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Abstract

Machines can become unavailable during the planning horizon due to unexpected breakdowns. Such periods of
unavailability should be properly taken into account when designing the production schedule. This paper proposes an
optimal solution to unrelated parallel machine scheduling problems with availability constraints based on timed Petri
nets (TPNs) to minimize the maximum completion time of jobs. For this NP-hard problem, a new hybrid Petri net and
tabu search (PNTS) approach is proposed to find an optimal solution for this problem. A numerical example is used
to assess the performance of the proposed PNTS. The computational results highlight the ability of the proposed PNTS
to obtain optimal solutions for this problem.
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1. Introduction

Scheduling has a paramount role in production management. It dictates what will be done and chooses what resources
that can be used (Cardon et al. 2000). The production scheduling can be challenging issue at the operational
management level to get a schedule that maximizes the criterion. Many scheduling issues exist in modern
manufacturing environments. There are several different types of shops in the factory, depending on job flow and the
machine design (Moon et al. 2002). Machines, which processes orders on a job sequencing basis, can be categorized
as a "flow shop". In a job shop, jobs can be done randomly on the machines in any order and there are no restrictions
on machine order enforced. Machine scheduling is one of the most widely researched fields in the literature on
operations, and it covers a wide range of issues (Muter 2020). The issue discussed in this paper is that independent
jobs should be scheduled on unrelated parallel machines under availability constraint to minimize the maximum
completion time (makespan) of jobs. There are n separate jobs, each with its own processing time, and can be processed
on any m parallel machine that is non-identical. There are (n!)m possible schedules choices (Moon et al. 2002).
Therefore, the scheduling problem is more difficult to be solved via dispatching rules (shortest processing time (SPT),
longest processing time (LPT), ...etc), and these are called non-deterministic polynomial-time (NP)-hard problems
(Sethi 1977, Lenstra and Rinnooy Kan 1978). Several studies are proposed to solve unrelated parallel machine
scheduling problems.. (Joo et al. 2012) proposed two metaheuristics, these are a GA and a new evolutionary meta-
heuristic population-based algorithm—self-evolution—to assess job allocation and unrelated parallel-machine
scheduling for makespan minimization. The performance of the meta-heuristic algorithms are assessed using
generated examples and the results are compared with optimal solutions. (Fleszar et al. 2012) hybridized mathematical
programming elements with a variable neighborhood descent search approach for unrelated parallel machines
scheduling problem for makespan minimization. (Joo et al. 2015) hybridized dispatching rules with a GA for unrelated
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parallel machines scheduling problem under machine-dependent processing times and sequence and machine-
dependent setup times for makespan minimization. (Geyik and Elibal 2017) proposed a fuzzy linguistic method for
examining the learning effect on the job scheduling in unrelated parallel-machine with uncertain processing times.
(Arroyo et al. 2017) developed a mixed-integer programming model, lower bound, and heuristics based on first- and
best-fit earliest job-ready time rules for scheduling non-identical job sizes and unequal ready times in unrelated
parallel-batch processing machines for makespan minimization. (Tan et al. 2019) integrated a greedy strategy and GA
for green non-identical job sizes scheduling in unrelated parallel machines to minimize total electricity costs of
production. Petri nets (PNs) are interesting and useful graphical and mathematical tool to assist in modeling, analysis,
control, and scheduling of manufacturing systems (Kaid et al. 2020a, Kaid et al. 2020c, Kaid et al. 2020b). The study
of (van der Aalst 1996) presented an approach based on timed Petri net to model scheduling problems. The way for
conversion scheduling problems to timed Petri nets is developed. The approach demonstrates that the formalism of
the Petri net can be used for modeling jobs, machines, and constraints. By converting a scheduling problem to timed
Petri nets we can examine the scheduling problem using Petri net theory. This approach can therefore use Petri net-
based analytical methods to find contradictory precedents, define lower and upper limits for minimal makespan, etc.
A scheduling problem of large sized flexible manufacturing system (FMS) under availability constraints is considered
in the work of (Kammoun et al. 2017). A mathematical model based on timed Petri nets is proposed for optimizing
solutions. Based on the decomposed TPN property, the mathematical model solves the scheduling problem.
Furthermore, a GA is proposed to find efficient solutions for big scheduling problems. (Rezig et al. 2020) develops a
scheduling model with production and maintenance constraints for a discrete event system based on Petri nets. The
study demonstrated the performance of the mathematical model, an implementation example of the approach such as
hospital bed management. It is known that parallel machines scheduling problems with continuous availability of
machines are NP-hard. With availability constraints, unrelated parallel machine scheduling problems are NP-hard for
the maximum completion time (makespan) objective (Lee 1996, Sevindik 2006, Al-Harkan and Qamhan 2019).
Although scheduling problems under machine availability constraints have become very popular for the last decade,
there is still very limited literature on this problem. Therefore, this paper aims to propose a new hybrid Petri net and
tabu search approach is proposed to optimize the unrelated parallel machines scheduling problem under availability
constraint to minimize makespan. The rest of the paper is organized as follows. Section 2 presents basics of timed
Petri nets, the synthesis of unrelated machines based on Petri nets, and scheduling problem. Sections 3 displays the
proposed approach. Numerical example is presented in Section 4. Finally, Section 5 presents conclusions and future
work.

2. Preliminaries
2.1 Basics of Timed Petri Nets
Definition 1: Let N = (P, T, F, W, K, D, M,) be a finite-capacity timed Petri net, where
1. P={p” U P, U Pp, where p’is a process idle place, P, is a finite non-empty set of operation places,
>0, and Pris a finite non-empty set of resource places in the system;
2. T={tyt, ..., to},0>0,is a finite set of transitions with PN T'=@ and PU T # @;
3. FCS(PxT)U(TxP)issaid to be an input and output function of N that connecting places and transitions;
4. W:(P xT)U (T x P) — IN is a mapping function that adds weight for all arcs, where IN = {0, 1, 2, ...}
is the set of nonnegative integers;
5. K: P —IN is a capacity function that adds the maximal number of tokens to each place K(p);
6. D:T—TSis a firing delay function that adds to each transition 7 the firing delay D(?), where TS is the
time set, TS > 0;
7. M,: P— IN is an initial marking function that assigns the number of tokens to each place p; € P. M, =
(My(p1), Mo(p2), . . ., My(p0))T, 8> 0. M(p;) is the number of tokens in p at a marking M.
Definition 2: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,) and nodes p,t € P U T are a place and a
transition in N, respectively. The preset of p (¢) is the set of all input transitions (places) of p (¢), i.e., p={t € T| (¢, p)
EF} (t={p€P|(p,t) €EF}). The postset of p (¢) is the set of all output transitions (places) of p (¢),i.e.,p"={t € T|
(. EF} (= {pEP|(t,p) € F}).
Definition 3: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). N is called an ordinary net if p € P, ¢
ET,V(p,)EF,and W(p,t)=1,i=1,2,...,0,and j=1,2, ..., 0.
Definition 4: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). N is called a weighted net if 3p € P,
AteT,(p, t) €F,and W(p, )> 1.
Definition 5: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). N is called acceptably marked if (1)
Myp")=>1,2 M, (p) =0,Vp €P4,and (3) M, (p) =0, Vp € Px.
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Definition 6: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). N called a self-loop if for all p, t € P
U T; W(p, t) > 0 implies that W(¢, p)> 0.
Definition 7: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). N is called self-loop free if for all p, ¢
€ PU T; W(p, t) > 0 implies that W (¢, p) =0.
Definition 8: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). A transition ¢ € T is called enabled at
marking M if

M(p)=Wp, ), VpeE P,and VpE 't )
and

K(p) > M(p)- W(p, t)y+ W(t, p), VpE P,and VpE ¢ 2)
Definition 9: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). The marking M’ resulting from the
firing of an enabled transition # at marking M is defined by M[t)M’ and can be updated from M to M’ as follows:

M@p)+W(pi, t) ifpi €\t
Vo M(p)-W(1, pi) ifpi €47\
L VS T ifpe 10 3)
M(p:) otherwise

Definition 10: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). The set of reachable markings from
M is denoted by R(N, M), which is expressed by vertices and arcs; vertices represent markings that are marked with
M and arcs represent firing of transitions that are marked with #. If # fires, then there is an arc from marking M; to
marking M; and M, is reached.

Definition 11: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). [N] is called the incidence matrix of
net N, where [V] defined as |P|x|T] integer matrix with [N](p, £) = W(t, p) — W(p, ). [N](p,.) denotes the row of [ V] that
related to the place p and [N](., f) denotes the column of [V] that related to the transition ¢.

Definition 12: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). At a marking M, if there exists a firing
sequence of transitions J = ¢, , £ ... fo that generates a marking M’, then a marking M’ is called reachable from M,
denoted as M[6)M' and satisfying the state equation M’ = M + [N] 5 , where 5: T— INiscalled a firing count vector
that maps # in 7 to the number of occurrences of ¢ in d.

Definition 13: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). A place p in N is called ¢ —bounded
if there exists ¢ € IN, VM € R(N,M), Vp; € P, M (p;))< q. (N, M,) is called g —bounded if Vp; € P is ¢ —bounded.
Definition 14: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). N is called safe net system if VM €
R(N,My),Vp; € P,M (p;) < 1.

Definition 15: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). A marking M, is called reversible if
for each marking M' € R(N, M,), M, is reachable from M".

Consider the example of two unrelated parallel machines presented in Figure 1. The system has two unrelated
machines M1 and M2. One job can be processed at a time by each machine. In addition, three jobs are considered to
be processed in the system. Figure 2 presents the Petri net model of the two unrelated parallel machines example. It
has five places and four transitions. The following sets of places can be used: P’ = { p1, ps}, Pr = {p4, ps}, and P4=
{p2, p3}. The initial marking is M, = (3, 0, 0, 1, 1)T. The firing delay of jobs (job type (M1, M2) unit time) are job 1
(5, 8),job 2 (9, 8), and job 3 (5, 7). The tokens in place p; denote three jobs that need to be produced by one of the
two machines. At times 0, all jobs are available and the two machines are free and able to process any job. Let us
assume that the machine 1 processes a job 1, i.e. transition #; (M1 start) fires at time 0 and takes a job 1 from p; and
transfers it into p, (M1 busy). Thus, place p, (M1 free) is empty and p, (M1 busy) has a token. The second machine
processes job 2, i.e. transition #, (M2 start) fires at time 0 and takes a job 2 from p; and transfers it into p3 (M2 busy).
As aresult, place ps (M2 free) is empty and p3; (M2 busy) has a token. In this case, transitions #; (M1 start) and ¢z, (M2
start) are not enabled since both machines are busy. At time 5 transition ¢3 (M1 finish) fires, followed by the firing of
transition #; (M1 start) at time 5. At time 8 ¢, (M2 finish) fires, followed by the firing of transition #; (M1 finish) at
time 10. Therefore, the completion time of these jobs are 5, 8 and 10.
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Machine 1
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= (I8 3

Input area Output area

Machine 2
Figure 1. Example of two unrelated parallel machines.

M1 free

M2 start M2 finish
M2 busy

Figure 2. Petri net model of a system presented in Figure 1.

2.2 Unrelated Machines Based on Petri Nets
This section presents the modeling approach for recovery subnets to model all the preventive maintenance (PM)
actions in unrelated machines.

Definition 16: Let (N, M,) be a timed Petrinet with N = (P, T, F, W, K, D, M,). Let r, € Pg be an unreliable resource
(unreliable unrelated machine). A recovery preventive maintenance subnet of 7, is a Petri net with Ny = (¢{pi, prusits
{ tgi, tei }, Fru), where Fpu = {( i ts), (ti, prmi), (PPuis tei), (te;, pi )}, and a preventive maintenance action can be
done on an unrelated machine r, if it is in a busy state (its holders), p; € H(r.,), where H(r,) is a non-empty set of holders
of r,, expressed by H(r,) = {p\p € P4, p € “ru N Ps# B}. (Npmi, Mpusio) is called a marked recovery preventive
maintenance subnet, where Mpysio(p;) > 0 and Mpasio(pras) = 0.

In Definition 16, ppys; represents the recovery preventive maintenance place of p;, fs; represents the beginning time of
PM period on machine and #z represents the ending time of PM period on machine.

Definition 17: Let (N, M,) be a timed Petri net with N = (P, T, F, W, K, D, M,). For all r, € Pg, adding a preventive
maintenance subnet for each p; € H(r,) results in an unreliable timed Petri net, expressed by (Nu, Mu,) = (N, M,) |l
(Npasi, Mpuio) that is the composition of (N, M,) and (Npeyi, Mpasio).

Definition 18: Let (Ny, My,) be an unreliable timed Petri net with Ny = (Py, Tu, Fu, Wy, Ku, Du, Mw,), and R(Ny,

Muy,) be its reachable graph, where Py=P U Ppy, Ty=T U TpVU Tg, and Fy= F U Fpy. Ppu, Tp, and T represent the
sets of the recovery preventive maintenance places, time to PM action transitions, and time of performing PM
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transitions, respectively. Here, Ppy = U,-eNA{ple-}, Tp = U,'ENA{IB,'}, T = UiENA{tEi}, NA = {i‘pie H(Vu)}, Fpy © (TE X
PPM) V] (PPMX TB), Fy & (PUX Tu) U (TUXPu), Wy e (PU X Tu) V] (TU XPu)%lN,KUgPU%lN,Dug Tu—>TS,
and My, is an initial marking of Ny.

To illustrate the recovery preventive maintenance subnet of unreliable unrelated machines, consider a timed Petri net
model presented in Figure 2, we have two unreliable unrelated machines which are p, and ps, H(p4) = {p>}, and H(ps)
= {p3}. Adding recovery preventive maintenance subnets for ps and ps by Definition 16 results in an unreliable timed
Petri net, as shown in Figure 3. NA = {2, 3}, Ppy = {prumz, pemsz}, Ts = {ts1, tsa}, and Tk = {tg;, te2}. When an unreliable
resource py needs preventive maintenance in p», then the token in p, moves into ppy2 by firing 5, at time of PM action
on machine 1. If ¢, fires, it takes a token from p; and deposits it into place ppar. If the mean time of performing a PM
on machine 1 is elapsed, the token in ppy> moves into p; by firing #z;. If transition g fires, it takes one token from
pryzand deposits them into p», denoting that a resource recovery preventive maintenance is finished. In addition, if an
unreliable resource ps needs preventive maintenance in p3, then the token in p3 moves into ppys by firing #z3 at time of
PM action on machine 2 If #3; fires, it takes a token from p; and deposits it into place ppus. If the mean time of
performing a PM on machine 2 is elapsed, the token in ppyz moves into p; by firing z,. If transition ¢z fires, it takes
one token from ppy3 and deposits them into p;3, denoting that a resource recovery preventive maintenance is finished.

Figure 3. Recovery preventive maintenance model of unreliable unrelated parallel machines.

2.3 Scheduling Problem Based on Petri Nets
Scheduling involves allocating resources to tasks over time. Some researchers use 'machines' or 'processors' to refer
to resources and tasks are also named ‘steps of a job’ or ‘operations’ in a standard production environment. Unreliable
unrelated parallel machines scheduling is defined as assigning jobs to machines. The execution of a job needs one
machine, i.e. a job is processed by a machine. In addition, a number of machines may be able to process a certain job.
The aim of the scheduling is to find the sequence and processing times for machine jobs to optimize a performance
criterion.
Definition 19: Let SP = (J, M, PT, GN, AS) be a scheduling problem of unreliable unrelated parallel machines,
where
1. J={,J, ..., u}, n >0, is a finite non-empty set of jobs;
2. M ={my;, my, ...,my}, m>0,is a finite non-empty set of unrelated machines;
3. PT: (Jx M) —TS is a function that defines for each job:
a. The unrelated machines sets capable of processing job J;, denoted as {m; € M, J; € J | (Jj, mi) € PT},
=12, ...,nandi=1,2, ..., m;
b. The required processing time to process job j by a certain unrelated machine i, denoted as PT (Jj, mi).
4. GN denotes the Graham scheduling notation and represented by a | f | y, where « is the environment of the
machine, f is job characteristics and constraints, and y is the objective function;
5. ASis a set of assumptions about the structure of an unrelated machines scheduling problem.
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Definition 20: Let SP = (J, M, PT, GN, AS, S) be a scheduling problem of unrelated machines, where S ={s;, s>,
., Sk} 1s a set of schedules in the scheduling problem and s, can be represented by a function S: J — (M x TS). Let
Jjis a job and (m;, st;) € S, then J; is processed by machine m; starting at time st. Let ¢; is the completion time of job J;
and m;;; is the machine that is used to process job J;.
Definition 21: Let SP = (J, M, PT, GN, A4S, S) be a scheduling problem of unreliable unrelated machines. A schedule s;
€ Sis feasible if
1. Each machine cannot be used simultaneously to process multiple jobs: Vj,k € J, (m;j N\ mix# @)= (¢; < st V
Cr < 8tj);
2. At most one machine processes each job;
Each job is processed in time interval (0 ,+0);
4. If precedence constraints exist for some jobs, , then the precedence are obeyed, i.e., job j has to be processed
before job k: ¢; < st;
5. All jobs are finished;
6. If jobs are non-preemptable, then no job is preempted.
7. If the machine constraints exist, they have to be satisfied,;
Definition 22: Let SP = (J, M, PT, GN, AS, S) be a scheduling problem of unreliable unrelated machines. In any
schedule s; € S, let ¢y, c»,..., ¢, be the completion times of jobs. A schedule is called optimal if the optimality criterion
value for the maximum completion time (Ciq) is optimal and defined as follows:

Cinax = 153’1232 {Cj} “4)

To convert unreliable unrelated machines scheduling problem onto timed Petri nets, we have to convert terms such
as jobs and machines onto places and transitions. Figure 4 presents how to model jobs in terms of an unreliable
unrelated machines model.

Assume that a set of n jobs J1, J>, ..., J, has to be processed by a set of m unrelated machines m,, m, ..., m,. Each
jobs has three stages: (1) Job j is waiting to be processed, denoted by sp;, (2) Job j is being processed, denoted as p;)
and (3) Job j has been processed, denoted by common place cp. Thus, two significant milestones are identified: start
and job j completion time, which are transitions st;; and ¢, respectively. Moreover, each unrelated machine, which
can be used to process a job j is modelled by a place m;. Initially, m; includes one token. Transition st;,; needs the
unrelated machine if the execution of job j begins, transition ¢ releases the unrelated machine if job j finishes.

Definition 23: Let SP = (J, M, PT, GN, AS, S) be a scheduling problem of unreliable unrelated parallel machines.
Let Ns = (Ps, Ts, Fs, Ws, Ks, Ds, Ms,) be the corresponding timed Petri net of the SP if

L. Ps={pg| () € PT} U {cpj|; € J3U{mi|: € M} U Pry U {sp};
Ts = {St(/,,)| (/,) € PT} U {C(j_i)| (/,) € PT}U Tr U Tp;
Fs S (Ps*x Ts) U (Ts * Ps);
Ws € (Ps x Ts) U (Ts x Ps) — IN;
Ks € (PSX Ts) U (TS>< Ps) — IN;
D(stgy) = PT) and Ds(cgiy) = 0;
Ms, is an initial marking of Ns.

W

Nk wbd

3. Tabu Search Algorithm

Tabu search is a popular metaheuristic search approach using local search techniques for optimization problems (Glover
1989). Tabu search is carried out using a neighborhood or local search mechanism to iteratively move from one feasible
solution A to an improved solution B in the neighborhood of A until a stop condition is satisfied. In order to prevent
solutions previously visited, tabu search uses memory named tabu list to store results about the search process. The tabu
list is updated in each TS iteration. The risk of rejecting solutions, which have not yet been created may occur due to the
restrictions in the tabu list. Tabu results are then tested for such parameters, which are known as aspiration criteria. If the
tabu value is better than the best objective value found earlier, the tabu will accept the solution and delete its move from
the tabu list.

TS has many factors or parameters, which must be tuned before its searching starts. Initial solution, the next element, the
tabu list, the aspiration condition, and the stopping condition are main stopping of the TS. In this study, the initial solution
for TS has been set by the dispatching rule longest processing time (LPT) policy, which sequences tasks or jobs in a
descending order of processing time. In addition, to generate new candidate solutions for TS algorithm, we used the
pairwise interchange operator. According to preliminary experiments, the number of candidates generated was 50. The
size of the tabu list is set to ten elements and the first-in-first-out (FIFO) technique is used to update the tabu list based
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on the same preliminary experiments. As previously reported, the aspiration criteria were applied (when a move leads to
a better solution than the previously found best solution value). Finally, the stopping criteria is then defined such that
computational times (in seconds) are similar in each algorithm or if the lower bound is reached. The general TS algorithm
can be constructed as follows if a minimization problem occurs (Kaid et al. 2015, Alharkan et al. 2020):

Figure 4. Unreliable unrelated parallel machines scheduling model based on timed Petri nets.

_Algorithm 1: Construction of PNTS algorithm.
Input: unreliable unrelated parallel machines problem SP = (J, M, PT, GN, A4S, S) and corresponding timed Petri
net of the SP Ny = (Ps, Ts, Fs, Ws, Ks, Ds, Ms,,)
Initialization: Let s to be the initial solution obtained by timed Petri net, let the best solution is to be sy, S = S
set the tabu list, medium-term and long-term memories.
Step 1: while No. of iterations < maximum iterations do
Create a set “K” of solutions;
Compute K solutions by timed Petri net;
Find best neighbor s’ of K
s=s';
Update aspiration conditions and tabu list;
If f(s) < f(sg), Then sy = s;
end while
Qutput: The best solution s,.

A S

4. Numerical Example
Consider an unrelated parallel machine scheduling problem shown in Figure 5. It consists of three machines i =1, 2,
3 operating nine original jobs j = 1, 2, ..., 9. The job processing times on machines p;; and the periods of preventive

maintenance ([Zs;, #5]) are presented in Tables 1 and 2, respectively.
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JObS:J1, Jg, veey Jg

Figure 5. Unrelated parallel machines scheduling model based on timed Petri nets for numerical example.

Table 1. The job processing times (hr).

Machine
Job T > 3
1 18 9 4
2 14 7 3
3 24 12 6
4 31 15 7
5 16 8 4
6 20 10 5
7 22 11 6
8 26 13 6
9 14 7 4
Table 2. The preventive maintenance periods.
Machine tgi (hr) tg; (hr)
1 14 17
2 15 19
3 10 15

To solve the example presented in Figure 5 by using the developed PNTS model, we have been coded and
implemented the proposed approach and the example using MATLAB R2015a on the computer with Intel(R) Core
(TM) i7-4702MQ CPU @ 2.20 GHz, 16 GB RAM.
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Table 3. The optimal PNTS model solution and decision variables.

Machines Scheduled jobs Max (Cy) (hr)
M1 J9,PM({J 11),]2 31
M2 J4,PM(J 10), J6 29
M3 J8,J1,PM(J12),J5,17,13 31
A
31

Machine 1 9 - n
Machine 2 14 - J6

0 5 10 15 20 25 30
Figure 6. Gantt chart of the optimal sequence for jobs using PNTS.

29

31

v 4

5. Conclusion

This paper proposes an optimal solution to unrelated parallel machines scheduling problem subject to preventive
maintenance to minimize the maximum completion time of jobs. To do this, a new hybrid Petri net and tabu search
(PNTS) approach is proposed to find an optimal solution for this problem. The computational results show that the
proposed PNTS are very effective and efficient to obtain optimal solutions. Further study should be considered for the
assessment and implementation of some useful information in metaheuristics to evaluate how PNTS works with other
optimization techniques. Moreover, the proposed method can be extended for the considered scheduling problem with
limited buffer capacity constraint.
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