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Abstract 

The study of queueing systems has been around for decades. Since, at its most basic level, queueing systems are 
considered as continuous-time Markov Chains, the study of queueing theory must adhere to numerous assumptions. 
Most of these assumptions deal with the distribution and behavior of customer arrivals and service times, as these are 
often illustrated as Poisson processes. Service prioritization, capacities, and customer behaviors such as balking and 
reneging are also often considered in model assumptions. Often not considered are the physical constraints associated 
with real-world queueing systems. In several real-world queues, customer movement is constrained by the available 
physical space, such as consecutive toll booths or grocery counters. There are multi-server queues with only one lane 
wherein a customer that has been served by the initial server cannot move out of the system if subsequent servers are 
still busy, thus rendering the initial server still occupied. In addition, servers located after the initial one cannot be 
accessed even if they are vacant if the initial server is still occupied. Due to this, the behavior of the system greatly 
differs from those of similar queueing systems where physical constraints are assumed to be non-existent. Through 
simulation, the study has evaluated that the performance of the physically-constrained queueing setup can lead to 
waiting times and queue lengths of up to 6 times greater than that of a traditional M/M/2 queue, especially for a 
relatively high level of customer arrivals. Improvements to these metrics are also measured upon the implementation 
of proposed corrective schemes that aim to ease the physical restrictions of queueing. 
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1. Introduction
Queueing systems are characterized by arrival of entities that are in need of some type of servicing. Once these entities 
are served, they exit the system. The queue serves as a waiting area for the entities until they can transfer to a server. 
Queueing theory is the study of these systems. The Kendall-Lee notation is used in queueing theory to describe various 
aspects of a queue, such as customer arrival and service time distribution, queue capacity, number of servers, and 
service behavior (Kendall 1953). Two main metrics are used to assess queue performance: the average time spent by 
customers in the system Ws and the number of customers in the system Ls. 

In the process of evaluating the behavior of queues, numerous assumptions are made. These assumptions often include 
(but are not limited to) a fixed distribution and magnitude for customer arrivals/service times, singular customer 
arrivals into the system, and absence of customer behavior such as jockeying, reneging and balking.  
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Another key assumption that is rarely addressed in theoretical computations in queueing theory is a customer’s  
freedom to enter and exit a queueing system. It often goes without saying that customers can freely enter the queueing 
system whenever they want to (assuming the system is not full) and freely leave upon completion of service. However, 
there are real-world occurrences that hinder this ease to enter and exit the system, such as the physical layout of queues. 
It is not uncommon for two servers to be laid-out sequentially in a single-lane queueing system such as in toll booths. 
This setup was observed in a commercial establishment’s parking lot where the payment toll booths were sequentially 
arranged. This is illustrated in the Figure 1 below. 
 

 
Figure 1. Sequential queueing setup with blocking. 

 
As seen in Figure 1, the queue is physically-constrained by the exit lane. Ideally, the server in Toll Booth 1 (S1) and 
Toll Booth 2 (S2) can serve two customers (C1 and C2) simultaneously. However, a problem arises when service has 
been completed for C2 but not yet for C1, as C2 cannot exit the system, making their time in the system longer. 
Moreover, S2 becomes idle and cannot serve the next customer, lowering the server’s utilization and making the 
succeeding customers’ waiting times longer. Another problem arises with the opposite situation wherein service has 
been completed for C1 but not yet for C2. As seen in Figure 2, C1 can readily exit the system, but S1 becomes idle, and 
C3 cannot skip ahead of C2 and must wait until C2 moves and exits the system. Similar to the previous scenario, this 
lowers the server’s utilization and the succeeding customers’ waiting times become longer. The situations described 
above fall under the phenomenon in queueing theory called blocking. 
 

 
Figure 2. Illustration of blocking phenomenon. 

 
While it is widely accepted that a single multiple-server queue outperforms multiple single-server parallel queues 
assuming identical performance for the servers (Do et al. 2015), the queueing system described above does not behave 
exactly like a multiple-server queue due to blocking caused by physical constraints. It is therefore worth investigating 
how the physically-constrained system performs with respect to two single-server queues and a single multi-server 
queue without blocking, and if there is an incentive to remove the physical constraints to improve the system’s 
performance. 
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1.1 Objectives 
As identified in the previous section, the study aims to investigate and assess the performance of physically-
constrained two-server queues. Specifically, the objectives of the research are: 

• To obtain metrics that would assess the queueing performance of physically-constrained two-server queues 
• To compare the performance of the identified queue setup to similar two-server variations such as a 

traditional M/M/2 queue and two parallel M/M/1 queues 
 
2. Literature Review 
The study of queues has been around for a long time, with the first published study on queues being credited to (Erlang, 
1909). Since then, several papers and textbooks have discussed the concepts involving queues, most often in the 
context of Poisson processes and Continuous-time Markov Chains (see Kendall (1953), Ross (2014), Stewart (2009), 
etc). 
 
Studying queueing systems as basic Poisson processes makes various simplifying assumptions that make it, to a certain 
extent, non-descriptive of real-world queues. Phenomena such as jockeying, balking, reneging, batch processing, etc., 
are not captured in queueing theory. Thus, studies exploring these special cases arose following the onset of basic 
queueing theory. Studies on jockeying ((Koenigsberg 1966), (Zhao & Grassmann 1995), (Xu & Zhao 1996)), server 
psychology and behavior ((Shunko et al. 2015), (Do et al. 2015), (Do et al. 2017)), and balking ((Haight 1957), 
(Economou & Manou 2011), (Wang et al. 2014)), for example, have been abundant in the past decades. 
 
Another special case in queueing, as identified and explained earlier, is blocking. Blocking is described as the 
phenomenon in a finite queueing network where the flow of customers through a node may be momentarily stopped 
when another node in the network reaches its capacity (Balsamo et al. 2001). Different mechanisms of blocking have 
also been described such as blocking after service and blocking before service. Blocking after service occurs when a 
customer upon completion of its service attempts to enter a destination node but it cannot because the destination is 
occupied. On the other hand, blocking before service occurs when a server is not served until the customer’s 
destination node is available. The system described is unique in that blocking after service occurs for a customer who 
is done being served but is stuck behind the other customer being served and is blocking the exit of the system. 
Meanwhile, blocking before service occurs for a customer stuck in the queue behind a customer being served that is 
blocking the next available server. 
 
Blocking in queueing systems is not a new concept. This phenomenon can be observed in computer systems (Konham 
and  Reiser 1976), production systems (Foster and Perros 1980), and even in cafeteria-type queues (Weber and Weiss 
1994).  The setup of two sequential servers has been explored decades ago in the works of Avi-Itzhak & Yadin (1965),  
and the specific values for queueing system metrics were theoretically computed. Other studies have also explored the 
effect of blocking on two stations in a series with each station possibly having more than one server ((Neuts 1968), 
(Latouche & Neuts 1980), (Gomez-Corral 2004)).   These studies, however, focused on a queues where the customer 
requires service from both stations before it can exit the system. These studies did not address the case where only 
one service instance is required. In addition, no comparison to other common queueing system setups was done.  
 
3. Methods 
3.1 Modelling Setup and Assumptions 
To evaluate the performance of the queueing system being investigated, it is compared with two separate queueing 
systems, namely two single-server parallel queues and one two-server queue. To ensure the accuracy of the 
comparisons, the same assumptions are made about the three queueing systems. First, it is assumed that the arrival 
rate of customers and service rates of the two servers are identical. The simulator used also allows for the exact 
replication of the generated date for the simulations, which ensures an “apples to apples” or more accurate comparison 
of the systems. Second, the assumed customer behavior is that jockeying, balking, or reneging is not present.  
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Figure 3. Physically-constrained queue behavior 
 
Figure 3 illustrates the behavior of the physically-constrained system to be simulated. A customer would arrive and 
enter the queue if the system is not empty. If the system is empty, the customer proceeds to S2 for service. If S2 is 
occupied, the customer is served by S1 and passes through the serving area of S2 to be able to exit the system, provided 
that S2 is no longer occupied. If S1 is occupied but S2 is not, the customer would remain in the queue until the service 
is completed for the customer at S1 and moves to S2 then to the exit. This order of the servers is maintained for the 
succeeding discussions. 
 
As previously mentioned, two queueing systems are used as the comparison for performance or the physically-
constrained system. The first queueing system evaluated is two single-server parallel queues. For this scenario, it is 
assumed that when the customers arrive, they choose to line up in the queue with a shorter queue length. This setup is 
prevalent in the real world, in common queue locations such as groceries with individual counters and other 
commercial establishments such as fast food restaurants or public restrooms. 
 
The next queueing system evaluated is a single two-server queue. This assumes that when customers arrive in the 
system, they enter the queue, and are served by the next available server. In general, multi-server queues are becoming 
more prevalent in real world systems, which can be attributed to better performance of the queue due to the pooling 
effect (Do et al. 2015). This is the system used in parking lots where there is one long queue of cars waiting for a slot 
to open up, for example. 
 
3.2 Simulation Model 
All three queueing systems are evaluated through a simulation model constructed using the MATLAB-based simulator 
Simulink. Only a single simulation model is created, where the three identified setups run in parallel using the exact 
same customer arrivals and service distribution times. To account for uncertainty of the behavior of both customers 
and servers, the study includes various combinations of distributions, values, and relationships for both customer 
arrivals and service distributions. The following Table 1 summarizes the variable input parameters used in the 
simulation: 
 

Table 1. Simulation parameter values. 
 

Customer Arrival Distribution Server Service Distribution 
Distribution Value Relative Values 

Exponential 
Distribution 

Low customer arrivals 

Exponential 
Distribution 

Server 1 Service Time > Server 
2 Service Time 

Intermediate customer arrivals Server 1 Service Time < Server 
2 Service Time 

High customer arrivals Server 1 Service Time = Server 
2 Service Time 

 
For customer arrival and service, a low, average, and high level of intensity is tested, to account for the variation of 
arrivals in queueing systems due to various factors such as peak and lean periods, etc. In addition, since the study 
assumes the same type of service provided by both servers, it would be acceptable to assume the same service 
distribution for the two. However, the study explores the case where the two servers have varying degrees of service 
delivery of the same service, which is not uncommon in the real world. Three scenarios are explored: one where the 
first server is slower than the second, one where the second server is slower than the first, and one where the service 
distributions are equal. Exhaustive combinations of these parameter sets were run, summing up to 3x3 = 9 simulation 
setups. Values for both customer inter-arrival time and service times are obtained from observations made on the toll 

S1 S2 Queue Exit Arrival 
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booths at the parking lot of a mall. Service includes receiving a ticket from and providing payment to the toll booth 
personnel.  
 
To assess each of the three queueing systems, two main and four supporting metrics are used. The average queue 
length (L) and average customer waiting time (W) are the main metrics for assessment, while the percent utilization 
of servers (U1 and U2), and number of customers served per server (n1 and n2) are also computed to gain some insights 
on the behavior of the identified queues. 
 
4. Results and Discussion 
4.1 Simulation Results 
From the simulation runs, various metrics for the queueing setups can be obtained. Namely, the average customer 
waiting time (W) in seconds, average number of customers in the system (L), and server utilization. The following 
Table 2 compares these metrics for the physically-constrained setup and the standard M/M/2 setup: 
 

Table 2. Comparison of metrics. 
 

Customer Arrival 
Type 

Service Relation 
Type 

Physically-
constrained setup M/M/2 setup 2 x M/M/1 setup 

L W L W L W 

High Arrival Rate S2 slower than S1 4.413 93.657 0.625 13.010 0.548 27.769 

High Arrival Rate S1 slower than S2 4.065 86.334 0.730 15.185 0.851 37.715 

High Arrival Rate S1 and S2 equal 0.817 17.099 1.553 32.603 0.824 34.343 

Intermediate Arrival 
Rate S2 slower than S1 0.228 7.692 0.099 3.309 0.127 10.594 

Intermediate Arrival 
Rate S1 slower than S2 0.183 6.096 0.116 3.854 0.266 15.488 

Intermediate Arrival 
Rate S1 and S2 equal 0.131 4.420 0.204 6.813 0.259 16.276 

Low Arrival Rate S2 slower than S1 0.085 3.861 0.032 1.469 0.065 7.373 

Low Arrival Rate S1 slower than S2 0.066 3.008 0.051 2.341 0.184 12.784 

Low Arrival Rate S1 and S2 equal 0.046 2.109 0.053 2.405 0.108 9.635 

 
From the results, it can be seen that for both L and W, the M/M/2 setup performs much better than both the physically-
constrained and 2 x M/M/1 setup, as is somewhat expected. What is notable is that for high customer arrivals, the 
physically-constrained setup actually performs much worse than the 2 x M/M/1 setup. This is primarily due to the 
blocking phenomenon present in the system, which is exacerbated when a large number of customers are present in 
the singular system queue. The M/M/1 setup actually has a queue-correction step, albeit minor, in the form of queueing 
up on the shorter queue. For the intermediate customer arrival rate, however, we can see that the physically-constrained 
setup performs better than the 2 x M/M/1 setup. For the low customer arrival, there are instances where the physically-
constrained setup performs better than the M/M/2 setup, but this is attributed to the blocking not occurring for a low 
number of customers in the system, thus the physically-constrained system approaches the behavior of the M/M/2 
queue. 
 
4.2 Other Discussion and Recommendations 
Upon analysis of the physically-constrained queue and M/M/2, we can see that the latter is strictly better than the 
former. This is because blocking only serves as a constraint from a base M/M/2 setup, which only serves to retain or 
worsen its performance, by definition. 
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In addition to this, in the two-server, physically-constrained queue setup, its performance is best when the service rate 
is equal for both servers, which may be due to blocking being minimized. An interesting phenomenon occurs when 
there is a significant difference in the service times of the two servers. If the first server is faster than the second, the 
system generally performs worse than if the second server is faster than the first. One reason for this is that the server 
utilization in this setup is much higher for the second server, primarily because it is the first server to be chosen if both 
are available. If the slower server is utilized more than the faster one, the queueing system would obviously be worse 
off. Another reason is that a slower second server would lead to more instances of blocking when the first server is 
done and the second server is still serving. To avoid this scenario, it is recommended that the queueing system 
operator/manager implement the quick and easy solution of putting the faster server on the second position. 
 
Based on the results, we can see that converting a physically-constrained queue to a standard M/M/2 setup drastically 
improves performance, especially for high customer arrivals. In real-world scenarios, if the space and financial 
considerations permit, it would be a very valid option to construct solutions to reach an M/M/2 setup, such as physical 
channels for free travel of customers within the queueing system. 
 
It is important to note that for customers stuck with S1 while waiting for S2 to complete servicing, the simulation model 
is currently unable to capture the duration of blocking (i.e. time from service completion to S2 being available). This 
time is also important to record as it contributes to the total time the customer spends in the system. On the other hand, 
for customers that are waiting behind S1, who in an otherwise unblocked setup can be already served by S2, their 
waiting times capture the time where they could have already been served by S2. Being able to separate this time from 
the recorded waiting time will help provide insight into how much of the customer waiting time is solely due to the 
presence of the physical constraint.   
 
5. Conclusion and Areas for Future Work 
The study was able to compare a physically-constrained two-server queueing system to traditional 2 M/M/1 queues 
and a single M/M/2 queueing system. The difference was quantified and it was found that W and L are both 
significantly larger (up to 600% greater) with the physically-constrained setup compared to the M/M/2. This 
significant performance decrease should be put into consideration when designing physically-constrained queueing 
systems, and a simple alternative of creating a departure channel specifically for customers at server 1 would be of 
great benefit to system performance. 
 
As future work, it is recommended that further analysis be done on the blocking time of the servers to provide more 
insight into the queueing system. This study could also be extended to scenarios with multiple servers beyond two 
servers. 
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