] offered an 

optimization problem for the allocation of workers to the line, 

such that the total cycle time and number of workers become a 

minimum value. Chaudhry and Drake [44] minimized the total 

delay for machineries scheduling through genetic algorithms 

and also solve the problem of allocation of workers when 

using the same parallel machineries. Using a multi-objective 

mathematical model with ideal programming approach, 

Hamedi et al [45] presented a virtual cellular manufacturing 

system with dual constrained system settings and the proposed 

model was solved by taboo search method. In addition to the 

mentioned studies, the conducted activities in the field of U-

line assembly lines or mixed model product manufacture are 

summarized in Table 3. For easier comparison, the literature 

of assembly lines balancing problems and the proposed 

problem has been classified into four main categories: 

(assembly line type, number of products, type of problem and 

purpose).  The notations for the first category (S: for single 

assembly lines, W: for single assembly line with parallel 

stations, U: U-line assembly line and P: parallel assembly 

lines), and for the second part: (SM: As a single product, MP: 

Multi-product and MM: is mixed product assembly lines), 

Symbols BA and SE (that are assembly line balancing 

problem and sequencing problem, respectively) are 

categorized in the third group and the forth group is associated 

with the purpose of the study (A: To minimize workstations, 

B: to minimize cycle time and/or maximize production rate, C: 

to maximize the productivity of the lines, F: to maximize 

profits, G: to minimize labor costs). As was observed, despite 

the importance and necessity of U-line assembly line 

balancing and its high performance, meeting the diverse needs 

of customers as the most important resource for the survival of 

organization in the competitive environment and also attention 

to human resources as a precious capital, no study has been 

carried out in the this field and this issue led us to propose a 

new and applied combination for this research and proceed 

with our studies in this field. 

 

III. MATHEMATICAL MODEL  

The following assumptions and restrictions have been 

considered in the this study for dual-objective mixed product 

U-line assembly line balancing where the machineries and 

workers were simultaneously considered as two potential 

capacity constraints called dual-constraint of sources: 

• The concepts of Thomopoulos’s combined precedence 

diagram [10] and Phantom Urban’s precedence diagram [11] 

were employed. 

• The workers are working during their normal working hours 

and have no overtime work. 

• The only important thing is balance and model sequencing is 

not considered. 

• Precedence graphs of various models are known. 

• Breakdown of machineries is not considered. 

• Parallel tasks and parallel stations are not possible.  

• A worker is assigned to a station and only performs tasks of 

that station.  

• Permanent operators are used; we assume that there is no 

temporal operator. 

• Operators’ walking times are not considered. 

• All model parameters are assumed to be deterministic and no 

uncertainty exists.    

Symbols and parameters: 

i: index of task; 

m: product model;                
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 total number of tasks; 

 An upper bound for number of workstations;  

 total number of product models ; 

 index of period;                   

 work skills category;               

 number of operators; 

 deterministic completion time of task i for product model 

m; 

 set of precedence relationships for the combined precedence 

(original) diagram; 

 earliest workstation that tasks i can be assigned from 

the original combined diagram; 

 earliest workstation that tasks i can be assigned from 

the phantom combined diagram; 

 set of all predecessor tasks of task i in the combined 

precedence diagram; 

  set of all successor tasks of task i in the combined 

precedence diagram;           

 number of workers of skill category o; 

 number of workers of skill category o working in period s; 

 regular time rate for temporary workers of skill category 

o during period s; 

 equals 1, if task i is assigned to workstation k from the 

original diagram;0, otherwise;        

 equals 1, if task i is assigned to workstation k from the 

phantom diagram;0, otherwise;     

: equals 1, if any task is assigned to workstation j from the 

original diagram;0, otherwise;    

: equals 1, if any task is assigned to workstation j from the 

phantom diagram;0, otherwise;         

 equals 1 if worker from skills category o is allocated to 

station k in period s;           

 equals 1 if workers of skill category o can work at 

processing stage r and zero otherwise; 

  equals 1 if workstation k is used for assembly and 0 

otherwise ; 

The problem is formulated as follows: 

 Objective functions: 

Min                                                     

Min  

Limitations: 

 

 

 

 

 

 
 

 

 
 

                                        

 

 

 

 

 

 

 
 

The objective function is recognized in the equations (5, 6) 

that respectively show minimization of the number of 

workstations and the total cost of operators’ works. The 

constraint 7 ensures that each task is assigned to one 

workstation both at minimum and at maximum. Also, this 

restriction ensures that using main and/or phantom precedence 

diagrams, each task can only be allocated to a single 

workstation. Constraint 8 of the model is to determine the type 

of graph (main or phantom precedence) in which the tasks 

assigned to each workstation is included. Constraint 9 meets 

the precedence relationships in the combined precedence 

diagram. Constraint 10 ensures that the workload assigned to 

each workstation cannot exceed the cycle time. Constraint 11 

ensures that only one worker will be assigned to each station 

in each period. Constraint 12 ensures that the total number of 

workers hired from each skill category is less than or equal to 

the total number of workers in that skill category. Constraint 

13 ensures that the total number of workers assigned to each 
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station is less than or equal to the total number of available 

workers. Constraint 14 calculates the total number of workers 

as 14 individuals and constraint 15 ensures that the total 

number of employees is equal to the total number of 

calculated workers in the constraints 14. 

 

IV. NUMERICAL EXAMPLE 

In this study, the workers perform their tasks in one shift in 

normal working hours and are classified into four types 

according to their skill levels. Signage at each station shows 

the workers authorized to work at that station. Workers’ 

assignment to each station is represented by a matrix. Rows 

represent the workstations and columns represent the type of 

workers. To resolve the workers assignment problems, 

workers were randomly selected based on their skill level and 

were assigned to the appropriate workstation. Our goal of 

objective function was minimizing the number of workstations 

and labor costs (wages for normal hours of work). 

 

A. Example 1  

In this section, the problem of Thomopoulos test [10] with 19 

jobs and 3 models that was obtained using the dataset in this 

field was resolved [46]. For each task, the maximum duration 

of completing each task has been considered [47] and the 

maximum cycle completion time for different models are 

considered [48]. In this example, the performance of the U-

line lines is compared with the assembly line balancing of 

Rabbani’s model [49]. Relationships and time of task 

performance are presented in Table 1 and the combined intra-

task graph is shown in Figure 1. 

 
TABLE I.  COMPLETION TASK TIMES FOR THOMOPOULOS [10] TEST 

PROBLEM 

Task Processing times 

  

Model 1 

 

Model 2 

 

Model 3 

1 .5 0 1 

2 .4 .8 1.2 

3 0 .2 .4 

4 .4 0 0 

5 .2 .2 .2 

6 .2 0 0 

7 .4 .5 .6 

8 0 .5 .5 

9 .4 .3 .2 

10 0 0 .2 

11 .3 .3 .3 

12 .1 .3 .5 

13 .1 0 .1 

14 .2 .2 .2 

15 .7 1 1.5 

16 0 .1 0 

17 .5 .5 0 

18 .3 .5 .3 

19 .4 .3 0 

 

The required parameters are assumed as follows: 

=3, =4, =2, =2, =2.5, =19 

=400, =300, =200, =150 

 

Matrix of workers allocation to stations considered is as 

follows: 

 =  

 

With regard to labor allocation matrix, considered constraints 

and parameters, the obtained value for the second goal was 

800, which is the minimum cost of workers. Finally, Figure 

(2) shows the optimized line balancing that the minimum 

number of workstations was obtained. 

 
Fig. 1. Precedence diagram representation of the 19-tasks problem of 
Thomopoulos [10] 

 
Fig. 2. Optimal balance for the mixed-model U-line production system  

 

B. Example 2  

 

In this part, Jackson’s test problem was solved by 11 tasks and 

3 models [51]. The combined relationship and diagram 

between tasks is shown in Figure (3) and the tasks 

performance time is presented in Table (2). 
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TABLE II.  COMPLETION TASK TIMES FOR JACKSON’S [50] TEST 

PROBLEM   
 

Task Processing 

times 

1 6 

2 2 

3 5 

4 7 

5 1 

6 2 

7 3 

8 6 

9 5 

10 5 

11 4 

 

Required parameters are assumed as follows: 

=3, =5, =11,c=10 

=550, =730, =480, =600 

 
Fig. 3. Precedence diagram representation of the 19-tasks problem of 

Jackson’s [50] 

 

And workers assignment matrix to stations is considered as 

follows: 

 =  

 

With regard to labors allocation matrix, considered constraints 

and parameters, the figure 2660 was obtained for the second 

goal which is the least cost of workers. 

 

Finally, Figure (4) shows the balancing of optimal line of the 

example that is calculated as the minimum number of 

workstations. 

 
Fig. 4. Optimal balance for the mixed-model U-line production system 

 

CONCLUSION 

 

Studies have indicated that one of the hindering obstacles of 

productivity that many companies are involved with, is the 

assembly line balancing problem, the solution of which 

involves application of scientific models. Given the longevity 

of modern products, rapid technological change and changes 

in the demand structure in the current competitive 

environment, production line balance not only during 

production but is constantly required. It is expected that the 

best combination of human resources, equipment and facilities 

is obtained from the balance of the line to meet the 

requirements of the system. This research investigated 

modeling and analysis of mixed U-line multi-objective 

assembly line balancing problem with the approach of dual-

constraint of resources to reduce the number of required 

workstations in a line (type I) and to minimize the total cost of 

operator. In addition, it was evaluated in computational 

experiments using the datasets proposed in this field [46]. The 

result of Thomopoulos model balance [10] and the Jackson 

model [50] with mixed data sets show that the final number of 

workstations is reduced and 20% and 16% improvement is 

achieved, respectively. But since there is no literature in the 

field of assembly line balance with the dual-constrained 

resources approach, no comparable result exists for the second 

objective. The following areas are recommended for further 

investigation in the future: 

 

U-line assembly line balancing problem of mixed model is an 

NP-hard problem and due to complex formulas and required 

computational power and the high volume of data, solving 

such problems through traditional methods is very difficult. 

Therefore, moving towards infra-innovative methods is 

inevitable. On the other hand, in terms of programming 

capability, infra-innovative methods are more flexible than the 

rules allocated to simple and accurate innovative methods and 

can be considered as an interesting issue for future research. 

Given the importance of considering human factors such as 

team structure, it is expected that future research on dual-

constrained resources is taken place in these fields and more 

accurate models are created for better solution of the problem. 

Since in the present day the demands of competitive market 

has many fluctuations and variations, solving the proposed 

problem with regard to random operation time and/or fuzzy 

data and comparing it with the results of this study can be a 

good option for future research. 
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