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Abstract— This paper presents the forecast analysis of a seasonal product using the concept of Bayesian Dynamic Linear Model 
(DLM). In the dynamic linear model, the demand of a period is related to the immediate past period through a link function and the 
forecast is updated at each time step. The Bayesian framework permits the joint estimation of the model parameters using the prior 
probability distribution assigned to each parameter and the historical data. The parameters of the model are updated in a Bayesian 
process using the Markov Chain Monte Carlo (MCMC) sampling from the posterior distribution with an efficient Gibbs sampling 
algorithm. The forecast results show that the average error and tracking signals of the forecasts are within 0.1 and 0.25 limits, 
respectively. It is implicit that the ability to integrate the updated demand information through the Bayesian techniques reduced the 
forecast errors and improved the efficiency. 
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I. INTRODUCTION 

Market demand of most seasonal products remain uncertain until the main selling season starts. Products with stochastic 
demand hold different trend, seasonality and cyclic pattern, need different level of prediction implication. Much of this earlier 
work was intended to create insights and tools for improving the demand forecasting of seasonal, and often, fashion products. 
However, it has been recognized by the people who work in the industry and those who research forecasting that the demand for 
seasonal and fashion products are complex, frequently demonstrate high levels of chaos [1]. Traditional forecasting models such 
as regression and data extrapolation models are not adequate to capture the volatility of the seasonal and cyclic pattern. In such 
conditions, managerial efforts may be better expended on devising strategies and structures to capture the demand behavior and 
visualize type of products needed in the market place, enable estimates to manufacture and deliver on the basis of real time 
demand [2]. The difficulty in predicting demand has led companies to focus on the improvement of the supply chain, inventory 
and demand framework [3]. The research question therefore arises what are the approaches and methods that may be more fitting 
with the actual context. 

There are many different approaches for season demand forecast. Two commonly used approaches are moving average 
and exponential smoothing. These models predict well for shorter time period for common market products using relatively 
straight forward data series. Qualitative forecasting techniques are often referred to as subjective and judgmental, rely highly 
on the expertise. Regression method is a quantitative forecasting technique, establish a cause-and-effect relationships between 
two or more variables. Regression model estimates the quantitative effect of the explanatory variables on the dependent [4]. 
Time series forecasting model such as ARIMA (Autoregressive Integrated Moving Average) analysis are often used to forecast 
seasonal demand when historical sales data are available and the seasonal variations and trends are stable. Time series 
techniques assume the future will reflect the past which also suggests that past demand patterns will continue into the future 
[5]. However, the static nature of the above parametric models are the main restriction to obtain smooth forecast from a time 
series contains random seasonal fluctuations.  

The research question therefore arises which approaches and methods are more fitting with the context of a complex seasonal 
time series. In this paper, we demonstrate a generalized linear forecasting technique in the context of a Bayesian process. The 
actual time series of a seasonal apparel data is used to demonstrate the model. Data appears in US General Imports of Textile 
and Apparel Products (women winter apparel) collected from US Department of Commerce. In the model the demand of the 
product at the peak season is correlated to the demand of the previous non-peak season. The forecasts are dynamically updated 
as the new demand information becomes available.  
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The paper organizes as follows. Next section presents the basic model in the context of the Bayesian generalized linear 
forecasting technique. The following section introduces two forecasting sub-models to identify the peak season demand forecast. 
An empirical illustration, results and discussion are in the following section. Business implication, research limitations and scope 
of future research discuss in the conclusion.   

II. BASIC MODEL

The class of generalized linear models (GLM) is defined in [6, 7], which describes the relationship between the mean of 
a response variable and an independent variable. This allows the mean of a demand to depend on a linear predictor through a 
nonlinear link function. A GLM is an extension of traditional linear models, comprises of three components: the random 
component, the systematic component, and the link function.  

Suppose that {(𝑥𝑥𝑡𝑡 ,𝑦𝑦𝑡𝑡), 𝑡𝑡 = 1, 2, 3, . . ., 𝑛𝑛} are independent observations of the product demand, where 𝑦𝑦𝑡𝑡  is the response 
variables and 𝑥𝑥𝑡𝑡  is the independent random variables. Let 𝑥𝑥𝑡𝑡 , 𝑡𝑡 = 1, … ,𝑚𝑚  denote the completely observed independent 
variables and 𝑦𝑦𝑡𝑡 , 𝑡𝑡 = 𝑚𝑚 + 1, … ,𝑛𝑛 is the predictable response variable. We specify the joint distribution of (𝑥𝑥𝑡𝑡 ,𝑦𝑦𝑡𝑡) by specifying 
the conditional distribution of 𝑦𝑦𝑡𝑡  given 𝑥𝑥𝑡𝑡, denoted [𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡]. The GLM is specified by the following observation equation and 
system equation 

𝑓𝑓(𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡 , 𝜇𝜇𝑡𝑡 , 𝜏𝜏) = (𝜇𝜇𝑡𝑡 , 𝜏𝜏) + 𝜖𝜖𝑡𝑡(𝜏𝜏)  𝜖𝜖𝑡𝑡(𝜏𝜏) ~ 𝑁𝑁(0,𝐸𝐸𝑡𝑡) 

𝜇𝜇𝑡𝑡 =  𝐴𝐴𝑡𝑡𝜃𝜃𝑡𝑡 + 𝑣𝑣𝑡𝑡  𝑣𝑣𝑡𝑡  ~ 𝑁𝑁 (0,𝑉𝑉𝑡𝑡) 

𝜃𝜃𝑡𝑡 =  𝐺𝐺𝑡𝑡𝜃𝜃𝑡𝑡−1 + 𝑤𝑤𝑡𝑡  𝑤𝑤𝑡𝑡  ~𝑁𝑁(0,𝑊𝑊𝑡𝑡) 

where 𝜃𝜃 denotes the parameters of the probability distribution function. 

Demand forecasting for the seasonal products involve determining the quantity that customers will require during the peak 
season at some point in the future. The dataset considered is the time series comprises peak and non-peak seasonal demand of 
an apparel product. Therefore, there is a strong relationships between the peak and non-peak seasonal demand and the weather 
pattern. This make the demand prediction very volatile due to unpredictable variations of the weather pattern. For the smooth 
forecast, the model given the seasonal data and general trends involving significant peaks and unpredictable variations of 
weather require continuous updates of the forecast as the data becomes available. The Bayesian analysis is the most natural to 
allow for this updating of information at each time, t.  The peak and non-peak season of the time series is classified into two 
groups, Stage-1 and Stage-2. Stage-1 comprises the demand during January to June in a year, while Stage-2 comprises the 
demand during the period of July to December in a year.  

The demand is fully observed during the non-peak period (month) 𝑥𝑥𝑗𝑗,𝑡𝑡 , 𝑡𝑡 = 1, 2, … , 6. The prediction is made for the 
peak season demand, 𝑦𝑦𝑗𝑗 , 𝑡𝑡 = 7, 8, … , 12 and j is the year of observation, from 1996 to 2005. The general structure of demand 
models is shown in Table 1. 

TABLE 1: DATA STRUCTURE OF THE FORECAST MODEL 

Time period, j 
Demand observations, 𝑥𝑥𝑗𝑗,𝑡𝑡 

Stage-1: (January to July) 
t = 1, 2…, 6  

Forecast demand, 𝑦𝑦𝑗𝑗,𝑡𝑡

 Stage-2: (August to December) 
t =7, 8,…, 12 

Training period, 
j = 1, 2, …, n 

01/1996 – 06/1996 
01/1997 – 06/1997 

. 

. 

. 
07/2004 – 12/2004 

07/1996 – 12/1996 
07/1997 – 12/1997 

. 

. 

. 
07/2004 – 12/2004 

Final prediction 
j = n +1 

Final observation, 1,1 −+ tnx
01/2005 – 06/2005 

Final prediction, tny ,1ˆ +

07/2005 – 12/2005 
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Each of the response variables belong to exponential family of distributions. In generalized linear models, normal 
distribution for the random component is often used. The model is characterized by a number of unknown parameters and the 
corresponding parameters are computed implementing the Bayesian sampling technique specifying few non-informative prior 
distributions. The computation is carried out by Markov Chain Monte Carlo (MCMC) method through sampling from the joint 
posterior distribution of the unknown parameters. In GLM is assumed for [𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡], has the conditional density given by the 
systematic component is the function of predictor variable xi, related to the mean of yj. Therefore, systematic component could 
be 𝜇𝜇𝑡𝑡 = (𝛼𝛼 +  𝛽𝛽𝑥𝑥𝑡𝑡). Finally, the link function g(μ) links the components as  

 
𝑔𝑔(𝜇𝜇𝑡𝑡) = (𝛼𝛼 +  𝛽𝛽𝑥𝑥𝑡𝑡).              (1) 

 
Assume that 𝑔𝑔(𝜇𝜇𝑡𝑡) = (𝛼𝛼 +  𝛽𝛽𝑥𝑥𝑡𝑡) = 𝜂𝜂, where η is the linear predictor, which is linear combination of x’s. The likelihood 
function of the GLM with the conditional density given by [𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡], has the joint density function expressed as  

 
𝑓𝑓(𝑦𝑦, 𝑥𝑥|𝜃𝜃) = 𝑓𝑓(𝑦𝑦|𝑥𝑥,𝛼𝛼,𝛽𝛽, 𝜏𝜏)𝑓𝑓(𝑥𝑥|𝜃𝜃)           (2) 

 
where θ denotes the parameters of the marginal probability density function for x and 𝜏𝜏 is the precision, 𝜏𝜏 = 1/𝜎𝜎2. Given that 
x, α, β, and σ2, the y are normally distributed. The expected value and variance are expressed as 
 

𝐸𝐸(𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡 ,𝛼𝛼,𝛽𝛽,𝜎𝜎2) =  𝛼𝛼 + 𝛽𝛽𝑥𝑥𝑡𝑡   
 

𝑉𝑉𝑉𝑉𝑉𝑉(𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡 ,𝛼𝛼,𝛽𝛽,𝜎𝜎2) = 𝜎𝜎2  
 
Further, (𝑦𝑦𝑡𝑡|𝑥𝑥𝑡𝑡 ,𝛼𝛼,𝛽𝛽,𝜎𝜎2), 𝑗𝑗 = 1, 2, … ,𝑛𝑛) are independently distributed. Thus y is given by 
 

𝑓𝑓(𝑦𝑦|𝑥𝑥,𝛼𝛼,𝛽𝛽,𝜎𝜎2) ∝  1
𝜎𝜎2
𝑒𝑒𝑥𝑥𝑒𝑒 �− 1

2𝜎𝜎2
∑ (𝑦𝑦𝑡𝑡 − 𝛼𝛼 − 𝛽𝛽𝑥𝑥𝑡𝑡)𝑛𝑛
𝑡𝑡=1 �       (3) 

    
The expression in Equation (3) viewed as a function of the parameter α, β, and σ, which is the likelihood function to be 

combined with the prior density function to estimate the parameters using the MCMC sampling method.  
 

III. ESTIMATE MODEL PARAMETERS IMPLEMENTING BAYESIAN PROCESS 
 
Two sub-models (Sub-model A and Sub-model B) are created based on the values taken for the predicted variables. The 

models are the representation of the random effects of the demand growth.  
 

In the Sub-model A, the conditional mean of y given x is an unknown linear function of x, where β is the unknown slope and 
α is the intercept (at the vertical line 𝑥𝑥 = 0, which is given by 𝜇𝜇𝑦𝑦|𝑥𝑥 = (𝛼𝛼 +  𝛽𝛽𝑥𝑥). To predict the demand for 𝑦𝑦𝑛𝑛+1 period, 
given the value for 𝑦𝑦𝑛𝑛+1, 𝛼𝛼,𝛽𝛽, is expressed as  

 
  𝑦𝑦𝑛𝑛+1 ~ 𝑁𝑁𝑁𝑁𝑉𝑉𝑚𝑚𝑉𝑉𝑁𝑁 (𝜇𝜇𝑛𝑛+1, 𝜏𝜏)            (4) 

where, the conditional mean 𝜇𝜇𝑦𝑦𝑛𝑛+1|𝑥𝑥𝑛𝑛+1 = (𝛼𝛼 +  𝛽𝛽𝑥𝑥𝑛𝑛+1) and τ represents the precision (1/variance) of a normal distribution. 
 

In the Sub-model B, the model is developed considering the centering effect of the predicted variable. In this model, the scheme 
is that the slope and any other point on the predicted line can also be used to determine the predicted line. For instance, the 
intercept at the vertical line x , is denoted as xα ; thus using the parameter xα  and the slope β, the mean 𝜇𝜇𝑦𝑦|𝑥𝑥 is given by 
𝜇𝜇𝑦𝑦|𝑥𝑥 = {𝛼𝛼�̅�𝑥 +  𝛽𝛽(𝑥𝑥 − �̅�𝑥)}. Therefore, the prediction of the demand for yn+1 period, given the value for xn+1 and the parameter 
α, β, is given by 
 

𝑦𝑦𝑛𝑛+1~ 𝑁𝑁𝑁𝑁𝑉𝑉𝑚𝑚𝑉𝑉𝑁𝑁 (𝜇𝜇𝑛𝑛+1, 𝜏𝜏)            (5) 
where the conditional mean 𝜇𝜇𝑦𝑦𝑛𝑛+1|𝑥𝑥𝑛𝑛+1 = {𝛼𝛼�̅�𝑥 +  𝛽𝛽(𝑥𝑥 − �̅�𝑥)}, and τ represents the precision (1/variance) of a normal distribution. 
In Bayesian process, the parameters of the posterior density function are proportional to the likelihood multiplied by the prior 
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distribution. This method to update the distribution of the model parameters is based on Markov chains. The sequence of 
random variable 𝑋𝑋1, . . ,𝑋𝑋𝑛𝑛 as a Markov chain is expressed in [8] as  

 
𝑓𝑓(𝑋𝑋𝑘𝑘+1 ∈ 𝜇𝜇|𝑋𝑋1, . . . ,𝑋𝑋𝑛𝑛) = 𝑓𝑓(𝑋𝑋𝑘𝑘+1 ∈ 𝜇𝜇|𝑋𝑋𝑘𝑘) 

 
This means the distribution of the presented random variable depends on the immediate past random variable. The steps to 
construct Bayesian setup of GLM and future demand prediction are as follows: 

 
Step 1: Specify the normal probability distribution for the dependent variable 
  

𝑦𝑦𝑗𝑗~ 𝑁𝑁𝑁𝑁𝑉𝑉𝑚𝑚𝑉𝑉𝑁𝑁 (𝜇𝜇𝑗𝑗 , 𝜏𝜏)     for  j ∈ 1,…,n 
 

Step 2: Define the linear predictor (𝜂𝜂)  for the model, where 𝑥𝑥𝑗𝑗  is an indicator as 
      

𝜂𝜂 =  𝛼𝛼 +  𝛽𝛽𝑥𝑥𝑗𝑗      for Sub-model (A) 
 
𝜂𝜂 =  𝛼𝛼�̅�𝑥 +  𝛽𝛽(𝑥𝑥 − �̅�𝑥)     for Sub-model (B) 
 

Step 3: Choose the link function g(.) that relates the linear predictor 𝜂𝜂 to the expected values for µ, 
 

𝜇𝜇𝑖𝑖 = 𝑔𝑔−1(𝜂𝜂) = 𝑔𝑔−1�𝛼𝛼 +  𝛽𝛽𝑥𝑥𝑗𝑗�    for Sub-model (A) 
  

𝜇𝜇𝑖𝑖 = 𝑔𝑔−1(𝜂𝜂) = 𝑔𝑔−1{𝛼𝛼�̅�𝑥 +  𝛽𝛽(𝑥𝑥 − �̅�𝑥)}   for Sub-model (B) 
 
 

Step 4: Select non-informative prior distributions for all of the parameters in the model [9, 10]. 
 

𝛼𝛼 ~ 𝑁𝑁𝑁𝑁𝑉𝑉𝑚𝑚𝑉𝑉𝑁𝑁 (𝜇𝜇0,𝜎𝜎0) 
𝛽𝛽 ~ 𝑁𝑁𝑁𝑁𝑉𝑉𝑚𝑚𝑉𝑉𝑁𝑁 (𝜇𝜇1,𝜎𝜎1) 
𝜏𝜏 ~ 𝐺𝐺𝑉𝑉𝑚𝑚𝑚𝑚𝑉𝑉 (𝛼𝛼𝑡𝑡 ,𝛽𝛽𝑡𝑡)      where σ2 = 1/τ, 

 
Step 5: Predict demand for the future periods 

 
𝑦𝑦𝑛𝑛+1 ~ 𝑁𝑁𝑁𝑁𝑉𝑉𝑚𝑚𝑉𝑉𝑁𝑁 (𝜇𝜇𝑛𝑛+1, 𝜏𝜏) 

 

The Gibbs sampler is an example an MCMC method, which has been used to generate posterior sample. In the Gibbs 
sample algorithm, the parameter vector µ is defined in terms of sub-vectors, 𝜇𝜇 =  𝜇𝜇1, . . . , 𝜇𝜇𝑘𝑘. Each iteration of Gibbs sampler 
cycles through subvectors of µ, drawing each other subset conditional on the value of all the others. The details of Gibb sample 
algorithm of MCMC can be found in [11]. The forecast results derived from Bayesian GLM are in Table 2 and Table 3.  

 
TABLE 2: RESULTS FROM BAYESIAN GLM SUB-MODEL A (IN THOUSAND)  

Forecast 
(2005) Mean Actual Standard 

deviation 2.5% Median 97.5% 

Jul 2966 2834.6 407.5 2135 2969 3778 
Aug 4067 3328.0 291.2 3471 4068 4649 
Sep 3951 4102.5 886.4 2158 3958 5731 
Oct 4279 5310.3 777.6 2764 4269 5879 
Nov 2978 3460.5 582.8 1786 2981 4144 
Dec 2463 2280.5 413.7 1627 2467 3285 
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TABLE 3: RESULTS FROM SUB-MODEL B (IN THOUSAND)  

Forecast 
Period Mean Actual Standard 

deviation 2.5% Median 97.5% 

Jul 2984 2834.6 643.5 1749 2973 4266 
Aug 4212 3328.0 630.6 2982 4223 5417 
Sep 5523 4102.5 639.4 4242 5529 6753 
Oct 6346 5310.3 675.5 4972 6358 7626 
Nov 3639 3460.5 628.2 2409 3626 4887 
Dec 2603 2280.5 647.7 1323 2607 3896 

 
The algorithm shows convergence for about 3000 iterations. The trace for the forecast period July-December, 2005 obtained 

from Sub-model A is shown in Figure 1. 
 

   

July August September 

   

October November December 
 

Fig. 1: Trace, July-December, 2005 
 

Density function of the posterior probability for the forecast period July-December, 2005 obtained from Sub-model B is 
depicted in Figure 2. 

 

   

July August September 

   
October November December 

 
Fig. 2. Density, July-December, 2005 
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IV. FORECASTING ERRORS AND MODEL VALIDITY

It is important to learn about a method and a model that is suitable for a given data series and provide effective forecasts. 
In developing the forecasting, the data points for the 9 years (1996-2004) are used to train the model to produce the forecasts 
for the 10th years during the peak season (July-December, 2005). It is assumed that the demand process and the error variables 
are independent. Three error matrices are used to compare the forecast performance of the two sub-models proposed in the 
context of Bayesian GLM principle.  

The relative error is a frequent forecast error measure represent the ratio of the errors (differences between predicted values 
and actual value), divided the values actually observed, 𝑅𝑅𝐸𝐸 =  ∑𝑒𝑒𝑡𝑡� 𝑦𝑦𝑡𝑡⁄ . The mean absolute deviation (MAD) of the forecasts 
are calculated as 𝑀𝑀𝐴𝐴𝐷𝐷𝑡𝑡 =  ∑ |𝑒𝑒𝑡𝑡� | 𝑛𝑛⁄ . The relative error and MAD measure the deviation of the forecasts from the actual. 
Another source of performance measurement is the Tracking Signal (TS), which indicates whether the forecast average 
maintain normally distributed (random) error. More indicatively, TS measures whether the forecast errors follow any trend that 
need to be corrected. The tracking signal is the cumulative forecast error (running sum) with respect to MAD for a given time 
period. It refers to the limit of MADs above or below the actual data. The tracking signal at any period j can be defined as 
𝑇𝑇𝑆𝑆𝑡𝑡 =  ∑𝑒𝑒𝑡𝑡� 𝑀𝑀𝐴𝐴𝐷𝐷𝑡𝑡⁄ . A comparison of the forecasts produced by two sub-models (A and B) implementing the Bayesian 
approach to GLM technique is presented in Table 4. The measures comprises the relative errors (RE), mean absolute deviation 
(MAD) and tacking signal (TS) with respect to forecast made for the peak season demand.  

TABLE 4: MODEL COMPARISON USING RE, AVERAGE ERROR, MAD, AND TS 

Sub-models Month Deviation Relative 
Error MAD TS 

A 

Jul -131.4 0.05 131.4 -1.00
Aug -738.9 0.22 435.2 -1.70
Sep 151.4 0.04 340.6 0.44
Oct 1031.3 0.19 513.2 2.01
Nov 482.5 0.14 507.1 0.95
Dec -182.5 0.08 453.0 -0.40

Average 102.1

B 

Jul -149.4 0.05 149.4 -1.00
Aug -883.9 0.27 516.7 -1.71
Sep -1420.5 0.35 817.9 -1.74
Oct -1235.7 0.24 922.4 -1.34
Nov -178.4 0.05 773.6 -0.23
Dec -322.5 0.14 698.4 -0.46

Average -698.4

V. CONSLUSION 

The main objective of this paper is to demonstrate the forecasting techniques using Bayesian approach to Generalized 
Linear Model to estimate the demand of a seasonal product prior to peak-season demand. Due to high fluctuation of the seasonal 
demand, we proposed a forecasting analysis for the peak-season demand. The yearly demand period is divided into two levels, 
non-peak season and peak demand season. The demand is assumed correlated linearly with the prior period The Bayesian 
theory is implemented to estimate the parameters of the demand model focusing on peak season forecast. In the process, the 
prior density function of each model parameter is transformed into the posterior one by integrating the historical data and the 
sample demand observed from current period. The parameters are updated by Markov chain Monte Carlo (MCMC) method 
using Gibbs sampler via Win BUGS package. Forecasting techniques produces the most updated parametric values of the 
generalized linear model. Two sub-models are developed, (i) conditional mean of y given x is an unknown linear function in 
Sub-model A, and (ii) considering the centering effect of the predicted variable in Sub-model B. The forecasting results obtained 
from these two models were quite competitive, but the result produced by Sub-model A is found superior.  
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The validation processes of the forecasted models are analyzed by checking the level of errors, absolute deviation of 
forecasts and the tracking signals. It is observed the Sub-model A performed well, while Sub-model B lacked the performance 
when demand of a period change rapidly relative to the prior period demand. In the dataset, the prior demand rate at December 
was significantly low compare to the demand of November, and a single large error was observed in forecasting for that period. 
An interesting conclusion can be drawn from this research that both forecasting techniques in general are competitive, but Sub-
model B performs reliably when the true nature of seasonality strikes.  

The method proposed in this paper contributes conceptually and methodologically to better understand the complex 
forecasting process of the peak-season demand estimate. Since the demand between the pean and non-peak seasons is assumed 
be correlated across time, it is feasible to explore a number of time series models to provide such forecast analysis for the peak-
season demand. A number of time dependency models such as autoregressive time series model, including the general class of 
Box-Jenkins method are left for future study to compare for demand forecasting of seasonal products.   
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