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Abstract
Graph coloring problem is to find the minimal number of colors to color vertex of a graph in such a way that every
two vertex linked by an edge have different colors. A vertex coloring algorithm has been presented. As a result of
applying vertex coloring algorithm no two vertex are to be allocated in same color if they are adjacent in graph.
Graph coloring and its generalizations are useful tools in modelling a wide variety of scheduling and assignment
problems.
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1. Introduction
1.1. Vertex Coloring

The vertex coloring problem is a well-known combinatorial optimization problem in graph theory (Jensen,
Toft, 1994), which is widely used in real life applications like computer register allocation (Chaitin, et.all, 1981), air
traffic flow management (Barnier and Brisset, 2002), timetabling (de Werra, 1985), scheduling (Giaro and Kubale,
2009), frequency assignment, and light wavelengths assignment in optical networks (Gamst, 1986). A legal vertex
coloring of graph G = (V, E), where V(G) is the set of |V | = n vertices and E(G) is the edge set including |E| = m
edges, is a function f : V → C from the vertices of the graph G to the color-set C = {c1, c2, . . . , cp} such that f(u) ≠
f(v) for all edges (u, v) ∈ E. That is, a legal vertex coloring of G is assigning one of p distinct colors to each vertex of
the graph in such a way that no two endpoints of any edge are given the same colors (Suyudi et al., 2018; 2017;
2016). Formally, the vertex coloring problem can be either considered as an optimization problem or as a decision
problem. The optimization version of the vertex coloring problem is intended to find the smallest number of colors
by which the graph can be legally colored, and the decision problem aims at deciding for a given p whether or not
the graph is p-colorable, and is called p-coloring problem (Suyudi et al., 2018; 2017; 2016).
It is a way of coloring the vertices of a graph such that no two adjacent vertex share the same color this is called
a vertex coloring (http://en.wikipedia.org/wiki/graph coloring)
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Vertex coloring is the most common graph coloring problem. The problem is, given m colors, find a way of
coloring the vertices of a graph such that no two adjacent vertices are colored using same color. The other graph
coloring problems like Edge Coloring (No vertex is incident to two edges of same color) and Face Coloring
(Geographical Map Coloring) can be transformed into vertex coloring (Preeti Gupta, 2014).
Chromatic Number: The smallest number of colors needed to color a graph G is called its chromatic number. For
example, the following can be colored minimum 3colors (http://www.geeksforgeeks.org/graph-coloring).
2. Basic Results on Graph Coloring
2.1 Vertex Coloring
Let G = (V, E) be a graph of order n without loops and multiple edges, V is a set of n vertices and E is a set of m
edges.
Definition I (Kubale, 2004):
• A disjoint collection of independent sets that cover all the vertices in the graph.
• A partition V = I1 ∪ I2 ∪ . . . ∪ I χ such that Ij is an independent set for all 1 ≤ j ≤ χ.

Definition II (Kuhn, 2009):
• An assignment of colors to the vertices such that two adjacent vertices are assigned different colors.
• A function c : V → {1, . . . , χ} such that if (u, v) ∈ E then c(u) ≠ c(v).

Observation: Both definitions are equivalent.

Fig.1 Coloring with Minimum Number of Color
2.2 The Vertex Coloring Problem
The optimization problem: Find a vertex coloring with minimum number of colors.
Notation: The chromatic number of G, denoted by χ(G), is the minimum number of colors required to color all the
vertices of G.
Hardness: A very hard problem (an NP-Complete problem).
Hardnes of vertex coloring:
• It is NP-Hard to color a 3-colorable graph with 3 colors.
• It is NP-Hard to construct an algorithms that colors a graph with at most nε χ(G) colors for any constant 0 < ε <
1(Kuhn, 2009).
3. Known Algorithms for Vertex Coloring
• There exists an optimal algorithm for coloring whose running time is O (mn (1 + 31/3)n) ≈ mn1.442n.
• There exists a polynomial time algorithm that colors any graph with at most O(n/ log n)χ(G) colors.
• There exists an algorithm that colors a 3-colorable graph with O(n1/3) colors(Kuhn, 2009).
3.1 Properties of Vertex Coloring
Observation: 𝜔𝜔(G) ≤ χ(G).
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Because in any vertex coloring, each member of a clique must be colored by a different color.
Observation: χ(G) ≥ �

𝑛𝑛

�. A pigeon hole argument: the size of each color-set is at most I(G).

𝐼𝐼(𝐺𝐺)

Example for : 𝜔𝜔(G) = χ(G).

Coloring with Minimum Number of Col

Fig.2. Graph with 𝜔𝜔(G) = χ(G) = 4

Where 𝜔𝜔(G) = 4 and χ(G) = 4. Every member of the only clique of size 4 must be colored with a different color.

Example for χ(G) > 𝜔𝜔(G)

Fig.3. Graph with 𝜔𝜔(G) = 2 and χ(G) = 3

Fig.4. Graph with 𝜔𝜔(G) = 2 and χ(G) = 4

3.2 Triangle-Free Graph Construction
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For χ(G) >> 𝜔𝜔(G)
Theorem: For any k ≥ 3, there exists a triangle-free graph Gk (𝜔𝜔(Gk) = 2) for which χ(Gk) = k.

A construction: G3 and G4 are the examples above.
Construct Gk+1 from Gk.
• Let V = {v1, . . . , vn} be the vertices of Gk.
• The vertices of Gk+1 include V , a new vertex w, and a new set of vertices U = {u1, . . . , un} for a total of 2n+1
vertices.
• The edges of Gk+1 include all the edges of Gk, w is connected to all the vertices in U, and ui ∈ U is connected to all
the neighbors of vi in Gk.
Constructing G4 from G3 (Construct Gk+1 from Gk.)

Steps 1: Let V = {v1, . . . , vn} be the vertices of Gk.

Steps 2: The vertices of Gk+1 include V , a new vertex w, and a new set of vertices
for a total of 2n+1 vertices.
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Steps 3: The edges of Gk+1 include all the edges of Gk, w is connected to all the vertices in U, and ui ∈ U is
connected to all the neighbors of vi in Gk.

Fig.5. Construction G4 from G3
4. Triangle-Free Graph Coloring
Gk+1 is a Triangle-Free Graph
Let U is an independent set in Gk+1 and therefore there is no triangle with at least 2 vertices from U, w is not adjacent
to V and is adjacent to the independent set U. Therefore w cannot be a member in a triangle. V contains no triangles
because Gk is a triangle-free graph. The remaining case is a triangle with 1 vertex ui ∈ U and 2 vertices v, v′ ∈ V .
This is impossible since ui is connected to the neighbors of vi and therefore the triangle uivv′ would imply the
triangle vivv′ in the triangle-free graph Gk.
χ (Gk+1) ≤ k + 1

• Color the vertices in V with k colors as in Gk.
• Color ui with the color of vi. This is a legal coloring since ui is connected to the neighbors of vi.
• Color w with a new color.
Coloring G4 :

Steps 1: Color the vertices in V with k colors as in Gk.

© IEOM Society International

1602

Proceedings of the International Conference on Industrial Engineering and Operations Management
Pilsen, Czech Republic, July 23-26, 2019

Steps 2: Color ui with the color of vi. This is a legal coloring since ui is connected to the neighbors of vi.

Steps 3: Color w (red) with a new color.

Fig.6. Graph G4 with χ(Gk+1) = 4
χ(Gk+1) > k
Assume that Gk+1 is colored with the colors 1, . . . , k. Let the color of w be k, Since w is adjacent to all the vertices in
U it follows that the vertices in U are colored with the colors 1, . . . , k − 1. Color each vi that is colored by k with
the color of ui. This produces a legal coloring of the Gk subgraph of the Gk+1 graph because ui is adjacent to all the
neighbors of vi and the set of all the k-colored vi is an independent set, a contradiction since χ(Gk) = k.
Perfect Graphs
•
•
•
•

In a perfect graph χ(G) = 𝜔𝜔(G) for any “induced” subgraph of G.
Coloring is not Hard for perfect graphs.
The complement of a perfect graph is a perfect graph.
Interval graphs are perfect graphs.

The Trivial Cases
Observation: A graph with n ≥ 1 vertices needs at least 1 color and at most n colors.1 ≤ χ(G) ≤ n.
Null Graphs: No edges ⇒ 1 color is enough. χ(Nn) = 1.
Complete Graphs: All edges ⇒ n colors are required. χ(Kn) = n.
The Easy Case

Theorem: The following three statements are equivalent for a simple undirected graph G:
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1. G is a bipartite graph.
2. There are no odd length cycles in G.
3. G can be colored with 2 colors.
Proof:(1 ⇒ 2)
• The vertices of G can be partitioned into 2 sets A and B such that each edge connects a vertex from A with a vertex
from B.
• The vertices of any cycle alternate between A and B.
• Therefore, any cycle must have an even length.
Proof: 2 ⇒ 3
• Run BFS on G starting with an arbitrary vertex.
• Color odd-levels vertices 1 and even-level vertices 2.
• Tree edges connect vertices with different colors.
• In a BFS there are no forward and backward edges and a cross edge connects level ℓ with level ℓ′ only if |ℓ − ℓ′| ≤
1.
• If ℓ = ℓ′ + −1 then the cross edge connects vertices with different colors.
• If ℓ = ℓ′ then the cross edge closes an odd-length cycle contradicting the assumption.
• Thus, all the edges connect vertices with different colors.
Proof: 3 ⇒ 1
• Let A be all the vertices with color 1 and let B be all the vertices with color 2.
• By the definition of coloring, any edge connects a vertex from A with a vertex from B.
• Therefore, the graph is bipartite.

5. Conclusions
The main motive of this paper is to present the new Graph Coloring Algorithm with its space and time
complexity, this algorithm can be applied to so many applications based on Graph coloring.
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