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Abstract 

 
Major airports are suffering from congestion problems. Air traffic demand has been increasing rapidly while airport 
and sector capacities have been stagnating, causing delays. These delays result in significant losses, depending on fuel 
cost, maintenance, and the service-hour costs for fleet and crew. To optimally control the flow of air traffic, we develop 
a model that considers different management policies: rerouting, air and ground holding, and cancellation. We use a 
nonlinear cost function that depends on the delay duration and the aircraft’s type. This model also tries to assign delays 
between flights fairly. Our numerical experiments reveal that modeling delay costs as a function of the delay duration 
and aircraft model type help exploring a more extensive set of strategies and avoid possible flight rerouting. It also 
reduces the total delay cost in most cases compared to the fixed delay cost case. Our results revealed that with the 
consideration of aircraft model type, more delays are assigned to small aircraft, and fewer delays are assigned to heavy 
aircraft delay. 
 
Keywords 
Delay cost, Network optimization, Flow management, Ground holding, and Speed control. 
 
1. Introduction 
 
One of the crucial challenges that the flight business is confronting since the late 19’s is congestion in air-traffic 
networks. An air traffic saturation happens when the number of planned aircraft to fly an airspace region exceeds the 
maximum quantity permitted by security limitations. This situation causes many economic consequences for different 
stakeholders.  
 
The gap between capacity and demand mainly emerges because of two reasons: increasing traffic demand and 
capacity-related factors like weather. The problem becomes worst under a poor management decision. On the one 
hand, demand growth resulting in an enormous growth of passenger volumes has been one of the primary drivers of 
this issue over the last years.  
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The demand for air transportation has increased by more than 70% in the last 20 years, according to the International 
Air Transport Association (IATA) 2020. In the United States, Atlanta Airport in Georgia is considered the busiest 
airport in the world in 2016, with more than 100 million passengers and about 900 thousand flights, (FAA,2002). 
 
These numbers represent a 2.6% increase over the 2015 report. In addition, many studies predict that the demand will 
continue to rise as the annual average growth in global air passenger journey is estimated at 3,7% and may even double 
over the next 20 years (IATA,2020). On the other hand, airspace has a restricted capacity, making it harder to conform 
to the saturated air traffic demand. All airspace around the world is divided into defined spaces called Flight 
Information Regions (FIRs). Every FIR is managed by a controlling authority responsible for ensuring the provision 
of flight information service and alerting service. These FIRs are also subdivided into small volumes that are called 
sectors. Sectors’ configuration changes over time. Some sectors can be merged into one sector during a period while 
others can be split. There is a restriction on the number of airplanes that may fly within a sector at a given time. The 
sector’s capacity depends on the number of aircraft that an air traffic controller can manage at one time, the geographic 
location, and weather conditions. FAA (2002) report, bad weather caused a 58% increase in air traffic delays from 
1995 until 2002. During the same periods, many flights were canceled due to storms and bad weather. Besides, 
predicting sector capacities and traffic delays because of the uncertain nature of weather conditions.  In this paper, we 
will study the delay problem in aviation while considering a network of airports. 
 
To relieve these issues, Air traffic Management (ATM) is currently organized on three decision levels: Strategic, 
tactical, and operational. The first level involves the scheduling of flights that will take place in a few months. The 
objective is to augment the accessible limit to cope with the projected demand. The second decision level, which 
comprises the scope of this paper, envelops measures required hours (up to one day) before the flight plan execution. 
During this stage, the traffic demand for the day is analyzed and compared to the predicted available capacity. The 
initial plan, developed during the strategic phase, is adjusted to guarantee a safe, orderly, and expeditious flow of 
traffic while minimizing the impact of the decisions. A wide variety of approaches have been developed to absorb the 
saturation effect. These works can be classified into the following categories:  

• Ground holding policies:  They focus mainly on airport congestion by assigning delays to departing flights 
and absorbing delays on the ground instead of in the air. The premise for this tool is that it is better to absorb 
delays for a flight while it is grounded at its origin airport rather than incurring air-borne delays near the 
affected destination airport, which is both unsafe and more costly (in terms of fuel costs).  

• Air delay policies: They deal with en route air space limitations. Some sectors can also have traffic congestion 
issues and become local bottlenecks. Moreover, increasing their capacities can take at least one decade 
(EUROCONTROL Performance Review Commission 2004), making these constraints persistent for the long 
run. 

• Rerouting policies: In this case, aircraft can be rerouted instead of being held on the ground or in the air, to 
reach its destination through a different flight path if its original route traversed a region that should be 
avoided for reasons like poor weather conditions and resulting sector congestions. 

• Cancellation policies: If the other strategies result in high costs, a good alternative can be to cancel some 
flights if the total cost can be reduced.  

 
Finally, the operational level consists of the decisions made during the flight plan execution. Decisions at this level 
are made by air traffic controllers and are mainly focused on fulfilling the plans developed in the previous phases and 
on avoiding collision and ensuring safe flying.   
 
Attempts to resolve the congestion problem by randomly opting for one of the strategies such as delays or alternative 
routes can result in a significant economic loss, since costs can rise to billions of euros (Commission et al., 2016; 
IATA, 2013), as well as a negative impact on the passengers’ experiences. Consequently, many researchers 
investigated the best plan to employ these approaches to reduce the congestion cost. The most realistic works on 
mathematical optimization consider a proper network of capacitated elements, en route sectors, and airports 
simultaneously combined with a large set of options, including ground holding, airborne holding, flight rerouting, and 
speed control. However, the existing models still present challenges of computational tractability. Few of them address 
equity among aircraft and airline carriers in absorbing the costs related to rerouting, delays, and cancellations. Ground 
and air delay costs depend on the volume of the aircraft, fuel consumption, maintenance, and the service-hour costs 
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for fleet and crew (EUROCONTROL,2015). The bigger the aircraft is, the higher the costs are. Besides, the delay 
costs increase nonlinearly depending on the duration time of assigned delays time. Thus, assigning three units of delay 
to a big aircraft and one to a small aircraft might be more expensive than assigning three units to the small one and 
only one unit to the bigger one. To the best of our knowledge, previous models considered fixed delay costs per flight 
and did not link delay costs with aircraft type and delay duration. 
 
The purpose of this work is to present a mathematical model that overcomes the previous limitation. The proposed 
model combines the flexibility, in terms of the range of convenient ATFM options provided by Agustín et al. (2010), 
with the powerful mathematical properties of the model in Bertsimas and Stock Patterson (1998) to solve efficiently 
such very large-sized problems. The possible options include ground delays, airborne delays, rerouting, and 
cancellation. The model optimizes for each flight, the time of departure, the route selected, the time required to traverse 
each sector, and the time of arrival at the destination airport, taking into account the capacity of all the elements of the 
air traffic management system and the type of the aircraft. The delays’ costs are defined as a nonlinear function that 
depends on the type of the aircraft and the number of assigned delay periods. Consequently, the model determines 
how to control a flight throughout its duration, not simply before its departure. The rerouting decision is taken before 
the flight departure. In order to examine the impact of aircraft type on the number of assigned delay periods, we 
compared the affected delays between flights under a fixed and variable delay cost.  
 
The paper is organized as follows. Section 2 presents the most relevant Air Traffic Flow Management works. Section 
3 presents the mathematical formulations in detail emphasizing how the rerouting option is implemented efficiently. 
Section 4 presents the experiment design and data collection. Section 5 gives the results and highlights some of the 
characteristics of the solutions obtained through the model. Section 6 summarizes conclusions, describes briefly how 
the model may be followed eventually in practice, and indicates the next research steps. 
 
2. Literature Review 
 
During the last decades, a lot of attention from academic research has been attached to ATFM problems due to their 
complexity and relevance. The ATFM problem starts as a single-airport ground holding problem where departures in 
one airport are controlled. The problem is then extended to consider multiple airports, and after that, the possibility to 
control flights’ speeds is considered in the ATFM problem. Finally, decisions on different rerouting paths in the ATFM 
is studied in the ATFM rerouting problem.   
 
Several works studied various ATFM configurations. Bertsimas and Patterson (1998) were the first to consider en 
route capacity in modeling the ATFM problem. The decision policies used in their model are ground and air delay. In 
another work, Bertsimas and Patterson (2000) proposed a dynamic model that considers multiple routes. They used a 
different formulation than the one presented in 1998’s article. They considered airports and airspace as a graph. The 
nodes of the graph represent both airports and sectors. While some of the optimization works studied a deterministic 
model where airspace capacities are known, others discussed the stochastic models. Alonso et al. (2000) studied a 
stochastic case where sector capacity is not fixed. They used a scenario tree to analyze and predict sector capacities 
during each period of the planning horizon. Sridhar et al. (2004) discussed another approach to model the stochastic 
nature of the problem. Jakobovits et al. (2007) presented a new methodology to determine the routes open to certain 
users during a time window model the VIP flights. Lulli and Odoni (2007) introduced an approach for ground rerouting 
decisions. In addition, the model proposed by Agustín et al. (2012) controls the speed variation by considering the 
minimum and the maximum travel time between every two waypoints of the route. Based on their previous work, 
Bertsimas et al. (2011) proposed a mathematical model that allows rerouting and equally distributes delays among 
flights. The rerouting decision is taken before the take-off of the flight. Clare and Richards (2012) studied the same 
problem using a different approach using the Bertsimas decision variables. J.Chen et al. (2017) presented a dynamic 
non-anticipative model for the rerouting problem under weather uncertainty. In a different context, some researchers 
tried to create systems to gather all the information from different stakeholders and build a collaborative system for 
multi-decision like the work of Bongo and Ocampo (2017). In Akgunduz and Kazerooni (2018), they used a fuel 
consumption function. The time spent traveling the sector is proportional to the speed and the distance between the 
waypoints. Another work discussing the slot exchange between flights is Murça (2018)’ s work. Hamdan et al. (2018) 
studied the impact of fairness in the ATFM with rerouting problem. They also studied the trade-off between carbon 
dioxide emissions and network costs in the ATFM problem in (Hamdan et al. 2019a; 2019b). Boujarif et al. (2021) 
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analyzed the impact of departure and arrival capacity dependency on the ATFM problem. A literature review on the 
topic until 2010 can be found in Agustín et al. (2010). 
 
Finally, other researchers developed models with nonlinear cost functions. Diao and Chen (2018) minimized the fuel 
and delay cost using abstracted airways instead of airspace sectors. Ali et al. (2012) used a specific delay cost for each 
flight and each period. Sasso et al. (2019) created a set of preferred routes for each airline. They used an additional 
cost for any deviations from the preferred trajectory. Xu et al. (2020) modeled the same function by integrating the 
fuel cost in the objective function. In another work, Xu et al. (2020) affected relative cost for each route depending on 
demand for each path.  
 
To the best of the authors’ knowledge, most ATFM models minimize delays using fixed delays’ cost. The work of Ali 
et al. (2012) is the only one that studied delays cost as a function of aircraft type. They proposed a framework algorithm 
to minimize delay and cancellation costs. However, the delay unit cost is fixed for all the delayed periods. In addition 
to that, delays’ cost as a function of number of periods assigned to a flight and its effects on the network delays were 
not studied in the literature. This paper targets to fill the gap by proposing a mathematical model with a nonlinear 
holding cost function. 
 
3. The Mathematical Model 
 
3.1 Problem definition 
We define a flight as an aircraft traveling from a departure to a destination airport. Each flight passes through 
contiguous sectors while en route to its destination. In this configuration, sectors constitute the airspace. Therefore, an 
origin-to-destination route is represented as a sequence of sectors to be flown by an aircraft. There is a restriction on 
the number of airplanes that may fly within a sector at a given time. As explained in the previous sections, this number 
depends on the number of aircraft that an air traffic controller can manage at one time, the geographic location, and 
the weather conditions. The restriction on the number of aircraft in a given sector at a given time is referred to as the 
en route sector capacity. The capacity is a predetermined value. To include rerouting into the set of options considered 
by the mathematical model, the set of sectors through which each aircraft might potentially fly has to be enlarged. In 
theory, all the airspace sectors could be used in the model to develop possible routes for a flight, but in practice, the 
set of sectors that any given flight might traverse is much smaller. Airlines usually consider only a small number of 
alternative routes (Midkiff et al., 2009). In this model a set of origin-to-destination routes is defined for each flight. It 
represents the possible routes that a flight can take to its destination. Rerouting occurs when the flight chooses a 
different route than the preferred one.  
             
3.2 Delays’ cost function 
As already explained in the previous sections, a cost related to the number of delay periods is assigned to each flight 
f according to the type of aircraft. To model this type of function, we have used a set of cost functions,  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑓𝑓):𝑇𝑇 →
𝑅𝑅, each of which is associated with a type of aircraft. These functions return the cost associated with each delay time. 
Figure 1 represents the cost functions for different aircraft types.  

 
Figure 1. Nonlinear cost function  
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We used the segmented-regression method to linearize these functions, also known as piecewise regression or broken-
stick regression. It is a method in regression analysis in which the independent variable is divided into intervals, and 
a separate line segment is fit to each interval. Its goal is to approximate a single-valued function of one variable in 
terms of a sequence of linear segments. For the function  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑓𝑓)(𝑐𝑐) defined on the interval [𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚], a piecewise 
linear approximation will be approximated by a function 𝑔𝑔(𝑐𝑐), made up of a sequence of linear segments, over the 
same interval. The function 𝑔𝑔(𝑐𝑐) has the form 𝑔𝑔(𝑐𝑐) = 𝑎𝑎𝑘𝑘 ∗ 𝑐𝑐 + 𝑏𝑏𝑘𝑘 for every t in [𝑐𝑐𝑘𝑘, 𝑐𝑐𝑘𝑘+1]. As matter of simplification, 
we refer to the nonlinear ground delay cost function as 𝑔𝑔𝑐𝑐(𝑓𝑓, 𝑐𝑐) . 𝑔𝑔𝑐𝑐(𝑓𝑓, 𝑐𝑐)  = delay cost associated to duration t for the 
flight f. Same notation is used for the air delay cost function 𝑎𝑎𝑐𝑐(𝑓𝑓, 𝑐𝑐). 
 
3.3 Mathematical formulation 
Notation: The model’s formulation requires a definition of the following notation: 

• F: set of flights, 
• T: set of time periods, 
• A: set of airports, 
• S: set of sectors, 
• 𝐷𝐷𝐷𝐷𝐷𝐷𝑎𝑎𝐷𝐷𝑐𝑐𝑓𝑓,𝑚𝑚: earliest possible departure time for flight 𝑓𝑓 from sector or airport 𝑖𝑖 
• 𝑎𝑎𝐷𝐷𝐷𝐷𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙𝑓𝑓,𝑚𝑚  : latest possible departure time for flight 𝑓𝑓 from sector or airport 𝑖𝑖 
• 𝐷𝐷𝑐𝑐𝑚𝑚,𝑡𝑡 : departure capacity of airport 𝑎𝑎 at time 𝑐𝑐, 
• 𝐴𝐴𝑐𝑐𝑚𝑚,𝑡𝑡 : arrival capacity of airport 𝑎𝑎 at time 𝑐𝑐, 
• 𝑆𝑆𝑐𝑐𝑠𝑠,𝑡𝑡 : capacity of sector 𝑐𝑐 at time 𝑐𝑐, 
• R𝑓𝑓: number of possible routes for flight 𝑓𝑓, 
• P(f,r) : path of the flight f on route r, 
• P(f,r,i): number of sector or airport in the flight f’s path on route r in step j, 
• 𝑇𝑇𝑓𝑓

𝑗𝑗  : set of feasible times for flight f to arrive to sector j, 
• 𝑇𝑇𝑓𝑓,𝑑𝑑𝑑𝑑𝑑𝑑

𝑟𝑟  : the earliest departure of flight f on route r, 
• 𝑇𝑇𝑓𝑓,𝑙𝑙𝑚𝑚𝑟𝑟𝑟𝑟

𝑟𝑟 : the latest arrival of flight f on route r, 
• 𝑇𝑇𝑓𝑓,𝑠𝑠𝑚𝑚𝑟𝑟𝑟𝑟: the scheduled arrival of flight f, 
• 𝑙𝑙𝑓𝑓𝑗𝑗 : number of time units that flight f must spend in sector j, 
• 𝐺𝐺𝐷𝐷𝑓𝑓 : ground delay of flight f, 
• 𝑇𝑇𝐷𝐷𝑓𝑓 : total delay of flight f, 
• 𝐴𝐴𝐷𝐷𝑓𝑓 : air delay of flight f, 
• 𝑔𝑔𝑐𝑐(𝑓𝑓, 𝑐𝑐) : ground delay cost of the period p of flight f, 
• 𝑎𝑎𝑐𝑐(𝑓𝑓, 𝑐𝑐) : air delay cost of the period p of flight f, 
• 𝑅𝑅𝑐𝑐 : rerouting cost, 
• 𝐶𝐶𝑐𝑐 : cancellation cost, 
• 𝑁𝑁𝑐𝑐 : number of cancelled flights, 
• 𝑁𝑁𝐷𝐷: number of rerouted flights, 
• 𝜙𝜙: fairness coefficient, 
• 𝑃𝑃𝐷𝐷: set of segmented intervals of time.  

 
The decision variables:  Our work is based on Bertsimas and Stock Patterson (1998) model. We use the same decision 
variables as that model: 

• 𝑤𝑤𝑓𝑓,𝑚𝑚,𝑡𝑡: a binary variable equals 1 if flight f arrives at sector i by time t. In other words, if 𝑤𝑤𝑓𝑓,𝑚𝑚,𝑡𝑡 = 1 for a given 
period t, then it will be equal to 1 for all the later periods.  

• 𝐴𝐴𝐷𝐷𝑓𝑓+ = max (0,𝐴𝐴𝐷𝐷𝑓𝑓): positive part of 𝐴𝐴𝐷𝐷𝑓𝑓 for a flight f. 

• 𝑆𝑆𝑔𝑔𝑓𝑓,𝑘𝑘 = �
1, 𝑖𝑖𝑓𝑓 𝑐𝑐𝑘𝑘 ≤ 𝐺𝐺𝐷𝐷𝑓𝑓 < 𝑐𝑐𝑘𝑘+1
0, 𝑐𝑐𝑐𝑐ℎ𝐷𝐷𝐷𝐷𝑤𝑤𝑖𝑖𝑐𝑐𝐷𝐷

 to detect the linear function, we will use for ground delay cost.  

• 𝑆𝑆𝑎𝑎𝑓𝑓,𝑘𝑘 = �1, 𝑖𝑖𝑓𝑓 𝑐𝑐𝑘𝑘 ≤ 𝐴𝐴𝐷𝐷𝑓𝑓+ < 𝑐𝑐𝑘𝑘+1
0, 𝑐𝑐𝑐𝑐ℎ𝐷𝐷𝐷𝐷𝑤𝑤𝑖𝑖𝑐𝑐𝐷𝐷

 to detect the linear function, we will use for air delay cost.  

Constraints:   
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� 𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑡𝑡
𝑟𝑟∈𝑅𝑅(𝑓𝑓)

≤ 1, ∀ 𝑓𝑓 ∈ F, 𝑐𝑐 ∈ T, (𝟏𝟏) 

� (𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑡𝑡−1)
𝑓𝑓∈𝐹𝐹,𝑟𝑟∈𝑅𝑅(𝑓𝑓):𝑚𝑚=𝑃𝑃(𝑓𝑓,𝑟𝑟,0)

≤ 𝐷𝐷𝑐𝑐𝑚𝑚, ∀ 𝑎𝑎 ∈ A, 𝑐𝑐 ∈ T: 𝑐𝑐 > 1, (𝟐𝟐) 

� (𝑤𝑤𝑓𝑓,−1𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,−1𝑟𝑟,𝑡𝑡−1)
𝑓𝑓∈𝐹𝐹,𝑟𝑟∈𝑅𝑅(𝑓𝑓):𝑚𝑚=𝑃𝑃(𝑓𝑓,𝑟𝑟,−1)

≤ 𝐴𝐴𝑐𝑐𝑚𝑚 , ∀ 𝑎𝑎 ∈ A,   𝑐𝑐 ∈ T: 𝑐𝑐 > 1, (𝟑𝟑) 

 � (𝑤𝑤𝑓𝑓,𝑚𝑚𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,𝑚𝑚+1𝑟𝑟,𝑡𝑡)
𝑓𝑓∈𝐹𝐹,𝑟𝑟∈𝑅𝑅(𝑓𝑓),𝑚𝑚∈𝑃𝑃(𝑓𝑓,𝑟𝑟):𝑠𝑠=𝑃𝑃(𝑓𝑓,𝑟𝑟,𝑚𝑚)

≤ 𝑆𝑆𝑐𝑐𝑠𝑠, ∀ 𝑐𝑐 ∈ S, 𝑐𝑐 ∈ T, (𝟒𝟒) 

(𝑤𝑤𝑓𝑓,𝑗𝑗𝑟𝑟,𝑡𝑡+𝑙𝑙𝑓𝑓𝑓𝑓 − 𝑤𝑤𝑓𝑓,𝑗𝑗+1𝑟𝑟,𝑡𝑡) ≤ 0, ∀ 𝑓𝑓 ∈ F,   𝐷𝐷 ∈ R𝑓𝑓 ,   𝑐𝑐 ∈ 𝑇𝑇𝑓𝑓
𝑗𝑗𝑟𝑟 ,   𝑗𝑗𝑟𝑟 = 𝑃𝑃(𝑓𝑓, 𝐷𝐷, 𝑖𝑖), (𝟓𝟓)  

(𝑤𝑤𝑓𝑓,𝑗𝑗𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,𝑗𝑗𝑟𝑟,𝑡𝑡−1) ≥ 0, ∀ 𝑓𝑓 ∈ F,   𝐷𝐷 ∈ R𝑓𝑓 ,   𝑐𝑐 ∈ 𝑇𝑇𝑓𝑓
𝑗𝑗𝑟𝑟 ,   𝑗𝑗𝑟𝑟 = 𝑃𝑃(𝑓𝑓, 𝐷𝐷, 𝑖𝑖), (𝟔𝟔) 

(𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,−1𝑟𝑟,𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟
𝑟𝑟 ) ≤ 0, ∀ 𝑓𝑓 ∈ F,   𝐷𝐷 ∈ R𝑓𝑓 ,   𝑐𝑐 ∈ 𝑇𝑇𝑓𝑓

0𝑟𝑟 , (𝟕𝟕) 
𝑤𝑤𝑓𝑓,𝑚𝑚𝑟𝑟,𝑡𝑡 = 0, ∀ 𝑓𝑓 ∈ F,   𝐷𝐷 ∈ R𝑓𝑓 ,   𝑖𝑖𝑟𝑟 ∈ 𝑃𝑃(𝑓𝑓, 𝐷𝐷),   𝑐𝑐 ∈ T ∶ 𝑐𝑐 < 𝐷𝐷𝐷𝐷𝐷𝐷𝑎𝑎𝐷𝐷𝑐𝑐𝑓𝑓,𝑚𝑚𝑟𝑟  𝑐𝑐𝐷𝐷 𝑐𝑐 > 𝑎𝑎𝐷𝐷𝐷𝐷𝑖𝑖𝑎𝑎𝑎𝑎𝑙𝑙𝑓𝑓,𝑚𝑚𝑟𝑟 .       (𝟖𝟖) 

 
Constraint (1) ensures that at most one route is chosen for each flight f. Constraints (2)-(4) are the capacity constraints 
of the system. The second constraint guarantees that the number of flights that can make their departure from the from 
airport 𝑎𝑎 at time 𝑐𝑐 will not exceed the departure capacity of airport 𝑎𝑎 at time 𝑐𝑐. The third constraint ensures that the 
number of flights that may arrive at airport 𝑎𝑎 at time 𝑐𝑐 will not exceed the arrival capacity of this airport at the same 
time. In each case, the difference will be equal to one only when the first term is one and the second term is zero and 
thus capturing the time a flight uses a given airport. Similarly, the fourth constraint makes sure that the sum of all 
flights which may feasibly be in sector 𝑖𝑖 at time 𝑐𝑐 will not exceed the capacity of this sector at time 𝑐𝑐. This difference 
gives the flights that are in sector 𝑖𝑖 at time 𝑐𝑐, since the difference will be 1 if the first term equals 1, meaning that 
flight 𝑓𝑓 has arrived in sector 𝑖𝑖 by time 𝑐𝑐 and the second term will be 0 which indicates that the flight 𝑓𝑓 has not yet left 
to the next sector by time 𝑐𝑐. Constraints (5) and (6) represent the connectivity between sectors. The fifth constraint 
dictates that a flight cannot leave sector 𝑗𝑗 if it has not spent 𝑙𝑙𝑓𝑓𝑗𝑗 in that sector and the sixth constraint represents 
connectivity in time. Thus, if a flight has arrived by time 𝑐𝑐, then 𝑤𝑤𝑓𝑓,𝑗𝑗,𝑡𝑡, must have a value of 1 for all later time periods, 
𝑐𝑐′ ≥ 𝑐𝑐. Constraint (7) guarantees that the total flight time does not exceed the maximum acceptable duration of the 
flight. Constraint (8) is used to strengthen the polyhedral structure of the underlying relaxation. 
 
Objective function: 
As is the case with most other ATFM models, the proposed model minimizes a function that is a combination of the 
holding cost, rerouting cost, and cancellation cost. Based on Bertsimas et al. (2014) work, we use in the objective 
function cost, coefficients that are a superlinear function of the tardiness of a flight to ensure a “fairly” distribution of 
delays. This function allows to assign one delay period for two different flights instead of assigning two delay for one 
flight because 2𝜙𝜙 ≥ 1𝜙𝜙 + 1𝜙𝜙. The total number of time units that a flight f is held on the ground can be expressed as 
the difference between the actual and the scheduled departure time, i.e. 

𝐺𝐺𝐷𝐷𝑓𝑓 = � �𝑐𝑐 − 𝑇𝑇𝑓𝑓,𝑑𝑑𝑑𝑑𝑑𝑑
𝑟𝑟 �1+𝜙𝜙�𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑡𝑡−1�,

𝑟𝑟∈R𝑓𝑓,
 𝑡𝑡 ∈[𝑇𝑇𝑓𝑓,𝑑𝑑𝑑𝑑𝑑𝑑

𝑟𝑟 :𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟
𝑟𝑟 ] 

         ∀ 𝑓𝑓 ∈ F.   (𝟗𝟗) 

The total number of periods a flight is held in the air can be expressed as the positive part of the difference between 
the ground delay and total delay i.e., 

𝐴𝐴𝐷𝐷𝑓𝑓 = ma x�0, TDf − 𝐺𝐺𝐷𝐷𝑓𝑓� , ∀𝑓𝑓 ∈ F.  (𝟏𝟏𝟏𝟏)  
The latter can be expressed as the actual arrival time minus the scheduled arrival. 

𝑇𝑇𝐷𝐷𝑓𝑓 = � �𝑐𝑐 − 𝑇𝑇𝑓𝑓,𝑠𝑠𝑚𝑚𝑟𝑟𝑟𝑟
𝑟𝑟 �1+𝜙𝜙�𝑤𝑤𝑓𝑓,−1𝑟𝑟,𝑡𝑡 − 𝑤𝑤𝑓𝑓,−1𝑟𝑟,𝑡𝑡−1�

𝑟𝑟∈R𝑓𝑓,

 𝑡𝑡 ∈�𝑇𝑇𝑓𝑓,𝑠𝑠𝑙𝑙𝑟𝑟𝑟𝑟
𝑟𝑟 :𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟

𝑟𝑟 �

, ∀ 𝑓𝑓 ∈ F.      (𝟏𝟏𝟏𝟏) 

The term  𝑇𝑇𝐷𝐷𝑓𝑓 − 𝐺𝐺𝐷𝐷𝑓𝑓 might be negative if the flight arrives at time because it took the fastest route. Therefore, the 
delays cost can be expressed as: 

Ground delay cost:  
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 𝐺𝐺𝐶𝐶𝑓𝑓 = � 𝑆𝑆𝑔𝑔𝑓𝑓,𝑑𝑑 ∗ �𝑎𝑎𝑔𝑔(𝑓𝑓, 𝐷𝐷) ∗ 𝐺𝐺𝐷𝐷𝑓𝑓 + bg,f,p�
𝑟𝑟∈R𝑓𝑓,

 𝑡𝑡 ∈�𝑇𝑇𝑓𝑓,𝑑𝑑𝑑𝑑𝑑𝑑
𝑟𝑟 :𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟

𝑟𝑟 �
,𝑑𝑑∈𝑃𝑃𝑟𝑟 

, ∀ 𝑓𝑓 ∈ F,    (𝟏𝟏𝟐𝟐)  

Air delay cost:  𝐴𝐴𝐶𝐶𝑓𝑓 = ∑ 𝑆𝑆𝑓𝑓,𝑑𝑑 ∗ �𝑎𝑎𝑚𝑚(𝑓𝑓, 𝐷𝐷) ∗ 𝐴𝐴𝐷𝐷𝑓𝑓+ + b𝑚𝑚,f,p� 𝑑𝑑∈𝑃𝑃𝑟𝑟 , ∀ 𝑓𝑓 ∈ F,          (𝟏𝟏𝟑𝟑) 
𝑁𝑁𝑐𝑐 = �(1 − � 𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟

𝑟𝑟

𝑟𝑟∈R𝑓𝑓

)
𝑓𝑓∈F

,                        (𝟏𝟏𝟒𝟒) 

𝑁𝑁𝐷𝐷 = � (1 −  𝑤𝑤𝑓𝑓,0𝑟𝑟𝑠𝑠 ,𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟
𝑟𝑟𝑠𝑠 )

𝑓𝑓∈𝐹𝐹
𝑟𝑟∈R𝑓𝑓:𝑟𝑟=𝑟𝑟𝑠𝑠 

,                    (𝟏𝟏𝟓𝟓) 

∀ 𝑓𝑓 ∈ F � 𝑆𝑆𝑎𝑎𝑓𝑓,𝑑𝑑
 𝑑𝑑∈𝑃𝑃𝑟𝑟 

= 1,                                            (𝟏𝟏𝟔𝟔) 

∀ 𝑓𝑓 ∈ F � 𝑆𝑆𝑔𝑔𝑓𝑓,𝑑𝑑
 𝑑𝑑∈𝑃𝑃𝑟𝑟 

= 1.                                            (𝟏𝟏𝟕𝟕) 

 
The first part in Equation (12), 𝑆𝑆𝑔𝑔𝑓𝑓,𝑑𝑑 ∗ (𝑎𝑎𝑔𝑔(𝑓𝑓, 𝐷𝐷) ∗ 𝐺𝐺𝐷𝐷𝑓𝑓 + bg,f,p), represents the linear approximation of the ground 
delay cost function. Equations (14) and (15) compute the number of cancelled and rerouted flights. The term 
∑ 𝑤𝑤𝑓𝑓,0𝑟𝑟,𝑇𝑇𝑓𝑓,𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟

𝑟𝑟𝑟𝑟∈𝑅𝑅(𝑓𝑓)  is equal to 1 if the flight is not cancelled and 0 otherwise. The last two constraints are used to 
choose one linear function. To summarize, the objective function is composed of four terms, the first and second terms 
represent the total cancellation penalty and rerouting cost, and the last terms represent the delay cost. 

𝑀𝑀𝑖𝑖𝑀𝑀 𝑅𝑅𝑐𝑐 × 𝑁𝑁𝐷𝐷 + 𝐶𝐶𝑐𝑐 × 𝑁𝑁𝑐𝑐 + �(𝐺𝐺𝐶𝐶𝑓𝑓
𝑓𝑓∈𝐹𝐹

+ 𝐴𝐴𝐶𝐶𝑓𝑓), (𝟏𝟏𝟖𝟖) 

4. Experiments Design 
 
We utilized numerical data to test our model. The numerical experiment design algorithm is created using MATLAB 
software. It generates a grid network, where the equally sized rectangles represent the airspace sectors. Airports are 
randomly distributed in the grid randomly, such that no two airports appear in the same grid or the two adjacent grids. 
Some of these airports are labeled as major airports, where the majority of flights take off and land. Flights are 
randomly assigned an origin and destination airports while respecting the number of flights that should take off from 
and land at major airports. The planning horizon is divided into three-time phases: morning, afternoon, and evening. 
Each time phase has a percentage of flights scheduled to depart. The user fixes as an input the number of grids and 
their sizes, the number of airports, the number of flights, the percentage of major airports, the percentage of flights 
assigned to the major airports, the portion of flights in each time phase, and the duration of each period in the planning 
horizon.  
 
Scheduled routes are the shortest straight line connecting the departure and the arrival airports. Alternative routes are 
generated by using an adjacent sector to the origin airport (other than the one that appears in the straight-line path).  
Then from this adjacent sector, a straight-line path is considered. Note that to ensure variety, the adjacent sector is 
chosen randomly. In addition, this deviation in the path can occur at the arrival airport rather than the origin airport. 
In other words, a flight uses a straight path from the origin airport up to one sector before the arrival airport and then 
deviates to the next adjacent sector and enters the airspace of the arrival airport. This condition allows the possibility 
of distributing traffic load at the maneuvering area near airports. Figure 2 gives examples of alternative paths. 

 
Figure 2. Alternative paths examples  
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5. Results and Discussion 
 
Here we report the results of the computational experience obtained while optimizing the model presented in the 
previous section. It has been implemented in a Julia code which produces the ipynb file format to be optimized by 
CPLEX v12.0 optimization engine. The computations were carried out on a computer equipped with an Intel Core i7 
processor and 8 GB of RAM. 
 
5.1 Results  
 
We performed multiple sets of experiments (11 experiments) for 500 flights, 1000 flights, and 1500 flights over a 24-
hour planning horizon. The airspace network is composed of 12 airports and 50 sectors. We considered a discrete-
time interval of 15 minutes. Table 1 summarizes the computational time for each set of experiments. We refer to the 
case where we used fixed delays costs as Model A and the one under non-linear cost’s function as Model B. The 
computational time increased when we considered cost as a non-linear function due to the additional constraint and 
decision variables used to linearize these functions.  

Table 1. Computational time 
Instance’s size Model A Model B 
500 (flights) 1 min – 2 min 4 min 
1000 (flights) 4 min – 5 min 8 min – 12 min 
1500 (flights) 5 min – 8 min 15 min – 20 min 

 
The following table (Table 2) presents some results obtained using fixed costs (FC) using model A and nonlinear cost 
(NC) using model B for different instances. The second and the fourth column represent the total ground and air delays 
periods assigned to all the flights. Max GD and Max AD represent the maximum ground delay and air delay periods 
assigned to one flight. Nrerouted and Ncancelled represent the number of rerouted and cancelled flights. The last 
column represents the total cost for the plan.  
 

Table 2. The impact of using delay cost as function of the time 
Instances Total GD Max GD Total AD Max AD Nrerouted Ncancelled Total Cost 

FC NC FC NC FC NC FC NC FC NC FC NC FC NC 
1 (500 f) 0 1 0 1 0 0 0 0 1 0 0 0 € 700 € 443 
2 (500 f) 0 1 0 1 0 0 0 0 1 0 0 0 € 700 € 594 
3 (500 f) 5 7 1 1 0 0 0 0 8 6 0 0 € 12.350 € 8.306 
4 (500 f) 3 4 1 1 0 0 0 0 1 0 0 0 € 4.750 € 2.184 
5 (1000 f) 35 46 1 3 2 1 2 1 13 5 0 0 € 60.733 € 40.089 
6 (1000 f) 18 23 1 1 0 0 0 0 14 9 0 0 € 34.100 € 20.230 
7 (1000 f) 26 26 6 5 1 2 1 1 4 5 0 0 € 37.303 € 42.980 
8 (1000 f) 36 39 2 3 0 2 0 1 19 16 0 0 € 61.911 € 42.259 
9 (1500 f) 87 101 2 3 1 1 1 1 44 38 0 0 € 150.451 € 99.466 
10 (1500f) 109 125 3 3 0 2 0 1 31 27 0 0 € 168.875 € 109.812 
11 (1500f) 409 447 9 3 4 16 1 1 68 71 0 0 € 608.976 € 479.968 

 
In general, the total scheduling cost under fixed delays costs is greater than the one under nonlinear function cost. 
Considering costs as a function may avoid, in some instances rerouting some flights by delaying a small aircraft. It is 
the case of the first and the second experiment. In Instance N°5, the model assigned more ground delays to the flights 
while considering nonlinear cost function (11 periods) to reduce the number of rerouted flights. Figure 3 represents 
cost distribution among different policies used for Instance 8. As we can see, the total cost is reduced by 32% when 
we used nonlinear costs. Besides, en route delay has been assigned to two flights under variable costs.  
 

Proceedings of the International Conference on Industrial Engineering and Operations Management 
Rome, Italy, August 2-5, 2021

© IEOM Society International 1160



 
Figure 3. Cost distribution 

 
However, when all flights use the same aircraft type, different results are obtained. Specially, when all flights use big 
aircrafts. For example, in instance 7, we notice that the total cost increases when we use variable cost functions. We 
also notice that ground delay has reduced in this case comparing with the fixed cost case, where the maximum delay 
was 6 periods per flights. It appears that when using a more realistic cost function that takes into consideration the 
characteristics of the aircraft mode, we can see that the outcome incorporates more strategies, for example rerouting 
is used five times instead of four and ground delay is more dispersed between the different flights which assures more 
fairness between the different airlines. 
 
5.2 Discussion  
 
Considering delay costs as a function that depends on the duration of assigned delay may help explore different 
strategies and reducing the total cost by assigning delays to the small aircraft. It may also avoid rerouting some flights. 
In addition, it may help fairly distribute delays among different flights. However, when flights have the same aircraft 
type, using delays cost as a function may increase the total cost. To avoid this problem, an adequate choice of the 
function cost is necessary. Thus, more research is needed in this field. 
 
In addition, in order to optimize the computational performance of our model, it would be better to use the total cost 
as a function of the ground holding cost, as proposed by Bertsimas et al. (2014). Nevertheless, determining the ratio 
α between ground delay cost and total delay cost, mentioned in Bertsimas’ work, a large amount of data is needed to 
compute the optimum value of α. 
 
6. Conclusion  
 
This paper presented the air traffic flow management problem, where delay costs are calculated as a function of the 
aircraft type and the delay duration. Our model considered all the capacitated elements in the system (arrival, 
departure, and sector capacity) and included several possible policies of managing flows, which are rerouting, air 
holding, ground holding, and cancellation. The model fairly assigned delays between flights through the slight super-
linear coefficient. We also presented the impact of considering the cost functions as a nonlinear one that depends on 
the number of delayed periods assigned and the aircraft type. This approach helps explore a larger set of strategies and 
avoid possible flight rerouting because of its higher cost. It also reduces the total delay cost in most cases. However, 
we only used the ground rerouting strategy. This strategy means that the decision of rerouting a flight is made on the 
ground before the airplane takes off. The problem is, in reality, changes in the weather are unpredictable and they 
impact the capacity of the sectors on a live-time basis which makes the problem a stochastic one. Thus, an adequate 
solution to solve this problem is to decide on the route each time new data about the weather and consequently the 
sectors are obtained. Besides, more research is needed to construct the delays cost functions based on historical data 
and other parameters. One extension to this work can be the consideration of runway sequencing in the air traffic flow 
management problem. Another future research direction is to consider the dynamic airspace nature when optimizing 
flows. 
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