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Abstract — Dynamic optimization is often needed in engineering processes. The system under study is given by a set of 
differential equations subject to constraints represented by algebraic or differential equations. Generalized polynomial chaos 
dynamic optimization has the advantage of expanding spectrally both Gaussian and non-Gaussian processes using deterministic 
coefficients. This paves the way of transforming the stochastic differential equation to a system of differential equations with 
deterministic coefficients. Then, numerical discretization of the system is conducted using orthogonal collocation finite elements. 
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I. INTRODUCTION

The objective of stochastic dynamic optimization is to determine for dynamic systems in open loop control a set of decision 
variable time profiles which optimize a given performance criterion subject to specified constraints in the presence of uncertain 
parameters. Techniques for solving dynamic optimization include sequential or simultaneous method. In the latter method, 
both the control and state variables are discretized using mesh-based techniques such as finite elements. So, the control and 
state variables are approximated by linear combination of functions, such as the Lagrange or the Hermite functions.  Thus, the 
coefficients relating these aforementioned functions to the variables are optimized. In addition, the time interval defined for 
each control sequence is a quantity to be optimized. In this paper, Lagrange functions are used. Stochasticity can be introduced 
into the dynamic problem at one or several locations simultaneously, notably in the initial state or the dynamic process model 
among others.   

 It is well-known from the Cameron-Martin theorem that any random process with finite second-order moments can be 
decomposed into an infinite convergent series of polynomials in a random variable. For example, The Hermite orthogonal 
polynomials are the optimum series basis for Gaussian distributions since the weighting function of the Hermite polynomials is 
the same as the probability density function of that of Gaussian random variables.  

Polynomial chaos extended to the time domain, thus, enables the study of dynamical systems, and this approach has been 
applied successfully to large-scale problems using Gaussian distributions. Treatment of other important distributions (e.g., 
uniform, Poisson) is achieved via the Askey scheme [1]. Each distribution type relates to a specific family of orthogonal 
polynomials, so that in many practical cases the optimum convergence properties can be realized. 

Functionally, we find that the polynomial chaos allows transforming stochastic differential equations into coupled 
equations with deterministic coefficients at low computational cost. Hence, the polynomial chaos is an efficient alternative to 
Monte Carlo simulations for complex systems. The potential of such a tool applied to nonlinear control engineering is 
significant for which limited methods are available for design and analysis.  

II. METHODOLOGY 

The general dynamic optimization problem [2]-[3] derived from the control process is a minimization of a function 
subject to differential equations constraints in state profiles as well as equality and inequality constraints applied to both state 
and control variables. To illustrate the methodology, let’s consider the following stochastic dynamic optimization in which 
the parameter ݇ is a random parameter discretized whose probability function is ߦሺ݇ሻ.    

  minimize ܨሺݐ, ,ሻݐሺݔ ݇     ሻሻ     (1)ݐሺݑ
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subject to the stochastic differential equation whose ࣦ is a differential operator involving differentiation in time and can be 
nonlinear. ݔሺݐ଴ሻ is the initial condition of the state variable.  ࣦሺݐ, ;ሺ݇ሻߦ ሻሻݐሺݔ ൌ ݂ሺݐ, ,ሻݐሺݔ ,ሻݐሺݑ ଴ሻݐሺݔ  ሺ݇ሻሻ         (2)ߦ ൌ  ଴     (3)ݔ

Both inequality and equality design constraints:   ݄ሺݔ, ,ሺ݇ሻ݇ߦ ሻݑ ൑ 0               (4) 

      ݃ሺݔ, ,ሺ݇ሻߦ ሻݑ ൌ 0            (5) 

With state ݔሺݐሻ and control variable ݑሺݐሻ bounds:  ݔ௟ሺݐሻ ൑ ሻݐሺݔ ൑ ሻݐ௟ሺݑ      ሻ          (6)ݐ௨ሺݔ ൑ ሻݐሺݑ ൑  ሻ   (7)ݐ௨ሺݑ

The first step in the procedure is to transform the stochastic differential equation in a set of coupled deterministic 
differential equations amenable to solution by numerical techniques. For that, the spectral expansion of ݔሺݐሻ and ݑሺݐሻ is used, 
so that ݔሺݐሻ ൌ  ∑ ௜௉௜ୀ଴ݔ ሺݐሻ߮௜ሺݐሻ and ݑሺݐሻ ൌ  ∑ ௜௉௜ୀ଴ݑ ሺݐሻ߮௜ሺݐሻ . ߮௜ሺݐሻ are the orthogonal polynomials of the Wiene-Askey 
associated with the probability distribution. The polynomials form a complete basis in the Hilbert space. So, for Gaussian 
distribution of ߦሺ݇ሻ , ߮௜ሺݐሻ  are the Hermite-chaos polynomials. However, if ߦሺ݇ሻ  follows a uniform distribution, the 
polynomials are of the Legendre-chaos type. The generalized polynomial chaos has been generalized for arbitrary random 
parameters in [2]. The total number of expansion terms is ܲ ൅ 1. ܲ is the order of the chaos and depends on the highest order 
of the polynomial ߮௜ሺݐሻ and the dimension of the random variable ݇. Notice that ܲ ൌ 0 is the deterministic case.  ݔ௜ሺݐሻ and ݑ௜ሺݐሻ represent respectively the different modes of the state variable, and need to be determined. To achieve that, the spectral 
expansion of ݔሺݐሻ and ݑሺݐሻ are substituted in the stochastic differential equation. Then, projecting the differential equation on 
the random variable space whose ߮௜ሺݐሻ are its basis polynomials, and taking the statistical average. So, we have:  

  ൏ ,ݐሺܮ ∑ ; ߦ ௜௉௜ୀ଴ݔ ሺݐሻ߮௜ሺݐሻሻ, ߮௟ሺݐሻ ൐ ൌ൏ ݂ሺݐ, ,ݔ ,ݑ ሻݐ௟ሺ߮ ,ߦ ൐  ݈ ൌ 0,1, ڮ , ܲ           (8) 

The averaging of the Galerkin projection results in a set of  deterministic coupled differential equations for the state and 
control modes. For example, let’s assume we simply have: 

ௗ௫ௗ௧ ൌ  ሻ  (9)ݐሺݔ  ሻݐሺݑ  ݇

Where ݇ is the random parameter. Then the ܲ ൅ 1 coupled differential equations are: 

ௗ௫೗ሺ௧ሻௗ௧ ൌ ଵழఝ೗మவ ∑ ∑ ∑ ൏ ߮௜ሺݐሻ߮௝ሺݐሻ߮௠ሺݐሻ, ߮௟ሺݐሻ ൐௉௠ୀ଴௉௝ୀ଴௉௜ୀ଴  ݇௜ݔ௝ݑ௠ሺݐሻ   ݈ ൌ 0, 1, … , ܲ   (10) 

The second step is to reformulate the original stochastic dynamic optimization problem (1) - (7) to another set of 
equations by replacing both ݔሺݐሻ ൌ  ∑ ௜௉௜ୀ଴ݔ ሺݐሻ߮௜ሺݐሻ and ݑሺݐሻ ൌ  ∑ ௜௉௜ୀ଴ݑ ሺݐሻ߮௜ሺݐሻ. ߮௜ሺݐሻ. So, instead of having 7 equations, 
we now have ܲ ൅ 7 equations. 

The third step is to derive the nonlinear programming formulation by approximating both the state and control variable by 
Lagrange polynomials (or other higher polynomials). The differential equations are converted into algebraic equations using 
orthogonal collocation on finite elements. State coefficients are computed by replacing the polynomials into the differential 
equations and solving these equations exactly at a given number of collocation points. The continuity of the state profiles is 
enforced at element endpoints of the interior knots ሺߦ௜, ݅ ൌ 2, ڮ ,  ሻ such that the state profile for the next element is equal toܧܰ
the extrapolated state profile to the endpoint of its previous element. The control profiles are only constrained at collocation 
points. The values of each control polynomial are bounded at both ends of the finite element. Enforcement of these bounds is 
done by extrapolating the polynomials to the element endpoints. 
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III. FINDINGS AND DISCUSSION 
The transformation of a stochastic dynamic optimization problem into a set of deterministic equations is a major 

advantage of the generalized polynomial chaos over Monte Carlo simulations. All optimal trajectories modes can be found 
with reasonable accuracy and stability. One notices that the computational cost increased by P equations and this may 
increase the number of optimization iterations.  Initial findings suggest that for P=2, the number of iterations is about three to 
four times of the original problem with no chaos, i.e. for P=0. But when an iterative solution is required, particularly for 
nonlinear dynamics, then the computational cost of the generalized polynomial chaos does not really add much. 
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