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Abstract 

 
In this paper, we studied a two-echelon inventory system which consists of one supplier and one retailer. All 
installations follow base stock inventory management policy. The customers arrive at retailer according to Poisson 
distribution. The demand is satisfied when both supplier and retailer have positive on-hand inventory. Otherwise, the 
demand is lost. The lead time of supplier and the time needed to replenish orders of retailer are assumed to be 
exponentially distributed. The purpose of this study is to minimize the expected long-run total cost of the system per 
unit time. Total cost of the system includes holding costs of supplier and retailer, and the cost of lost sales. We 
modeled the problem using continuous-time Markov chain and provided an approximation of the steady-state joint 
probabilities of outstanding orders of retailer in the service of supplier and supplier’s on-hand inventory. The 
optimal solutions, properties of the objective function as well as some numerical results are presented. In our 
numerical results, the maximum error of 2.85% was observed. 
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1. Introduction 
This paper focuses on a two-echelon inventory system including one supplier and one retailer. Both supplier and 
retailer follow base stock inventory management policy with parameters r and s, respectively. The demands arrive to 
retailer according to a Poisson process with parameter  . In case of no on-hand inventory at retailer, the demand is 
lost. Otherwise, retailer checks the on-hand inventory level of supplier; again, in case of no on-hand inventory at 
supplier, the demand is lost. If both retailer and supplier have positive on-hand inventory level, four events occur 
simultaneously: (A) the demand is satisfied, (B) as retailer follows base stock inventory policy, retailer demands one 
unit of product to supplier, (C) one unit of product joins the queue to be shipped to the retailer and (D) the supplier 
start to replenish its inventory. The lead time of supplier and the time needed to replenish orders of retailer are 
exponentially distributed with parameters   and  , respectively. 

The purpose of this paper is to determine the optimal values of r and s which minimize the expected system total 
cost per unit time. 
In the following sections, we formulate the problem using continuous-time Markov chain and will provide an 
approximation of the steady-state probabilities. Finally, we will discuss some properties of the objective function 
and will present some numerical examples. 
 
2. Notations 
The notation by which the system was modeled is provided in table 1. 

 
Table 1: Model notation 

Notation Definition 
  Demand rate 
  Lead time rate 
  Replenishment rate 
r  Maximum inventory position of supplier 
k  On-hand inventory of supplier, rk 0  
s  Maximum inventory position of retailer 

n  The number of outstanding orders of the retailer, that is, the queue of orders 
waiting to be shipped to the retailer, sn 0  
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1h  Retailer holding cost per unit time per product  

2h  Supplier holding cost per unit time per product 
  Shortage cost per product 

1I  Retailer long-run average on-hand inventory 

2I  Supplier long-run average on-hand inventory 

S  Long-run average number of lost sales 

 
 

3. Markov Model 
The state space of the Markov chain model is  kn, , where n  and k  are defined in table 1. Let   1A  if A  is 

true and   0A  otherwise. Therefore, the balance equations for the Markov chain model can be written as 

follows: 

              knkrknsnk ,000    
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Let  n1  ( sn 0 ) denote the probability of n  customers ( n  outstanding orders) in the sMM /1//  queue and 

let  k2  ( rk 0 ) denote the probability of k  free servers ( k  inventory) in rrMM ///  queue. As in (Ross 

2006),  n1  and  k2  can be calculated as below: 
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It can be shown that      knkn 21,    does not satisfy (1) and (2). However, we conjecture that the relation 

     knkn 21,    gives an acceptable approximation to our system steady-state probabilities. That is: 
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4. Objective Function 
The objective function, denoted as  srTC ,   is considered as the expected long-run cost of the system per unit time 

which is the summation of holding costs of supplier and retailer, and the cost of lost sales. Hence, the objective 
function is given by: 
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  SIhIhsrTC  2211,  (8) 

Theorem 1: 1I , 2I  and S  are calculated as follows: 
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Where  aNB ,  is Erlang loss function and is calculated as   
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Proof: Using the steady-state probabilities presented in (7): 

 Calculating 1I  
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 Calculating 2I  
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 Calculating S  
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5. Convexity Analysis 
If  srTC ,  is a convex function, then a local minimum of  srTC ,  is its global minimum. Accordingly, we present 

the following theorem: 
Theorem 2: The objective function  srTC ,  is convex in terms of r and s for any  1,01  . 

Proof: As in (8), the objective function is defined as   SIhIhsrTC  2211, . If we show that each component 

of  srTC ,  is convex in terms of r and s, then we can prove theorem 2. 

5.1 Convexity Analysis of 11 Ih  

We define  sC1 ,  sC11  and  sC12  as follows: 
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With some algebraic manipulations one can show that: 
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Lemma 1: For all Ns  and any  1,01  ,      013311 11
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Proof: with some simplification we have: 
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Lemma 2: For all Ns  and any  1,01  ,    
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Proof: We prove lemma 2 by induction on s . Let      
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Which shows the statement  sP  is true for 1s . Next, we have to show that if  kP  holds then  1kP  also 

holds. We write  kP  as follows: 
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We add 22 k  to both sides of  kP . Therefore: 
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The statement is true, since each of its components is negative. The basis and the inductive step have been 
performed. As a result,  sP  is true for all natural s  and any  1,01  . With respect to lemma 1 and lemma 2, one 

can find that   012 sC . 

5.2 Convexity Analysis of 22 Ih  

We define  rC2  as below: 

        222222222222 ,,  rBhrhrBrhIhrC   (19) 

The first component of  rC2  is a linear function. Thus, it is a convex function. The second component is Erlang 

loss function multiplied by a positive coefficient. It is proved that Erlang loss function is a convex function (Jagers 
and Van Doorn 1986). Therefore,  rC2  is a convex function in terms of r . 

5.3 Convexity Analysis of S  

Before conducting the analysis, we make a simplification to S  as follows: 
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Also, we define the following functions: 
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As  srC ,3  is in the product form of the two single-variable functions, namely  2,rB  and 
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 it is easy to 

show that the second forward differences of  srC ,3 ,  srC ,32  equals to: 
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The properties of convex functions are introduced in (Yüceer 2002). We must show that the second forward 
differences of  srC ,3  is negative. In (Jagerman 1974), it is shown that Erlang loss function  aNB ,  is a decreasing 

function of N , that is: 

    0,,1 22  rBrB   (23) 

With some simple algebra, one can show that: 
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(23) and (24) imply that the second forward differences of  srC ,3  is negative. Hence,  srC ,3  is a convex 

function in terms of r and s. 

We define  sC41  and  sC42  as below: 
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It is clear that  sC42  is positive. Therefore,  sC4  is convex. As each component of S  is convex, it is 

concluded that S  is also convex. 

Finally, the proof of theorem 2 is complete as the objective function components, namely 11 Ih , 22 Ih  and S  are 

convex functions of r and s. 
 
6. Optimal Solutions 
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We define  srTC ,  as follows: 
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Using S
~

 instead of S  in the objective function gives an additively separable objective function, that is: 

     rTCsTCsrTC 21,   (29) 

Where: 
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      222222 ,,  rBrBrhrTC   (31) 

Remark: We already have shown that S  and  srTC ,  are convex functions. Interestingly, it is easy to show that S
~

 

and  srTC ,  are also convex functions. 

 
6.1 Optimal values of s  and r  
 

Let *s  and *r  be the optimal values of s  and r , respectively; and let      sTCsTCsTC 111 1   and 

     rTCrTCrTC 222 1  . As  sTC1  and  rTC2  are convex, *s  and *r   are the smallest positive integers 

which satisfy the conditions   0*
1  sTC  and   0*

2  rTC . The functions  sTC1  and  rTC2  are calculated 

as below: 

        
  1

1
2

1

11111
2

1
1

1
1

11

211









ss

s hhsh
sTC




 (32) 
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Remark: Similar conditions for above-mentioned optimality is presented in (Haji et al. 2011). 
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7. Numerical Examples 
Optimal solutions *s  and *r  are obtained from (32) and (33). In some examples, as presented in table 2, we solved 

the set of balance equations (1) and (2) for *ss   and *rr  . Then, we used the solutions to calculate the exact 

value of the objective function,  ** , srCT  . In these examples we aimed to assess the performance of the proposed 

approximation. C++ and Maple 14.0 have been utilized to obtain numerical examples. 
 

Table 2: Numerical examples 

       1h  2h    *r  *s   ** , srTC   ** , srCT   Error (%) 

1 80 120 100 2 2 15 5 10 33.15 33.08 0.21 
2 100 150 120 5 5 12 5 8 69.81 69.66 0.22 
3 100 150 80 5 5 12 6 8 72.81 72.62 0.25 
4 100 180 80 5 5 12 6 6 65.85 65.58 0.42 
5 100 150 80 10 10 12 5 6 128.00 126.46 1.22 
6 100 150 120 10 10 12 4 6 123.89 122.32 1.28 
7 100 180 120 10 10 1 3 2 56.52 55.34 2.13 
8 100 150 80 5 5 1 4 3 39.11 38.28 2.16 
9 125 150 100 5 5 2 5 6 58.53 58.26 0.46 

10 125 150 80 10 10 12 6 10 164.57 163.73 0.51 
11 125 150 80 5 5 12 6 13 99.83 99.24 0.60 
12 125 150 120 10 10 4 4 6 114.27 112.27 1.78 
13 125 150 75 10 10 1 4 3 72.72 70.71 2.85 

 
8. Conclusion 
Some authors believe that the mathematical background of lost-sales analyses are more difficult compared to those 
of backordered (Bijvank and Vis 2011). However, we believe that it is more logical to formulate consumer purchase 
behavior as lost-sales (Huh et al. 2009, Bijvank and Vis 2011). Extensive attentions have been paid to lost-sales 
inventory policy during the past decades. This paper deals with stochastic parameters, base-stock inventory 
management policy and lost sales. Other studies in the area of lost-sales with variety of assumptions on parameters 
(lead time and restocking time), number of installations in each echelon and their characteristics are well categorized 
and discussed in (Bijvank and Vis 2011). The idea of focusing on this problem arose from (Haji et al. 2011) which 
considers a two-echelon inventory system, similar to the one we investigated in this paper, but with the assumption 
that in case of out of stock at retailer, demands are not lost. The authors could find the exact steady-state 
probabilities of the Markov model in the product form. Accordingly, the exact optimal solutions for such a system 
were derived. In this work, we proposed an approximation for the solutions to (1) and (2). It is worth considering 
that the presented steady-state probabilities applies to (1) when   1 sn . In this regard, if s  then our 

approximation would be the exact solution to balance equations as presented in (Haji et al. 2011). 
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