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Abstract

Recently, Chen [1] presented a modified economic manufacturing quantity (EMQ) model under imperfect
product quality and perfect measurement system. The model determines the EMQ and the process target
simultaneously. However, the extend model did not consider the problem under imperfect rework where
measurement error exists. In this paper, the authors extend Chen [1] model for obtaining the optimum
process mean and economic manufacturing quantity under imperfect rework where measurement error
exists. The proposed model is illustrated via an example from the literature. Comparison of the results of
the proposed model with Chen model is provided. In addition sensitivity analysis to assess the impact of
the measurement errors has been conducted.
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1. Introduction

The problem of determining the economic manufacturing quantity and the process targeting are two
important problems in production planning. Both problems attracted the attention of researchers for several
decades. In this paper both problems are addressed in an integrated framework under imperfect
measurement system.

Classical Economic order quantity (EOQ) models assume all received items in a lot Q meet specifications
(perfect quality) and screening procedures for items are error free. However these types of assumptions
rarely exist in real life. Therefore lots received may have imperfect items and the procedures used to screen
the items have errors such as misclassifying a good item as rework, good item as scrap, rework item as
good and so on. These lead researchers to address these issues and modify the classical models for
obtaining the optimal (EOQ/EPQ). The researchers include Lee and Rosenblatt [2], Cheng [3, 4], Chiu [5],
Eroglu and Ozdemir [6], Salameh and Jaber [7], Goyal and Barron [8], Khan et al. [9].

On the other hand a closely related problem is the process targeting problem. It deals with the
determination and selection of the optimal process parameters (mean and variance) to optimize a selected
objective function. It is important stems from the fact that selecting the optimal parameters has impact on
quality, cost and customer satisfaction. This problem is an active area of research and has attracted the
interest of many researchers in the last sixty years since the first initial process targeting model of Springer
[1951]. The literature survey has shown that the original model of Springer has been extended in many
directions. The directions include optimizing the process parameters using single but different objective
functions, optimizing the parameters of several processes in sequence, studying the impact of
measurements errors and integrating process targeting with other closely related problems.

In 2006, Chen [1] presented a modified economic manufacturing quantity (EMQ) model under the
imperfect product quality using Taguchi’s quadratic quality loss function for measuring the product quality.
The model integrates the determination of EMQ and the process target. However Chen [1] in his paper
assumed perfect measurement system and did not address the impact of measurement errors on the optimal
EMQ and process target.
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In this paper, Chen [1] model is extended for obtaining simultaneously the optimum process target and
economic manufacturing quantity under imperfect rework wherea measurement error exists. The
motivation behind this work stems from the fact it has been shown that measurement errors have
considerable impact on other quality control and production problem and need to be studied when both
these problems are integrated in one model and accounted for in production planning. The rest of the paper
is organized as follows: Section 2 presents the literature review followed by the statement of the problem in
section 3. Section 4 presents the proposed model and Section 5 illustrates the model with a numerical
example and provides sensitivity analysis to assess the impact of the measurement errors. Section 6
concludes the paper.

2. Literature Review

Harris [10] proposed the classical famous EOQ model to the world; it has been broadly applied in many
places. However, there are some drawbacks in the assumption of the original EOQ model and many
researchers have tried to improve it with different viewpoints, and the absence of the inventory quality is
one of these shortcomings. In the classical EOQ model, there is no defect in the quality of inventory or
production line. However, this assumption does not exist in the real world. The relationship between
quality and EOQ model has been extensively studied over the last decade and the work by Porteus was
believed to be the starting point [11]. Rosenblatt and Lee [12] concluded that the presence of defective
products motivates smaller lot sizes. In a subsequent paper, Lee and Rosenblatt[2] considered using process
inspection during the production run so that the shift to out-of-control state can be detected and restored
earlier. Furthermore, Lee and Rosenblatt [2, 12]. Lee and Park [13] introduced some inspection and
maintenance mechanisms in order to monitor the production process. They assumed that the shift of the
production process follows an exponential distribution and extended it to type I inspection error. Liou et al.
[14] and Makis [15] extended the Lee and Rosenblatt's [2, 12] work. They considered the shift of the
production process following a general distribution, the inspection interval being arbitrary, and type I and
type II inspection errors existing in the EMQ model. Tseng [16] and Makis and Fung [17] further
incorporated a preventive maintenance policy into Lee and Rosenblatt's [2, 12] deteriorating production
system.

Tapiero [18] links optimal quality inspection policies and the resulting improvements in the manufacturing
costs. Fine [19] uses a stochastic dynamic programming model to characterize optimal inspection policies.
Fine and Porteus [20] refine the original work of Porteus to allow smaller investments over time with
potential process improvement of random magnitude. Chand [21] brought the learning effect into the
model. In a series of papers, Cheng [22, 23] has involved the production process reliability into a classic
economic order quantity model. Hong et al. [24] have established the relationship between process quality
and investment. Salameh and Jaber [7] considered a special inventory situation where items, received or
produced, are not of perfect quality. Taguchi’s [25] redefined the product quality as the loss of society and
proposed the quadratic quality loss function for measuring the quality cost. His quality loss function has
been successfully applied in the on-line and off-line quality control problem.

Pulak and Al-Sultan [26] extended the application of rectifying inspection plan in determining the optimum
process mean setting. In rectifying inspection plan, the 100% inspection will be executed when the lot is
rejected. All the non-conforming products during the inspection stage are usually replaced by conforming
ones. Recently, there are some works addressing the economic models integrating production, maintenance
and quality, e.g., Lin [27], Rahim and Ohta [28], Hariga and Al-Fawzan [29], Rahim and Al-Hajailan
[30].Chen [31] presented a modified EMQ model by applying the modified Al-Sultan’s [32] model with
Taguchi’s [25] symmetric quadratic quality loss function. However, the asymmetric quadratic quality loss
function maybe occurs in the industrial application. In this paper, the author presents a modified EMQ
model based on the modified Al-Sultan’s[32] model with Taguchi’s [25] asymmetric quadratic quality loss
function for obtaining the maximum expected total profit per unit of time. The EMQ, maximum inventory
level, and optimum process mean will be determined simultaneously. The advantage of this integrated
model is to obtain a joint control of manufacturing quantity, inventory level, and production process.

Chen [1] proposes a modified EMQ model with the producer’s loss and the customer’s loss. The total
inventory cost of his model includes the set-up cost, the holding cost, and the product cost. The 100%

inspection, perfect rework, and imperfect rework of product are considered. However, his model does not
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consider the situation where measurement and inspection errors are present. Ignoring measurement or
inspection errors in many situations is unrealistic. This paper is an attempt to address such situations when
measurement errors are present.

3. Problem Statement

The problem modeled in this paper is the same one presented in Chen [1] except when measuring the
quality characteristic of the product there is a measurement error. The inspector in this situation does not
read the true value due to the measurement error.

Chen [1] considered a production process that is producing a product with a quality characteristic y that is
normally distributed. The quality characteristic is inspected for determining if it meets specification
(accepted), scrapped, or rework. The quality characteristic y has a lower specification L, (LSL) and an
upper specification limit Ly (USL). A product is classified as conforming if L,<y <L4, scrapped if y <L, ,

and need to be reworked if y >L; . The producer will ship the conforming units to the customers. The
rework process is assumed to be imperfect .Hence, the product may be reworked once more to meet a
specification and the quality characteristic of rework is the same as that of production. The quality loss of
conforming units will be measured by Taguchi’s [25] quadratic quality loss function. Next Chen model is
presented to make the paper self contained. Chen made the following assumptions to develop his model:

1. The manufacturing system consists of a single process or machine engaged in the production of a
single item.

2. There is no shortage cost.

3. Demand of the produced item is continuous and constant and all demand s must be met
(production rate > demand rate).

4. The price of per unit material in production is at a fixed cost.

5. The quality characteristic of product y is normally distributed with unknown mean p and known
standard deviation a.

The cost function of product with imperfect rework is:
R+EP),Ify>L,
Py =3A+k(y—-0)4IfL, < y<lL,
A+SIfy<lL,
Hence, the expected cost of a product is:

P Ly L,
E(Py) = f (R + EP)If )y + f A+ k@ — ODF)dy + f A+fdy (1)

Where Py; is the cost function of product under the imperfect rework; A is the inspection cost per unit; & is
the quality loss coefficient (= :;z); A is the tolerance (=| L;— ¢ |=| L,— ¢ |); R is the rework cost; ¢ is the target
value; S is the scrap cost per unit.

B =R [ f0)dy+E@) [ foday+a [ foray+ [ ko -0dr@ay+a O
Lq B Ly Ly Ly
+5) [ fordy

Where:
1
f) = \/% 260"’ is the normal distribution density function with mean u and standard deviation o. Let

z= % then, @(z) = \/%ezz is the standard normal distribution density function. Now consider the

following:

y-u
f_ym fO)dy = f_cg @(z)dz = ®(z)the standard normal cumulative distribution function.
Now let’s define the following:
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Standardizing the normal distribution function to standard normal using the transformation z = %and By
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Where:
Ly
[ - o9rmay 3
Ly

=k{[(u-0*+0?1+[8—7]
—ol[(u =2t +L)g(@) — (u—2t + L)p(8)]}

The probability of the product scrapped is:

(o) oo o (=) 1m0 (B8] o)

_ ()

Y
=—9 /L 5
o (55 P ©)
a
The probability of the product is shipped to the customers is:
Ly—p Li—p Ly—p
1_‘1’(7):‘1’(7)—‘1’(7) _B-v ©

) )

Hence, the modified Chen [1] EMQ model with imperfect rework including the set-up cost, the holding cost, and
the production cost is:

D
TCy =S, .Q[%]
where TC(;yis the total inventory cost per unit time; D is the demand quantity in units per unit time; Q is the
economic manufacturing quantity; S;is the set-up cost for each production run; O is the demand rate inunits per
day; I is the production rate in units per day, / >O; & is the holding cost per unit item per unit time

+0.5.Q. [%] (1 - ?) .h+ D.E(P,) 7)

4. Proposed model with measurement error
Now consider the case where the inspection system is imperfect and has error when measuring the quality
characteristic. Thus, inspectors classify product based on observed value x not the true value y due to the
measurement error. Both quality characteristics (the observed X and the actual Y ) are normally distributed and
the relation between them is as follows:
X=Y+e¢ ®)
Where € is a random variable which represents the inspection error. € is normally distributed with mean
zero and known standard deviatione~N(0,62) . The correlation coefficient between the actual and
observed quality characteristics p is given by the formula:

oZ o2
=1-—=2 9
p o o €))

Since, the actual and observed quality characteristics are both normally distributed; then, their joint
distribution is bi-variate normal given as follows:
, ) 1 2(1__1,,2) ((y(:zil)z + (X;ét)z 2*;)*();;53;(3}—#)) 0

xX,y) =——————e y x

(. 210,00,/ 1 — p? (10)
To reduce the effect of the inspection error, instead of using the original limits (L, and L,) for inspection,
we based the inspection on new limits (cut off points) and use these new limits as the classification criteria
(figure 1).
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Figure 1: Cut off points for the inspection error

The location of these cut off points (w;,w,) depends on many factors, such as: the penalty associated with

misclassifying a lower quality product with a higher quality, the value of the mean, the value of the
standard deviation, etc.

Prior to model development, the types of losses and penalties associated with misclassification of the items
will be described in Table 1.

Table 1: Penalties Associated with Misclassification

Penalty | Due to Penalty | Due to

bRA Classify rework item as accepted item b AS Classify accepted item as scrap item
RS Classify rework item as scrap item bs " Classify scrap item as accepted item

b R Classify accepted item as rework item bSR Classify scrap item as rework item

The cost function of product under perfect rework and measurement error is:

Where Py, is the cost of a product under-imperfect rework and measurement error. Hence, the expected

(A+ R+ E(Py)

X =wq,y > L)
A+ by, x=zwy, L < y<L;
A + bgg X =wy,y <L,
A+Dbygw, < x <wy,y> Ly
P113=<A+k(y_t)2W2Sx<W1,L2Sy<L1>
A+ bygwy, < x<wy,y<lL,
A+ S+ bgg x<wyy>Ly
A+ S+ bgy x<wy L, y<Ly
A+S x <wyy<L,

cost function of product under-imperfect rework and measurement error is:
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E(P)
- f [A+ R + E(Puo)hx,y) dyd + f [R + bralhCr, y) dyd + f "[R + baslh(x, ) dyd
L —

wq YLy Wy Y=

0 ~Ly

w1 o0 w1 Ly
+ f J [A + byglh(x,y) dydx + f f [A+ k(y — £)?]h(x,y) dydx
wy YLy w2 YLy
Ly Wy O
+ J- [A+ byglh(x,y)dydx + j f [A+S+ bgrlh(x,y)dydx
Wz V=™ o Yl

wy Ly
+ f [A+ S+ bsylh(x,y) dydx

oo YL,
w2 Ly
w7
+ S]h(x, y) dydx (11)
Now, add the similar term together:
E(Ple) L L
_ A+R fwl le h(x,y) dydx + bg, fwl szl h(x,y) dydx + by fwl J22 h(x,y) dyd
[1= 12§ hx,y) dyd]
wq L w ©o wq L
. S, 1 e = ©21h(x, y) dydx + ba J,, " f, h(x, ) dydx + bys [, * [ 22 h(x,y) dydx
1 ~ Lo I hG ) dyd|
S 02 (7, h0xy) dydx + bsa [ 02 [, h(x,y) dydx + bsg [ 2 [ h(x,) dydx
+ [ee) [ee]
[1 - fwl le h(x,y) dyd]

E(P)
A+S.E+R [ [ hexy) dydx + bea [ [ h(x,y) dydac + bs [;; [*2, h(x,y) dyd

[1=Jo 7 hexy) dyd]
N [o1 [ [k = ©)*| h(x, y) dydx + bag [) 7 b y) dydx + bas [, [2, h(x,y) dydx
[1=Jy 7 h(x,y) dyd]
| Dsa LG S hOoyy dydx + bor [ Jy b, y) dydx
[1= 1 7 h(x,y) dyd]

Where:
wi—H W2—Hl
w=——, = —=_
/032,+0§ " /032,+0§
Q=0 Z2E | = o(w), E=d WaTl =o(n)

o5+a¢ oj+a¢

Q_
The probability of the product is shipped to the customers is (TE) Hence, the expected total cost of

modified EMQ model with imperfect production process quality and inspection process including the set-

up cost, the holding cost, and the production cost is:

+0.5.Q.(B>.(1—g).h+D.E(P,,e) (14)

ETC2 = S,. ;

e

5. Numerical Example and Sensitivity Analysis

Consider a production process, which produces a product that have a normally distributed quality
characteristic y with unknown mean u. A product will be inspected for determining if it is accepted, scrap,
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or rework. A product whose quality characteristic falls between the two limits (10<y <15) is accepted,
while a product with quality characteristic below lower specification limit (y <10) is scrap with cost $1.
Finally, a product whose quality characteristic fall above the upper specification limit (y >15) need to be
reworked with cost $2. The process standard deviation is 1.3.The inspection cost per item A=0.2.The error
in the measurement system is represented by the correlation coefficient having the value p=0.85,
i.e.0,=0.557 and 0,,=1.414. The uniform search over w,€ [8, 12] and w; € [13, 17] is conducted. Knowing
that:

1=100,0=80, S; =20,h=1,D=2000bz, = 10, bgs = 10, bsg = 70,bss = 70, bgy = 70, bszy = 60.Chosen of
penalties take a lot of our consideration because we aim to prevent our product from customer loss cost, so
the penalties associated with classifying accepted item as rework or scrap items is chosen more higher cost
than other penalties. For the numerical analysis, ‘"NLPSolve’ command of Maple 12 software programming
is used. Table (2), summarize the results.

Table 2: Proposed model with error
I R SRR Proposed model with error

o 695
u* 12.41
wi 14.921
w3 10.120
ETC 36,1713

Table (3), summarize the results of Chen [1] model.

Table 3: Chen [1] model with error-free

Proposed model with error
o* 653
u* 12.43
ETC 1576

It is clear that the expected total cost under measurement error is greater than when error-free, the reason is
a penalty cost is added when the system under measurement error, which lead to increasing economic
manufacturing quantity ,consequently, increasing the expected total cost.

The sensitivity analysis for the correlation coefficient p and the penalty costs is conducted, to study their
effect on the model and the results. First, the effect of the correlation coefficient between actual quality
characteristic y and the observed quality characteristic x is studied. Table (3); below show the effect of the
correlation coefficient on the modified Chen [1] model.

Table 4: Sensitivity analysis of the correlation coefficient on the Chen [1] model with measurement error

Chen [1] model with perfect rework and measurement error.
p Wy w, U Q ETC1 Change percentage
0.95 14.921 10.120 12.41 689 28,890.0 -20.13%
0.9 14.921 10.120 12.41 692 32,800.1 -9.32%
0.85(original) | 14.921 10.120 12.41 695 36,171.3 0%
0.8 14.921 10.120 10.67 697 39,622.0 9.54%
0.75 14.921 10.120 10.67 699 43,456.2 20.14%

It is clear that as the correlation coefficient p increases the error standard deviation decreases as well.
Therefore, as the correlation coefficient value increased the deviation between the actual and observed
quality characteristics is decreased and approaches zero. Hence, the model tends to be closer to the model
in chapter three with no inspection error. The higher the value of the correlation coefficient, the lower value
for the expected total cost, because, if the correlation coefficient value is high then, more produced items
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are classified correctly according to their quality characteristic values therefore, no more penalty cost is
going to be paid. While the small value of the correlation coefficient means more produced items are
misclassified due to the high deviation between the actual and observed quality characteristics. Hence,
more penalties are going to be paid which resulting in more loss which increase the expected total cost and
more variability between the produced items.

6. Conclusion

In this paper, Chen [1] model is extended for the systems with measurement error. The proposed model is
illustrated via a numerical example from the literature. Sensitivity analysis for the correlation coefficient
between the actual and observed quality characteristics has been conducted to assess the impact of the
errors on the optimal economic manufacturing quantity, process target mean and the expected total cost
values. Further work is needed to consider asymmetric quadratic quality loss function for measuring the
product quality. Also the work in this paper can be extended to multi-stage production processes.
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