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Abstract 
 
The objective of this paper is to improve decision systems by integrating production and sales planning with preventive 
maintenance scheduling taking into account quality aspects of the production system. The concept of age based 
imperfect maintenance with multiple PM levels and multi-state machine is taken into account. Reduction in the age 
of machine corresponds to the cost of scheduled PM and also, the cost of machine restoration is linked to the delay in 
detecting deteriorated condition. In this paper, the mathematical model of the problem and related formulations are 
presented and evaluation of the various cost components and interacting factors as well as the different aspects of the 
model complexity are explained. The objective is to maximize total profit. Total cost of the system is the sum of 
production, inventory, backorder, and set up cost as well as the cost of corrective and preventive maintenance and the 
income is acquired by selling perfect and imperfect products in different prices.  A numerical example is presented 
and sensitivity of the model to multiple parameters is tested. Based on the results obtained from solving several 
problems, integrated approach shows between 0.5 to 20 percent improvements compared to the disintegrated models. 
Such level of increase in the total profit especially in large companies demonstrates the importance of integration.  
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1. Introduction 
In spite of vigorous links between production and sales planning, maintenance scheduling and design of quality system 
in the organizations, these important concepts are mainly regarded individually in the literature and joint models are 
scarce. Failure in establishment of such important interactions influences on the quality of decisions made in the 
disintegrated systems and the solutions can be non-optimal.  The main objective of this paper is to deal with this issue 
and to improve planning and scheduling activities by integrating production and sales planning with preventive 
maintenance scheduling taking into account the quality aspects of the production system. Coordination among 
maintenance, production and quality is essential for the success especially in the case of modern companies. However 
in many cases these subjects are conflictive because of their shared resources (Nourelfath, 2012). Quality competitors 
have more pro-active maintenance policies, better planning and control systems, decentralized maintenance 
organization structures and more effective maintenance management (Pinjala et al, 2006). There is actually little work 
that addresses integration of maintenance, production, selling plans, and quality, compared to many existing work in 
each of these areas.  
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In this paper, the production planning includes economical determination of the batch sizes that lies in the context of 
short term production planning and tries to satisfy customer demands by addressing the tradeoffs between various 
costs in the system. Capacitated lot-sizing problem (CLSP) involves balancing set-up costs against storage costs, under 
a common capacity constraint, over a finite time horizon, minimizing total costs (Haugen, 2007).  Introduction of the 
flexibility of a pricing option or PCLSP problems are easier to solve from a numerical point of view (Haugen 2007, 
Salvietti 2008). Brojeswar et al. (2013) inspected the economical lot sizing problem with quality aspects in an 
imperfect production system. They presented mathematical model of the problem by considering in-control and out-
of-control conditions of the machine with different non-conformity rates. Bouslah et al. (2013) studied the problem of 
joint determination of the optimal lot sizing and production control policy for an unreliable and imperfect 
manufacturing system which uses a single acceptance sampling plan to control the quality of lots.  
 
Quality of the production concerns not only to efficiency of the quality system but also to the maintenance scheduling. 
In case of poor maintenance, age of the machine and probability of shifting to degraded states and consequently the 
imperfectness rate increases. Some papers are addressing the integration of maintenance scheduling with design of 
the quality system. Investigation of the optimal quality sampling intervals in presence of Weibull shocks with 
increasing hazard rate (Banerjee and Rahim, 1988) showed the efficiency of non-uniform sampling scheme. They 
suggest maintaining a constant hazard rate over all intervals. Rahim (1994) considered the problem of jointly 
determination of EPQ level, inspections schedule, and ̅ݔ-chart parameters of an imperfect production system and show 
that non-uniform inspections are more efficient. However, production of imperfect products is somehow unavoidable 
and a capable system will just keep its rate in the allowed ranges. These items then should be reworked or should be 
sold in lower process.  
 
Integration of maintenance scheduling with production planning has recently been studied by several researchers. 
Lee et al. (1989) were the first on joint modeling of production and maintenance decisions.   Cassady and Kutanoglu 
(2003, 2005) proposed an integrated model where its objective is to determine optimal age-based PM policies and to 
minimize weighted completion time of the jobs. Producing single product in a single-unit production system and 
integration of lot-sizing and PM decisions is also investigated (Nourelfath 2012, Hadidi et al. 2012, and Suliman 
2012). Nourelfath considered general probabilities for sojourn and failure times and showed that introducing machine 
failures results in reduction of production lot sizes. Min Ji et al (2007) consider the problem of single machine 
scheduling with several PM periods and show that the LPT algorithm is the best possible solution method for 
minimizing the total completion time. Aghezzaf (2007) studied coordinated production planning and preventive 
maintenance scheduling in a lot production system with several products in distinct periods. Kenne and Gharbi 
proposed an integrated model for an unreliable system with sale returns. They offered multiple threshold levels 
hedging point policy to solve related problems. Their work also justifies the importance of integrated approach with 
significant cost reductions. Sung and ock (1992) studied integrated production and maintenance scheduling in a system 
composed of single-machine single product with intermediate machine restorations in which when the machine shifts 
to out-of-control state, it starts to produce a given proportion of imperfect products. Simultaneous production and 
maintenance scheduling in presence of demands uncertainty increases the flexibility of production system and reduces 
the risk of shortage or overage of demand (Xiaoning Jin et al., 2009). The impact of process deterioration on production 
and maintenance policies in a single stage production system is examined by Kazaz and Sloan (2013).  
 
There is no paper in the literature addressing the integration of all aforementioned concepts and just a few papers are 
engaged in joint production planning, maintenance scheduling and design of the quality systems. Preventive 
maintenance actions can prevent a production process from further deterioration and improve product quality in 
conjunction with statistical process control (Xiang, 2013). Pandey (2011) and Nourelfath and Ben-Daya (2012) are 
the first on integration of these three concepts. Their research revealed substantial economic benefits in joint 
scheduling. Rivera et al. (2013) proposed the model for joint production planning and overhaul scheduling in an 
imperfect production system in which the rate of non-conformity increases by time. 
 
Notation 
dpt : Demand of product p in period t;  
hpt:  Holding cost of product p in period t;  
bpt:  Backorder cost of product p in period t;  
Bpt: Backorder level of product p in period t; 
spt :  Set-up cost of product p in period t; 

Setpt: set up decision variable for product p in 
period t; 

πpt : Production cost of product p in period t; 
xpt: Production lot size of product p in period t; 
gp:  Nominal production rate of product p; 
T,t:  Number and index of periods; 



 
 

 
 

P,p:  Number and index of products; 
Q, q: Number and index of PM levels; 
L: Fixed length of the periods; 
αp:  Non-conformity rate for product p; 
β:  Cost of the machine inspection; 
ICt

p: Inventory level for conforming product p 
at the end of period t; 

INt
p: Inventory level for nonconforming product 

p at the end of period t; 
PC tp: Price of conforming item of product p in 

period t; 
PN tp:  Price of non-conforming item of product p 

in period t; 

SC tp: Number of conforming items of product p 
sold in period t; 

SN tp: Number of nonconforming items of 
product p sold in period t; 

m:  Number of PMs in the periods; 
η:  PM imperfectness factor; 
wt

k ,yt
k: Age of the machine at beginning and end 

of  the kth interval in period t; 
ξ1, ξ2: Parameters of restoration cost; 
CPM tk: Cost of the Kth PM in period t; 
CPM q: Cost of PM of level q; 
CMR: Cost of minimal repair; 

 
2. Problem Definition 
2.1. The production and the maintenance system  
Production system is composed of one machine that can produce multiple products. At the beginning of each period, 
the machine is in its perfect conditions (in-control state) with nominal production rate gp. While time progresses, the 
machine may shift to the out-of-control state (OOC state) with increased nonconformity rate (αp). Conforming items 
are assumed to satisfy the demands while nonconforming items can be sold by any level in a second market. Several 
PM plans with different cost and effect (and negligible time) can be performed on the machine. The planning horizon 
includes several production periods each of known length L. Number of PM per periods is constant m which divide 
the periods into m+1 equidistant inspection-PM intervals. At the end of each interval and before carrying out the PM, 
an error free inspection will be performed. If the machine has not shifted to out of control state, planned PM will be 
performed otherwise the machine will be stopped to be restored at the end of the period. Linear relationship between 
restoration cost and detection delay is taken into account and no PM or inspection will be performed at the end of the 
last interval in each period. The objective is to simultaneous determination of production lot sizes and preventive 
maintenance schedule which maximizes the profit. Since deterioration of the system increases non-conformity rate 
and the cost of machine failures, we are interested in optimal assignment of PM tasks to the PM events to maintain 
the age of machine in economical levels. 
 
2.2.  Links to the quality 
Designing a complete quality control system concerns different decisions such as type of the control chart, sampling 
intervals, sample size, rejection and acceptation levels, etc. which are beyond the scope of this paper. When the 
machine shifts to OOC state, non-conformity rate increases and while not detected, the machine continues to produce 
non-conforming products. Machine shifts has close relation with age and conditions of the machine and quality and 
maintenance systems are interdependent. Here we just will use the expected non-conformity rate to be included in the 
model. Also we have considered that the sampling process is enough accurate and so distinct error types such as false 
signal when the process is in control or no signals when the process is out of control are negligible.  

 
3. Evaluation of Sales and Costs 
3.1. Evaluation of costs 
The objective function maximizes the profit. Source of revenue is selling of conforming and nonconforming products 
and cost of the system is the sum of all production and maintenance. 
  
 
 

         
Figure 1: A production period with three PM and four intervals. 

 
Number of PMs in the periods and lengths of inspection-PM intervals are known and constant. As illustrated in figure 
1, preventive maintenance divides the period into several intervals. In this figure, 3 PMs have divided the period into 

PM 1 PM 2 PM 3

Interval 1 Interval 2 Interval 3 Interval 4 

Production period 



 
 

 
 

four intervals. Length of all intervals is identical. At the end of each interval, a PM will be executed which reduces 
the age of machine. Machine age in kth interval of period t (k=1 to m+1) changes from wt

k to yt
k. (k=1…mt+1) then the 

length of the kth interval is yt
k. - wt

k. After each PM, the age of the machine will reduce. This reduction in the machine 
age is a function of the PM level and the rank of PM in the period. Preventive maintenance levels are indicated by q 
(q = 1… Q, which Q is the index of the lowest preventive maintenance level) and ܯܲܥ௤ refers to the cost of a PM of 
level q (ܯܲܥଵ is the cost of the highest PM level). Therefore the cost of the kth PM in period t which its level is q will 
be	ܯܲܥ௞

௧ ൌ  .௤ܯܲܥ
Preventive maintenances are imperfect and it is considered that the change in the age of machine PM is proportional 

to the cost of PM level (Case C of Nakagawa’ imperfect maintenance model, 1980). So the ratio 
஼௉ெ೜

஼௉ெభ (a number 

between 0 and 1) is the efficiency of PM of type q. On the other hand, it is assumed that even for a given PM plan, its 
efficiency decreases while the rank of PM in the period increases. In this paper linear relationship between age 

reduction and rank of the PM is considered, i.e.  ݓ௞ାଵ
௧ ൌ 	 ሺ1 െ ௞ߛ

௧ሻ. ௞ݕ
௧  where ߛ௞

௧ ൌ ௞ିଵߟ
஼௉ெೖ

೟

஼௉ெభ  is the age reduction by 

performing kth PM in the period t and η (0 < η ≤ 1) is the imperfectness factor which implies the degradation in the 
effect of PM on the age of machine. As the formulation shows, a full PM brings the machine farther from the as good 
as new condition as more PMs are performed. Changes in the age of machine influences on the other cost parameters 
of the model including restoration cost, length of the production and allows joint scheduling of maintenance, 
production and quality aspects of the system. In this approach, it is possible to cancel any PM by assigning the lowest 
PM level (with cost zero). In this case, 	ߛ௞

௧ ൌ 0	 and	ݓ௞ାଵ
௧ ൌ ௞ݕ	

௧ .  
 
3.1.1. The cost of production, inventory holding, setup, and backorders 
Production, inventory holding, backorder, and setup costs are respectively: 

 The total production cost ∑ ∑ ௣௧்ݔ௣௧ߨ
௧ୀଵ௣∈௉ ,        (1)              

 The total inventory holding cost: ∑ ∑ ݄௣௧൫ܥܫ௣௧ ൅ ܫ ௣ܰ
௧൯்

௧ୀଵ௣∈௉ ,      (2) 

 The backorder cost : ∑ ∑ ܾ௣௧ܤ௣௧்
௧ୀଵ௣∈௉ ,        (3) 

 The total setup cost ∑ ∑ ௣௧்ݐ௣௧ܵ݁ݏ
௧ୀଵ௣∈௉ ,        (4) 

Where ܥܫ௣௧	ܽ݊݀	ܫ ௣ܰ
௧	are respectively inventory levels of conforming and nonconforming products at the end of period 

t. 
 
3.1.2. The preventive maintenance cost 
At the end of each interval and before performing the PM plan, a quick and error free inspection will detect the machine 
shifts. By detecting a shift, PM will be cancelled and the machine will be stopped until end of the period to be restored 
(complete overhaul). If inspection did not detect any shift, pre-scheduled PM will be executed and the next interval 
will be realized. Considering F(t) to be cumulative time to shift function, conditional probability of a shift in interval 
k of period t given the machine was in in-control state at the beginning of the interval is: 

Pr{shift in the kth  interval | no shift at the beginning of the interval }= ܲݎ௞
௧ ൌ 	

ி൫௬ೖ
೟൯ିிሺ௪ೖ

೟ሻ

ଵିிሺ௪ೖ
೟ሻ

   (5) 

Where w t
k, and y t

k are respectively the age of machine at the beginning and end of the interval. The kth PM will be 
realized if no shift has detected in all the previous intervals. So the probability of realizing kth PM is 

∏ ሺ1 െ ௜ݎܲ
௧ሻ௞ିଵ

௜ୀଵ =∏ ൬1 െ
ி൫௬೔

೟൯ିிሺ௪೔
೟ሻ

ଵିிሺ௪೔
೟ሻ

൰௞ିଵ
௜ୀଵ ൌ ∏ ൬

ଵିி൫௬೔
೟൯

ଵିிሺ௪೔
೟ሻ
൰௞ିଵ

௜ୀଵ  and total expected cost of preventive maintenance on the 

planning horizon will be 

ܯܲܥ ൌ ∑ ∑ ൫ܯܲܥ௞
௧ ∙ ∏ ሺ1 െ ௜ݎܲ

௧ሻ௞
௜ୀଵ ൯௠

௞ୀଵ
்
௧ୀଵ ൌ ∑ ∑ ൬ܯܲܥ௞

௧ ∙ ∏ ൬
ଵିி൫௬ೖ

೟൯

ଵିிሺ௪ೖ
೟ሻ
൰௞

௜ୀଵ ൰௠
௞ୀଵ

்
௧ୀଵ 	      (6) 

Where, CPM tk takes its values from existing PM levels of the machine and m is the number of PM performances per 
period. It should be mentioned that no inspection or PM is considered at the end of the last interval of each period. 
 
3.1.3. The inspection cost 
In each period, the first inspection will be certainly performed but fulfillment of the successive inspections depends 
on realization of the previous intervals. No inspection or PM will be executed at the end of last intervals. Considering 
realization probability of the kth interval as proposed in the previous section and taking into account inspection cost β, 
total expected cost of inspection is given by: 
Inspection cost		ܥܫ ൌ ߚ ∙ ∑ ∑ ∏ ሺ1 െ ௜ݎܲ

௧ሻ௞ିଵ
௜ୀଵ

௠
௞ୀଵ

்
௧ୀଵ .       (7)  

 
3.1.4. The cost of minimal repair 



 
 

 
 

In addition to the shifts to out-of-control state, the machine also may randomly switch to non-operating or failed state 
according to general probability distribution function. When the machine fails, a minimal repair with known cost and 
negligible time brings the machine in operation without influencing on the age of the machine. Therefore failures 
occur according to a non-homogeneous Poisson process (NHPP) having intensity function ζ(y) as the failure rate of 
machine at age y. Then expected number of machine failures in the kth interval of period t is given by ܰܨ௞

௧ ൌ

׬ ݕሻ݀ݕሺߞ
௬ೖ
೟

௪ೖ
೟  and so the number of failures in period t, taking into account realization probabilities of the intervals will 

be:    
௧ܨܰ ൌ ∑ ൫ܰܨ௞

௧ ∏ ሺ1 െ ௜ݎܲ
௧ሻ௞ିଵ

௜ୀଵ ൯௠
௞ୀଵ          (8) 

Having in hand the number of failures in a period, expected cost of minimal repairs in period t will be as follows  
௧ܴܯܥ ൌ ܴܯܥ ∗  ௧, where, CMR is the cost of minimal repair.     (9)ܨܰ
 
3.1.5. Expected revenue 
Sale levels can be different from sale possibilities i.e. it is likely to hold in-hand products to be sold in future periods. 
However, in each period, maximum sale level is limited to the sum of demand in that period plus backorders until that 
period. Taking into account sale prices, the revenue by selling product p in period t will be RN௣௧ ൌ .௣௧ܥܵ ௣௧ܥܲ ൅
	ܵ ௣ܰ

௧. ܲ ௣ܰ
௧ Where, SCt

p is number of sold items of conforming product p and SN t
p is the number of sold items of 

nonconforming product p in period t.  
Then total revenue for all products in all periods would be: 
ܴܰ ൌ ∑ ∑ ܴ ௣ܰ

௧௉
௣ୀଵ

்
௧ୀଵ ൌ ∑ ∑ ൫ܵ ௣ܰ

௧. ܲ ௣ܰ
௧ ൅ .௣௧ܥܵ ௣௧൯௉ܥܲ

௣ୀଵ
்
௧ୀଵ       (10) 

 
3.1.6. The restoration cost 
By occurrence of a shift, next inspection will certainly detect the shift and therefore the machine will be stopped to be 
restored at the end of that period however, it is considered that the restoration cost changes linearly by delay in 
detecting the shift. So if machine shifts at time t in interval k of period t, detection delay or the duration of time that 
machine operates in out of control state will be  yt

k-t. Since the conditional probability of a shift at time t is ݂௖ሺݐሻ ൌ
௙ሺ௧ሻ

ଵିி൫௪ೖ
೟൯

 then expected value of detection delay will be	߬௞
௧ ൌ ׬ ሺݕ௞

௧ െ ݐሻ݀ݐሻ݂௖ሺݐ
௬ೖ
೟ି்௉ெೖ

೟

௪ೖ
೟ . Taking into account the 

probability of machine shift at kth interval, expected detection delay or expected duration of time that the machine 
operates in out of control state in period t is given by 

߬௧ ൌ ∑ ൬׬ ሺݕ௞
௧ െ ݐሻ݀ݐሻ݂௖ሺݐ

௬ೖ
೟ି்௉ெೖ

೟

௪ೖ
೟ ∙ ௞ݎܲ

௧ 	∏ ሺ1 െ ௜ݎܲ
௧ሻ௞ିଵ

௜ୀଵ ൰௠ାଵ
௞ୀଵ       (11) 

 
By supposing linear relationship between the restoration cost and the detection delay, the restoration cost in period t 
will be ܴሺ߬௧ሻ ൌ ଴ߦ ൅  ଵ߬௧ where ξ0 and ξ1 are given constants. Total expected restoration cost over the planningߦ
horizon is  
Restoration cost ܴܥ ൌ 	∑ ሺߦ଴ ൅ ଵ߬௧ሻߦ ൌ ்ܶ

௧ୀଵ ଴ߦ ൅ ଵߦ ∑ ߬௧்
௧ୀଵ        (12) 

 
3.1.7. Production possibilities and expected operational time 
In order to prepare executable production schedules, expected available production time in the period should be 
estimated. Nominal length of the periods (L) and the number of the PM per periods (m) are given but occurrence (and 
detection) of a shift will result in stopping the machine until end of the period and therefore real available production 
time will be smaller than length of the period and it depends to the shift probabilities in the intervals. Therefore, the 
expected duration of time that the machine is operational in period t is 
௧ܶܲܧ  ൌ ∑ ൫∏ ሺݕ௞

௧ െ ௞ݓ
௧ሻሺ1 െ ௜ݎܲ

௧ሻ௞ିଵ
௜ୀଵ ൯௠ାଵ

௞ୀଵ         (13) 
Total needed production time to produce scheduled production levels is bounded to the expected operational time 
given by (13). 

 
3.1.8. Number of conforming and nonconforming items  
By occurrence of a shift at time t, the machine will start to produce nonconforming items until end of the interval. 
Expected time that the machine operates in out of control state in period t is given by (11) and expected duration of 
time that the machine is operational in that period is given by (13). 
 
Therefore, the expected proportion of time that the machine functions in out-of-control state would be: 



 
 

 
 

Γ୲ ൌ
ఛ೟

ா௉்೟
ൌ

∑ ቆ׬ ൫௬ೖ
೟ି௧൯௙೎ሺ௧ሻௗ௧

೤ೖ
೟

ೢೖ
೟ ∙௉௥ೖ

೟ 	∏ ൫ଵି௉௥೔
೟൯ೖషభ

೔సభ ቇ೘శభ
ೖసభ

∑ ቀ
ಽ

೘శభ
∏ ൫ଵି௉௥೔

೟൯ೖషభ
೔సభ ቁ೘శభ

ೖసభ
        (14) 

Considering xpt as the planned production level for product p in period t, needed time for producing xpt is 
௫೛೟
௚೛

  and 

taking into account average proportion of time that the machine is in out-of-control state, 
௫೛೟
௚೛
. Γ௧ indicates the time 

that machine operates in out of control state while producing xpt. Then the expected number of nonconforming items 
produced during production of xpt is, 

ܺ ௣ܰ
௧ ൌ ܶ݅݉݁ ∗ ݁ݐܴܽ ൌ ൬

௫೛೟
௚೛
. Γ௧൰ . ൫݃௣. ௣൯ߙ ൌ .௣௧ݔ ௣ߙ ∙ Γ௧       (15) 

And the number of conforming products will be ܺܥ௣௧ ൌ ௣௧ݔ െ ܺ ௣ܰ
௧ ൌ ௣௧ݔ	 ∙ ൫1 െ ௣ߙ ∙ Γ௧൯  (16) 

Aforementioned quantities are rough estimations of conforming and non-conforming products and to have more exact 
assessments one needs to have exact job-scheduling over each interval. Since determination of production orders or 
production time schedules are beyond the scope of this paper, we will just use the appraisals given by (15) and (16).  

 
4. The Profit Maximization Model  
The profit maximization model for integrated batch scheduling, PM planning and quality aspects of the production 
system is 
Maximize ܼ ൌ ∑ ∑ ൫ܵ ௣ܰ

௧. ܲ ௣ܰ
௧ ൅ .௣௧ܥܵ ்∋௣௧൯௣∈௉௧ܥܲ െ ∑ ∑ ሺ݄௣௧൫ܥܫ௣௧ ൅ ܫ ௣ܰ௧൯ ൅ ܾ௣௧ܤ௣௧ ൅ ௣௧ݔ௣௧ߨ ൅ ்∋௣௧ሻ௣∈௉௧ݐ௣௧ܵ݁ݏ െ

∑ ∑ ൬ܯܲܥ௞
௧ ∙ ∏ ൬

ଵିி൫௬ೖ
೟൯

ଵିிሺ௪ೖ
೟ሻ
൰௞

௜ୀଵ ൰௠
௞ୀଵ

்
௧ୀଵ െ ߚ ∙ ∑ ∑ ∏ ൬

ଵିி൫௬ೖ
೟൯

ଵିிሺ௪ೖ
೟ሻ
൰௞ିଵ

௜ୀଵ
௠
௞ୀଵ

்
௧ୀଵ െ 

ܴܯܥ ∙ ∑ ∑ ൬׬ ݕሻ݀ݕሺߞ
௬ೖ
೟

௪ೖ
೟ ∏ ൬

ଵିி൫௬ೖ
೟൯

ଵିி൫௪ೖ
೟൯
൰௞ିଵ

௜ୀଵ ൰௠
௞ୀଵ

்
௧ୀଵ   

െܶߦ଴ െ ଵߦ ∑ ∑ ൬׬ ሺݕ௞
௧ െ ሻݐ

௙ሺ௧ሻ

ଵିி൫௪ೖ
೟൯
ݐ݀	

௬ೖ
೟

௪ೖ
೟ ∙

ி൫௬ೖ
೟൯ିிሺ௪ೖ

೟ሻ

ଵିிሺ௪ೖ
೟ሻ

	∏ ൬
ଵିி൫௬ೖ

೟൯

ଵିிሺ௪ೖ
೟ሻ
൰௞ିଵ

௜ୀଵ ൰௠ାଵ
௞ୀଵ

்
௧ୀଵ       (17) 

Subject to 
௣௧ܥܫ ൌ 	 ௉௧ିଵܥܫ െ ௣௧ܥܵ ൅ ௣௧൫1ݔ	 െ ,௣Γ௧൯ߙ ݌ ∈ ܲ, ݐ ∈ ܶ          (18) 
ܫ ௣ܰ௧ ൌ ܫ ௉ܰ௧ିଵ െ ܵ ௣ܰ

௧ ൅ ,௣Γ௧ߙ௣௧ݔ ݌ ∈ ܲ, ݐ ∈ ܶ       (19)  
௣௧ܤ ൌ ௣௧ିଵܤ ൅ ݀௣௧ െ ,௣௧ܥܵ ݌ ∈ ܲ, ݐ ∈ ܶ        (20) 
௣௧ݔ ൑ ܯܩ ∙ ܵ௣௧, ݌ ∈ ܲ, ݐ ൌ 1, 2, … , ܶ,  where GM is a big upper bound for production levels.   (21) 

∑
௫೛೟
௚೛

௣∈௉ ൑ ,௧ܶܲܧ ݐ ∈ ܶ           (22) 

௞ାଵݓ
௧ ൌ ൬1 െ ௞ିଵߟ

஼௉ெೖ
೟

஼௉ெభ൰ ∙ ௞ݕ
௧ 	 ,0<η≤1,݇ ൌ 1,… ,݉, ݐ ൌ 1, 2, … , ܶ, 	ݍ ൌ 	1, … , ܳ    (23) 

௞ݕ	
௧ ൌ ௞ݓ

௧ ൅
௅

௠ାଵ
		 , ݇ ൌ 1,… ,݉ ൅ 1, ݐ ൌ 1,… , ܶ        (24) 

ଵݓ
௧ ൌ 0		, ݐ ൌ 1,… , ܶ           (25) 

Γ௧ ൌ
∑ ൭׬ ൫௬ೖ

೟ି௧൯௙೎ሺ௧ሻௗ௧
೤ೖ
೟

ೢೖ
೟ ∙൭

ಷቀ೤ೖ
೟ ቁషಷሺೢೖ

೟ ሻ

భషಷሺೢೖ
೟ ሻ

൱	∏ ൭
భషಷቀ೤೔

೟ቁ

భషಷሺೢ೔
೟ሻ
൱ೖషభ

೔సభ ൱೘శభ
ೖసభ

∑ ൭
ಽ

೘శభ
∏ ൭

భషಷቀ೤೔
೟ቁ

భషಷሺೢ೔
೟ሻ
൱ೖషభ

೔సభ ൱೘శభ
ೖసభ

       (26) 

௧ܶܲܧ ൌ
௅

௠ାଵ
∑ ∏ ቆ

ଵିிቀ௬ೕ
೟ቁ

ଵିிሺ௪ೕ
೟ሻ
ቇ௞ିଵ

௝ୀଵ
௠ାଵ
௜ୀଵ          (27) 

௞ܯܲܥ
௧ 	∈ {CPM 1, …, CPMQ} , t = 1, 2, ..., T , k = 1, 2, , ..., m      (28) 

ܵ௣௧ ∈ ሼ0,1ሽ, ,௣௧ݔ ,௣௧ܥܫ ܫ ௣ܰ
௧, ܾ௣௧, ௞ݕ

௧ , ௞ݓ
௧, ,௧ܶܲܧ Γ௧ ∈ Թା       (29) 

 
The first term of the objective function (17) is related to the total income by selling conforming and nonconforming 
products, second term is the sum of production, inventory holding, backorders and setup costs for all products over 
the planning horizon. The other terms correspond respectively to cost of preventive maintenance, inspection cost, cost 
of minimal repairs, and the restoration cost. The flow constraint of conforming products (18) links inventory, 
backorder and selling amounts to the expected number of conforming items produced in each period. The last term of 
this constraint estimates expected number of conforming items acquired by producing xpt in period t. As in the previous 
constraint, equation (19) links inventory and selling amounts of nonconforming items to the expected number of 
nonconforming products in the periods. It is considered that any desired level of nonconforming items can be sold in 
the second market. Constraint (20) links the values of backorders in consequent periods to the values of demands and 



 
 

 
 

sales in the period. Constraint (21) forces xpt = 0 if Spt = 0, and frees xpt ≥ 0 if Spt = 1. The quantity ܯܩ	is an upper 
bound for xpt. Equation (22) states that the total production time in the period is bounded to the length of the period L. 
Equations (23) to (25) link PM plans to the age of the machine in the intervals in periods. Constraints (26) and (27) 
are respectively expected proportion of time that the machine operates in out-of-control state in period t and expected 
available production time in period t (as shown in sections 3.1.7 and 3.1.8). Constraint (28) pushes the PM plans to be 
selected from existing PM plans of the machine and finally (29) shows the bound and type of decision variables. 

 
5. Complexity of the Model  
The formulation of the model given by (17)-(29) corresponds to a very complex nonlinear mixed-integer programming 
model that is too difficult to be solved. Briefly, sources of its complexity are: 

 Age of the machine in non-linearly linked to the PM plans 
 Shift and failure probabilities are non-linearly linked to the age of machine 
 Several terms of objective function and constraints need value of shift and failure probabilities 
 Model requires to estimate expected number of conforming and non-conforming products for any 

production level 
 PM levels should be selected from given list of existing PM levels(discreet optimization) 
 There are integrals in the objective and constraints 

On the other hand, for a known PM levels, values of the machine age and therefore shift and failure probabilities can 
be calculated and then problem will reduce to a linear MIP that can be solved using existing solution methods or by 
commercial solvers.  
 
In the literature of reliability, it is shown that the exponential distribution function, Rayleigh distribution function, or 
in the general form, Weibull distribution are the most appropriate fitting functions for machine shifts and failures. The 
theory explains why mortality rates increase exponentially with age (the Gompertz law) in many species and it also 
tells why technical devices usually fail according to the Weibull law (Gavrilov, 2001). Weibull distribution has 
comprehensive characteristics that can cover a wide range of (mainly, single failure mode) machines and components 
of different production systems. For example when φ<1 the hazard rate over the time is decreasing, φ=1 yields 
constant hazard rate (exponential distribution with hazard rate equal to	ߣ) and φ>1 results in increasing hazard rate 
over the time. When φ=2, Weibull distribution returns Rayleigh probability function. Because of wide application of 
Weibull distribution for time to shift and time to failure probabilities and its applied characteristics and flexibility, this 
distribution (with increasing hazard rate over the time, i.e. φ>1) is used in the sample problems of section 8. With 
Weibull distribution, the probability of remaining in in-control state when the age of machine is t is given by 
݂ሺݐ, ,ߣ ,ݐ|߮ ,ߣ ߮ ൐ 0ሻ ൌ ఝିଵ݁ିఒ௧ݐ߮ߣ

ക
 and its CDF is given by ܨሺݐሻ ൌ 1 െ ݁ିఒ௧

ക
. Reliability of a component is 

defined as ܴሺݐሻ ൌ 1 െ ሻݐሺܨ ൌ ݁ିఒ௧
ക

 and hazard function is defined as	ܪሺݐሻ ൌ
௙ሺ௧ሻ

ோሺ௧ሻ
ൌ  .ఝିଵݐ߮ߣ

 
6. Solution Method and Illustrative Example 
Considering that a given PM plan results in detailed and complete solution of the integrated problem, enumerating all 
possible PM plans and solving related MIP can be applied for small problems.  
Let us consider a small problem composed of 2 products (P=2), 3 periods (T=3), length of each period is L=1 month 
and 3 PM per period (m=3). Tables 1 shows demand, production cost, backorder cost, holding cost, setup cost and 
sale price for conforming and nonconforming items in each of the periods and table 2 shows machine and maintenance 
data. 
 
It is assumed that the time to shift to out-of-control state and the time to machine failure both follow Weibull 
distributions with different parameters i.e. CDF of time to shift is given by ܨሺݐሻ ൌ 1 െ ݁ିఒ௧

ക
 and CDF of time to 

failure is given by  ϛ(t) = 1 െ ݁ିఏ௧
ഐ
. Values of the parameters, parameters of restoration cost, and cost of the machine 

inspection are given in table 2. Optimal solution (plan 3) (found by enumeration method) and two other PM plans are 
represented in table 3.  
 

 
 
 
 

Table 1 - Products’ data in three periods 



 
 

 
 

  Demand 
Production 

cost 
Backorder 

cost 
Holding cost Setup cost 

Price 
Conforming 

 Price Non-
conforming 

Product 1 2 1 2 1 2 1 2 1 2 1 2 1 2 

P
eriod 

1 50 50 70 130 25 43 4 6 500 830 120 230 25 55 

2 48 49 72 125 27 46 3 7 490 790 125 230 23 60 

3 48 50 67 120 20 47 3 5 510 810 115 225 29 57 

 
Table 2: Maintenance data and PM levels of problem 1 

PM plans 1 2 3 
Minimal 
Repair 

Inspection Restoration Shift Probability 

Cost 350 175 0 120 80 ξ1+ ξ2*τ λ 4.5 

              φ 3 

Product 1 2 Imperfectness factor Restoration parameters Failure Probability 

Prod. Rate 150 150 Η 0.85 ξ1 170 θ 5 

Non Conf. Rate 0,25 0,2     ξ2 2700 ρ 2.5 

 
Table 3: PM Schedules 

Plan Description of the plan 
Total 
Profit 

PM Levels 
In period 1 

PM Levels  
In period 2 

PM Level  
In period 3 

1 2 3 1 2 3 1 2 3 
Plan 1  Plan minimizing the maintenance cost 15365 2 2 0 2 2 0 2 2 0 
Plan 2 Plan maximizing the sales 14394 0 0 0 0 0 0 0 0 0 
Plan 3 Optimal solution found by enumeration 15608 2 0 2 2 2 0 2 2 0 

 
As this table shows, the optimal solution (Plan 3 – with total profit 15608) is 1.6% better than the plan 1 that minimizes 
maintenance cost and 8.4% better than the plan 2 that maximizes the production and sales problem. Figure 2 shows 
how increasing the PM budget decreases the expected number of machine shifts and failures in a period. Each PM 
plan with known budget corresponds to a certain value of the number of machine failures and shifts in the period. It 
demonstrates that more investment on PM can significantly reduce the number of machine shifts and failures. Solution 
method is programmed in Visual Basic 2010 using CPLEX 12 to solve related MIP. Solution time was 132 minutes 
(on a 3.4GHz core i7 machine with 16GB of RAM). 
 

 
 

Figure 2: Effect of PM budget on expected number of shifts and machine failures in a period 
 



 
 

 
 

In order to perform sensitivity analysis, a new small problem (problem 2) with two products, one period, four PM 
levels, and three PM in each period is defined (See, tables 4 and 5). The optimal solution of this problem is 0.3% to 
16.6% better than disintegrated solutions obtained by solving the problems individually. 
 
Each profit is linked to a PM schedule. Figure 3, represents how investment on PM first improves the total profit by 
decreasing non-conformity rate and increasing the available production time but additional budgets cannot be 
compensated by the savings therefore appropriate PM budget needs to be determined. Changes in the available 
production time with PM investment are shown in figure 4. It also represents variations of the time of in-control state.  
 
Figure 5 represent how the profit and the optimal PM budget are influenced by the price of non-conforming items. In 
this graph, the price of imperfect product is considered as a percentage of prices of conforming items. For example 
when the price is increased from 25% to 50% of conforming product, total profit is increased by 10% and optimal PM 
budget is decreased by about 30%. This indicates that when the price of non-conforming items is relatively high, PM 
budget can be caught. Finally as represented in figure 6, shorter length of quality inspection intervals, increases the 
flexibility of decision system and results in higher profits but since the inspection contributes in the total cost, optimal 
determination of the number of quality inspections can be found by various what-if analysis and solving the problem 
for multiple cases of quality inspection intervals. 
 

Table 4: Production data and sale prices Table 5: Maintenance data 

PM plans 1 2 3 4 
Shift 

parameters  
 Product  Product 

PM Cost 360 240 120 0 λ 4.5  1 2  1 2 

          φ 3 Demand 60 40 
Price of 
conforming item 

120 200

             
Production  
Cost 

75 130 
Price of non-
conforming item 

30 50

Minimal Repair 
cost 

120 
Restoration 
parameters 

Failure 
parameters  

Backorder  
Cost 

25 43 Production rate  190 140

Inspection cost 80 ξ1 170 θ 5 
Holding 
cost 

4 6 
Non-conformity  
rate  

25% 20%

Imperfectness 
factor 

0.85 ξ2 2700 ρ 2.5 Setup cost 500 830       

 

   
 

Figure 3: Maximum profit as a function of PM 
investment  

Figure 4: Effect of PM budget of relative 
conformity rate and available production time 
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Figure 5: Relative changes of total profit and PM 

investment by sale price of nonconforming items 
Figure 6: Sensitivity of the total profit to the 

number of PM in the period 
 
7. Conclusions 
One substantial issue of the advanced decision systems is dealing with complex interactions and challenges between 
multiple parts of the system. Production and sales planning, maintenance scheduling, and design of the quality system 
are conflicting issues because of the shared resources and there are strong links between them. The main contribution 
of this paper is mathematical modeling and formulation of the profit maximization model which integrates lot sizing, 
sales planning, and preventive maintenance scheduling with certain aspects of the quality system in the same decision 
structure.  Formulations and evaluation of the costs and interacting factors are explained and complexity of the model 
is discussed. The notion of age based maintenance with linear age reduction and delay dependent restoration cost as 
well as the concepts of multi-state system are considered to decrease the gap between the theory and the real production 
systems. Taking into account time varying costs has increased the flexibility of the model to handle multiple choices 
in selecting different production and warehousing opportunities in the various periods. The problem is NP-hard and 
even for small problems the solution space is too large requiring solution of numerous MIP problems with complicated 
evaluations. Illustrative examples are presented and sensitivity of the solution to multiple parameters of the model is 
tested. Based on these results, integrated model significantly contributes in improvement of the planning and 
scheduling activities and increase the total profit by 0.5% to 20%. Such notable saving supports future studies on the 
joint models and justifies the need for more contributions in this field. Sensitivity analysis demonstrated that the 
solution is highly sensitive to the PM schedules and financial outcomes of the machine failure. Bearing in mind the 
complexity of the model, our next contribution will generally focus on developing efficient solution methods for the 
proposed model and to consider several decisions concerning the design of the quality system. We will also extend 
the model for the case of more complex systems with multiple machines. 
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