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Abstract 

 
Safety-critical autonomous systems require controllers that achieve performance objectives while guaranteeing 
constraint satisfaction. This paper presents a framework integrating Discrete Event System (DES) supervisory control 
with reinforcement learning (RL) through Control Barrier Function (CBF) principles. We establish a formal connection 
between DES state avoidance and CBF-based safety by defining discrete states as approximations of CBF level sets. 
The proposed DES-RL framework employs barrier-inspired reward shaping that encodes safety requirements into the 
learning process, enabling agents to discover optimal policies while maintaining forward invariance of safe sets. We 
develop a Q-learning algorithm with CBF-shaped rewards that learns safe policies without requiring explicit system 
dynamics models. The framework is validated through an autonomous vehicle lane-keeping application, 
demonstrating zero lane departure violations across 100 evaluation episodes. Comparative analysis with traditional 
CBF-QP controllers shows that DES-RL achieves equivalent safety under nominal to strong disturbance conditions. 
 
Keywords 
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         1. Introduction 
The deployment of autonomous systems in safety-critical applications has created an urgent need for control strategies 
that guarantee both high performance and strict safety constraints (Ames et al., 2019). Reinforcement learning (RL) 
has emerged as a powerful paradigm for learning optimal control policies (Sutton and Barto, 2018), achieving 
remarkable success in complex tasks (Mnih et al., 2015). However, standard RL algorithms optimize cumulative 
rewards without explicit consideration of safety constraints. Control Barrier Functions (CBFs) provide a 
mathematically rigorous framework for ensuring safety in dynamical systems (Ames et al., 2017). Discrete Event 
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Systems (DES) theory (Ramadge and Wonham, 1987) offers supervisory control where systems are modeled as finite 
automata. The primary objectives are: (1) establish formal connection between DES state avoidance and CBF-based 
safety; (2) develop a model-free RL algorithm with CBF-inspired reward shaping; (3) validate through autonomous 
vehicle lane-keeping with zero safety violations; (4) compare with traditional CBF-QP controllers. The remainder of 
this paper is organized as follows: Section 2 reviews related work in RL, CBFs, and DES. Section 3 presents the 
methodology including system model, theoretical framework, and proposed algorithm. Section 4 describes the lane-
keeping application. Section 5 presents results and discussion. Section 6 concludes the paper. 
 
2. Literature Review 
The foundations of value-based reinforcement learning were established with Q-learning (Watkins and Dayan, 1992), 
which learns optimal action-value functions through temporal difference up-dates without requiring environment 
models. This approach was later extended to high-dimensional state spaces through Deep Q-Networks (Mnih et al., 
2015), enabling direct learning from raw sensory inputs. For continuous control tasks, policy gradient methods such 
as Proximal Policy Optimization (Schulman et al., 2017) have demonstrated remarkable success by directly optimizing 
parameterized policies. 
 
The theoretical foundations for safety in control systems are rooted in set invariance theory (Blanchini, 1999). Control 
Barrier Functions formalize these concepts for control-affine systems, where a barrier function defines the safe set and 
the CBF-QP formulation provides a mechanism to minimally modify nominal controllers while ensuring safety (Ames 
et al., 2017). The robust properties of CBFs under model uncertainty were analyzed by Xu et al. (2015), establishing 
input-to-state safety conditions. 
 
In the discrete domain, DES theory (Ramadge and Wonham, 1987) models systems as finite automata with supervisory 
control preventing transitions to forbidden states. The integration of safety into RL has been approached through 
Constrained MDPs, where CPO (Achiam et al., 2017) uses trust region methods with cost constraints. In parallel, a 
large body of work has studied planning and acting in partially observable stochastic domains using POMDP 
formulations (Kaelbling et al., 1998; Cassandra et al., 1994; Shani et al., 2013), which provide a principled framework 
for decision-making under uncertainty but remain computationally demanding for high-dimensional control problems. 
Cheng et al. (2019) combined model-free RL with CBF-based safety filtering using Gaussian processes for dynamics 
learning, while Taylor et al. (2020) proposed episodic updates of CBF parameters. However, existing approaches face 
fundamental limitations: CBF methods require accurate dynamics knowledge, constrained optimization provides only 
soft guarantees, and safety shielding can interfere with the learning process. Our framework addresses these challenges 
by embedding CBF-inspired constraints directly into the DES state structure and reward function, enabling model-free 
learning with interpretable safety guarantees. 

 
3. Methodology 
This section presents the theoretical framework for integrating Discrete Event Systems with Con-trol Barrier Functions 
through reinforcement learning. We begin with the system model, establish the formal connection between DES and 
CBF, and develop the proposed learning algorithm with theoretical guarantees. 
 
3.1 System Model 
Consider a continuous-time control-affine dynamical system: 

𝑥̀𝑥 = 𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥)𝑢𝑢 + 𝑤𝑤 (1) 
where 𝑥𝑥 ∈ 𝒳𝒳 ⊆ ℝ𝑛𝑛 is the state vector, 𝑢𝑢 ∈ 𝒰𝒰 ⊆ ℝ𝑚𝑚 is the control input, 𝑤𝑤 ∈ 𝒲𝒲 ⊆ ℝ𝑛𝑛 represents bounded 
disturbances with ‖𝑤𝑤‖ ≤ 𝑤𝑤max , and 𝑓𝑓:ℝ𝑛𝑛 → ℝ𝑛𝑛,𝑔𝑔:ℝ𝑛𝑛 → ℝ𝑛𝑛×𝑚𝑚 are locally Lipschitz continuous functions. 
We assume the existence of a continuously differentiable barrier function ℎ:ℝ𝑛𝑛 → ℝ that defines the safe set: 

𝒞𝒞 = {𝑥𝑥 ∈ ℝ𝑛𝑛:ℎ(𝑥𝑥) ≥ 0} (2) 
The boundary of the safe set is 𝜕𝜕𝜕𝜕 = {𝑥𝑥: ℎ(𝑥𝑥) = 0}, and we require ∇ℎ(𝑥𝑥) ≠ 0 for all 𝑥𝑥 ∈ 𝜕𝜕𝜕𝜕. 
 
3.2 Discrete Event System Abstraction 
We construct a discrete abstraction of the continuous state space by partitioning it according to the level sets of the 
barrier function. Define threshold values 0 < 𝜖𝜖2 < 𝜖𝜖1 and construct the following discrete state space: 
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𝑆𝑆CENTERED  = {𝑥𝑥 ∈ ℝ𝑛𝑛: ℎ(𝑥𝑥) ≥ 𝜖𝜖1} (3)
𝑆𝑆WARNING  = {𝑥𝑥 ∈ ℝ𝑛𝑛: 𝜖𝜖2 ≤ ℎ(𝑥𝑥) < 𝜖𝜖1} (4)
𝑆𝑆RECOVERY  = {𝑥𝑥 ∈ ℝ𝑛𝑛: 0 < ℎ(𝑥𝑥) < 𝜖𝜖2} (5)

𝑆𝑆UNSAFE  = {𝑥𝑥 ∈ ℝ𝑛𝑛:ℎ(𝑥𝑥) ≤ 0} (6)

 

The discrete state space is 𝒮𝒮 = {𝑆𝑆Centered , 𝑆𝑆WARNING , 𝑆𝑆RECOVERY , 𝑆𝑆UNSAFE }. The state mapping function 𝜎𝜎:𝒳𝒳 → 𝒮𝒮 
determines the discrete state from the continuous state: 

𝜎𝜎(𝑥𝑥) = �

𝑆𝑆CENTERED  if ℎ(𝑥𝑥) ≥ 𝜖𝜖1
𝑆𝑆WARNING  if 𝜖𝜖2 ≤ ℎ(𝑥𝑥) < 𝜖𝜖1
𝑆𝑆RECOVERY  if 0 < ℎ(𝑥𝑥) < 𝜖𝜖2
𝑆𝑆UNSAFE  if ℎ(𝑥𝑥) ≤ 0

(7) 

 
The DES abstraction 𝐺𝐺 = (𝒮𝒮,𝒜𝒜, 𝛿𝛿, 𝑠𝑠0) is defined where 𝒜𝒜 is the finite action set, 𝛿𝛿:𝒮𝒮 × 𝒜𝒜 → 𝒮𝒮 is the probabilistic 
transition function induced by the continuous dynamics, and 𝑠𝑠0 = 𝜎𝜎(𝑥𝑥0) is the initial discrete state. 
3.3 Problem Formulation 
We formulate the safe control problem as a Constrained Markov Decision Process (CMDP). The objective is to find a 
policy 𝜋𝜋:𝒮𝒮 → 𝒜𝒜 that maximizes expected cumulative reward while ensuring the system never enters the unsafe state. 

Definition 1 (Safe Policy). A policy 𝜋𝜋 is said to be safe if, for all initial states 𝑠𝑠0 ∈ 𝒮𝒮 ∖ {𝑆𝑆UNSAFE } and for all time steps 
𝑡𝑡 ≥ 0 : 

ℙ[𝑠𝑠𝑡𝑡 = 𝑆𝑆𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 ∣ 𝑠𝑠0,𝜋𝜋] = 0 (8) 

Definition 2 (Optimal Safe Policy). The optimal safe policy 𝜋𝜋∗ is defined as: 

𝜋𝜋∗ = argmax𝜋𝜋∈Πsafe 𝔼𝔼𝜋𝜋 ��  
∞

𝑡𝑡=0

 𝛾𝛾𝑡𝑡𝑅𝑅(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡)� (9) 

subject to the constraint in (8), where Πsafe  denotes the set of all safe policies, 𝛾𝛾 ∈ (0,1) is the discount factor, and 
𝑅𝑅:𝒮𝒮 × 𝒜𝒜 → ℝ is the reward function. 
 
3.4 Connection Between DES State Avoidance and CBF Safety 
We now establish the formal connection between DES state avoidance in the discrete abstraction and CBF-based safety 
in the continuous domain. 
 
Lemma 1 (DES-CBF Correspondence). Let ℎ:ℝ𝑛𝑛 → ℝ be a Control Barrier Function for the system (1) with safe set 
𝒞𝒞 defined by (2). If a policy 𝜋𝜋 ensures that the discrete state 𝑠𝑠𝑡𝑡 ≠ 𝑆𝑆UNSAFE  for all 𝑡𝑡 ≥ 0, then the continuous state 
satisfies ℎ(𝑥𝑥(𝑡𝑡)) > 0 for all 𝑡𝑡 ≥ 0, i.e., the system remains in the safe set 𝒞𝒞. 
Proof. By construction of the state mapping (7), we have: 

𝑠𝑠𝑡𝑡 ≠ 𝑆𝑆UNSAFE ⇔ 𝜎𝜎(𝑥𝑥(𝑡𝑡)) ≠ 𝑆𝑆UNSAFE ⇔ ℎ(𝑥𝑥(𝑡𝑡)) > 0 (10) 
Since 𝒞𝒞 = {𝑥𝑥: ℎ(𝑥𝑥) ≥ 0} and ℎ(𝑥𝑥(𝑡𝑡)) > 0 implies 𝑥𝑥(𝑡𝑡) ∈ Int(𝒞𝒞) ⊂ 𝒞𝒞, the system remains strictly within the safe set. 
 
3.5 CBF-Shaped Reward Structure 
To encode CBF safety requirements into the reinforcement learning framework, we designed a reward function that 
incorporates the barrier function value. The reward structure consists of three components: 

𝑅𝑅(𝑠𝑠,𝑎𝑎, 𝑠𝑠′) = 𝑅𝑅task (𝑠𝑠,𝑎𝑎) + 𝑅𝑅barrier (𝑠𝑠′) + 𝑅𝑅violation (𝑠𝑠′) (11) 
Task Reward: Encourages progress toward the control objective: 

𝑅𝑅task (𝑠𝑠,𝑎𝑎) = �
𝑟𝑟nominal  if 𝑠𝑠 = 𝑆𝑆CENTERED 
𝑟𝑟warning  if 𝑠𝑠 = 𝑆𝑆WARNING 

𝑟𝑟recovery  if 𝑠𝑠 = 𝑆𝑆RECOVERY 

(12) 

with 𝑟𝑟nominal > 𝑟𝑟warning > 𝑟𝑟recovery > 0. 
Barrier Reward: Proportional to the barrier function value, encouraging states with larger safety margins: 

𝑅𝑅barrier (𝑠𝑠′) = 𝛽𝛽 ⋅ ℎ⃐�(𝑠𝑠′) (13) 
where 𝛽𝛽 > 0 is a weighting coefficient and ℎ⃐�(𝑠𝑠′) = 𝔼𝔼𝑥𝑥∈𝑠𝑠′[ℎ(𝑥𝑥)] is the expected barrier value in state 𝑠𝑠′. 
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Violation Penalty: A large negative reward for entering the unsafe state: 
𝑅𝑅violation (𝑠𝑠′) = �−𝜆𝜆  if 𝑠𝑠′ = 𝑆𝑆UNSAFE

0  otherwise 
(14) 

where 𝜆𝜆 ≫ 0 is a large penalty coefficient. 
 
Proposition 2 (Reward-CBF Alignment). As 𝜆𝜆 → ∞, the optimal policy under the reward structure (11) 
converges to a safe policy that avoids 𝑆𝑆UNSAFE , provided such a policy exists. 
Proof. Let 𝜋𝜋𝜆𝜆∗ denote the optimal policy for penalty coefficient 𝜆𝜆. For any policy 𝜋𝜋 that enters 𝑆𝑆UNSAFE  with positive 
probability 𝑝𝑝 > 0, the expected return satisfies: 

𝑉𝑉𝜋𝜋(𝑠𝑠0) ≤ 𝑉𝑉max − 𝑝𝑝 ⋅ 𝛾𝛾𝑡𝑡unsafe ⋅ 𝜆𝜆 (15) 
 
 
where 𝑉𝑉max  is the maximum possible return without violations and 𝑡𝑡unsafe  is the expected time to violation. 
For any safe policy 𝜋𝜋safe  : 

𝑉𝑉𝜋𝜋safe(𝑠𝑠0) ≥ 𝑉𝑉min > −∞ (16) 
As 𝜆𝜆 → ∞,𝑉𝑉𝜋𝜋(𝑠𝑠0) → −∞ for any unsafe policy, while 𝑉𝑉𝜋𝜋safe (𝑠𝑠0) remains bounded. Therefore, 𝜋𝜋𝜆𝜆∗ must be safe for 
sufficiently large 𝜆𝜆. 
 
3.6 Proposed Algorithm: DES-RL with CBF-Shaped Rewards 
The action-value function 𝑄𝑄:𝒮𝒮 × 𝒜𝒜 → ℝ represents the expected cumulative reward for taking action 𝑎𝑎 in state 𝑠𝑠 
and following the optimal policy thereafter: 

𝑄𝑄∗(𝑠𝑠,𝑎𝑎) = 𝔼𝔼 �𝑅𝑅(𝑠𝑠,𝑎𝑎, 𝑠𝑠′) + 𝛾𝛾max
𝑎𝑎′

 𝑄𝑄∗(𝑠𝑠′,𝑎𝑎′) ∣ 𝑠𝑠,𝑎𝑎� (17) 

The Q-learning update rule with CBF-shaped rewards is: 

𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) ← 𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) + 𝛼𝛼 �𝑅𝑅𝑡𝑡 + 𝛾𝛾max
𝑎𝑎′

 𝑄𝑄(𝑠𝑠𝑡𝑡+1,𝑎𝑎′) − 𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡)� (18) 

where 𝛼𝛼 ∈ (0,1) is the learning rate. 
We employ an 𝜀𝜀-greedy exploration strategy with decay: 

𝑎𝑎𝑡𝑡 = �argmax𝑎𝑎∈𝒜𝒜𝑄𝑄(𝑠𝑠𝑡𝑡 ,𝑎𝑎)  with probability 1 − 𝜀𝜀𝑡𝑡
uniform(𝒜𝒜)  with probability 𝜀𝜀𝑡𝑡

(19) 

where 𝜀𝜀𝑡𝑡 = max(𝜀𝜀min , 𝜀𝜀0 ⋅ 𝜌𝜌𝑡𝑡) with decay rate 𝜌𝜌 ∈ (0,1). 
 
3.7 Theoretical Analysis 
Theorem 3 (Safety and Convergence of DES-RL).  
Consider the DES abstraction 𝐺𝐺 = (𝒮𝒮,𝒜𝒜, 𝛿𝛿, 𝑠𝑠0) constructed from the continuous system (1) with barrier function ℎ 
and state mapping (7). Let the reward function be defined by (11) & violation penalty 𝜆𝜆. Under the following 
conditions: 
(I) The learning rate satisfies ∑  ∞

𝑡𝑡=0 𝛼𝛼𝑡𝑡 = ∞ and ∑  ∞
𝑡𝑡=0 𝛼𝛼𝑡𝑡2 < ∞ 

(II) Every state-action pair is visited infinitely often 
(III) There exists at least one safe policy 𝜋𝜋safe ∈ Πsafe  
(IV) The penalty coefficient satisfies 𝜆𝜆 > 𝑉𝑉max 

(1−𝛾𝛾)⋅𝑝𝑝min 
 

Then the following hold: 
Part I (Necessity): If the learned policy 𝜋𝜋∗ is optimal under the reward structure (11), then 𝜋𝜋∗ is safe, i.e., 𝜋𝜋∗ ∈
Πsafe . 
Part II (Sufficiency): The Q-learning algorithm with CBF-shaped rewards (Algorithm 1) converges with the 
optimal safe policy 𝜋𝜋∗ that maximizes expected return among all safe policies. 
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Proof.  
Proof of Part I (Necessity): We prove by contradiction. Assume 𝜋𝜋∗ is optimal but not safe. Then there exists a time 
𝑇𝑇 > 0 such that: 

ℙ[𝑠𝑠𝑇𝑇 = 𝑆𝑆UNSAFE ∣ 𝑠𝑠0,𝜋𝜋∗] = 𝑝𝑝 > 0 (20) 
Step 1: Bound the expected return of 𝜋𝜋∗. The value function decomposes as: 

𝑉𝑉𝜋𝜋∗(𝑠𝑠0) = 𝔼𝔼𝜋𝜋∗ ��  
𝑇𝑇−1

𝑡𝑡=0

 𝛾𝛾𝑡𝑡𝑅𝑅𝑡𝑡� + 𝔼𝔼𝜋𝜋∗[𝛾𝛾𝑇𝑇𝑅𝑅𝑇𝑇] + 𝔼𝔼𝜋𝜋∗ � �  
∞

𝑡𝑡=𝑇𝑇+1

 𝛾𝛾𝑡𝑡𝑅𝑅𝑡𝑡� (21) 

Since 𝑅𝑅𝑡𝑡 ≤ 𝑅𝑅max  for non-violation rewards and 𝑅𝑅𝑇𝑇 = −𝜆𝜆 upon violation with probability 𝑝𝑝 : 

𝑉𝑉𝜋𝜋∗(𝑠𝑠0) ≤
𝑅𝑅max
1 − 𝛾𝛾

− 𝛾𝛾𝑇𝑇 ⋅ 𝑝𝑝 ⋅ 𝜆𝜆 (22) 

Step 2: Bound the expected return of any safe policy. For 𝜋𝜋safe ∈ Πsafe , no violations occur, so 𝑅𝑅violation = 0 always.  
Thus: 

𝑉𝑉𝜋𝜋safe(𝑠𝑠0) ≥
𝑅𝑅min
1 − 𝛾𝛾

(23) 

Step 3: Derive contradiction. For 𝜋𝜋∗ to be optimal, we require 𝑉𝑉𝜋𝜋∗(𝑠𝑠0) ≥ 𝑉𝑉𝜋𝜋safe (𝑠𝑠0). Substitut- 
ing (22) and (23): 

𝑅𝑅max
1 − 𝛾𝛾

− 𝛾𝛾𝑇𝑇 ⋅ 𝑝𝑝 ⋅ 𝜆𝜆 ≥
𝑅𝑅min
1 − 𝛾𝛾

(24) 

 
Rearranging for 𝜆𝜆 : 

𝜆𝜆 ≤
𝑅𝑅max − 𝑅𝑅min

(1 − 𝛾𝛾) ⋅ 𝛾𝛾𝑇𝑇 ⋅ 𝑝𝑝
≤

𝑉𝑉max
(1 − 𝛾𝛾) ⋅ 𝑝𝑝min

(25) 

This contradicts condition (iv). Therefore, 𝜋𝜋∗ must be safe. 
Proof of Part II (Sufficiency): The proof proceeds in two steps. 
Step 1: Convergence of 𝑄𝑄-values. Under conditions (i) and (ii), the standard Q-learning convergence theorem 
(Watkins and Dayan, 1992) guarantees: 

𝑄𝑄(𝑠𝑠,𝑎𝑎) → 𝑄𝑄∗(𝑠𝑠,𝑎𝑎)  w.p. 1,∀(𝑠𝑠,𝑎𝑎) ∈ 𝒮𝒮 × 𝒜𝒜 (26) 
The convergence holds because the CBF-shaped reward is bounded: 

|𝑅𝑅(𝑠𝑠,𝑎𝑎, 𝑠𝑠′)| ≤ |𝑅𝑅task | + 𝛽𝛽|ℎmax| + 𝜆𝜆 < ∞ (27) 
 
Step 2: Optimality among safe policies. From Part I, the optimal policy 𝜋𝜋∗ under (11) is safe. For any safe policy, 
𝑅𝑅violation = 0 since 𝑆𝑆UNSAFE  is never visited. The greedy policy: 

𝜋𝜋∗(𝑠𝑠) = argmax𝑎𝑎∈𝒜𝒜𝑄𝑄∗(𝑠𝑠,𝑎𝑎) (28) 
achieves maximum expected return by the Bellman optimality principle. Since 𝜋𝜋∗ is both safe and return-
maximizing, it is optimal among all safe policies. 
 
Corollary 4 (Forward Invariance). Under the conditions of Theorem 3, the policy learned by Algorithm 1 
ensures forward invariance of the safe set 𝒞𝒞 : if 𝑥𝑥(0) ∈ 𝒞𝒞, then 𝑥𝑥(𝑡𝑡) ∈ 𝒞𝒞 for all 𝑡𝑡 ≥ 0. 
Proof. The proof follows by chain of implications: 
1. From Theorem 3, the learned policy 𝜋𝜋∗ is safe 
2. By Definition 1, 𝜋𝜋∗ safe ⇒ 𝑠𝑠𝑡𝑡 ≠ 𝑆𝑆UNSAFE  for all 𝑡𝑡 ≥ 0 
3. By Lemma 1, 𝑠𝑠𝑡𝑡 ≠ 𝑆𝑆UNSAFE ⇒ ℎ(𝑥𝑥(𝑡𝑡)) > 0 for all 𝑡𝑡 ≥ 0 
4. Since ℎ(𝑥𝑥(𝑡𝑡)) > 0 ⇒ 𝑥𝑥(𝑡𝑡) ∈ Int(𝒞𝒞) ⊂ 𝒞𝒞 
Therefore, forward invariance of 𝒞𝒞 is established. 
Algorithm 1 DES-RL with CBF-Shaped Rewards 
Require: Barrier function h, thresholds ϵ1, ϵ2, learning rate α, discount factor γ, exploration parameters 
ε0, εmin, ρ, penalty λ, barrier weight β, episodes N 
Ensure: Learned Q-table Q 

1: Initialize Q(s, a) ← 0 for all s ∈ S, a ∈ A 
2: Set ε ← ε0 
3: for episode = 1, 2, . . . , N do 
4: Initialize continuous state x0, compute s0 ← σ(x0) 
5: while episode not terminated do 
6: Select action at using ε-greedy policy (19) 
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7: Execute at, observe xt+1, compute st+1 ← σ(xt+1) 
8: Compute Rt ← Rtask(st, at) + β · h(xt+1) − λ · 1[st+1 = SUNSAFE]9: Update Q (st, at) using (18) 

10: if st+1 = SUNSAFE or t > Tmax then 
11: Terminate episode 
12: end if 
13: end while 
14: Update ε ← max (εmin, ε · ρ) 
15: end for 
16: return Q 
 
 
4. Application: Autonomous Vehicle Lane-Keeping 
4.1 Vehicle Model and Safety Constraints 
Consider a vehicle with lateral dynamics 𝑦̀𝑦 = 𝑢𝑢 + 𝑤𝑤, where 𝑦𝑦 is lateral position, 𝑢𝑢 is control input, and 𝑤𝑤 is 
disturbance. The state vector is 𝑥𝑥 = [𝑦𝑦, 𝑦̀𝑦]⊤. Discretized dynamics ( Δ𝑡𝑡 = 0.1 s ): 

𝑦𝑦𝑘𝑘+1 = 𝑦𝑦𝑘𝑘 + 𝑦̀𝑦𝑘𝑘 ⋅ Δ𝑡𝑡 +
1
2
𝑢𝑢𝑘𝑘 ⋅ Δ𝑡𝑡2 (29)

𝑦̀𝑦𝑘𝑘+1 = 𝑦̀𝑦𝑘𝑘 + 𝑢𝑢𝑘𝑘 ⋅ Δ𝑡𝑡 + 𝑤𝑤𝑘𝑘 ⋅ Δ𝑡𝑡 (30)
 

Lane parameters: width 𝑊𝑊lane = 3.7 m, vehicle width 𝑊𝑊vehicle = 1.8 m, safe margin 𝑑𝑑safe = 0.95 m.  
The barrier function is: 

ℎ(𝑦𝑦) = 𝑑𝑑safe2 − 𝑦𝑦2 = 0.9025 − 𝑦𝑦2 (31) 
with safe set 𝒞𝒞 = {𝑥𝑥: |𝑦𝑦| ≤ 0.95 m} 
 
4.2 DES Abstraction and Actions 
Thresholds: 𝑑𝑑warning = 0.57 m,𝑑𝑑recovery = 0.81 m, giving 𝜖𝜖1 = 0.578 and 𝜖𝜖2 = 0.247. The discrete states and 
actions are defined in Table 1and Table 2 
                                                                                        
               Table 1. DES States                                                                             Table 2. DES Action Space                                                              

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Action Control Input 

MAINTAIN 𝑢𝑢 = 0 

GENTLE_CORRECT 𝑢𝑢 = −0.5sign(𝑦𝑦) 

AGGRESSIVE_CORRECT 𝑢𝑢 = −1.5sign(𝑦𝑦) 

RISKY_ACCELERATE 𝑢𝑢 = 0.3sign(𝑦𝑦) 

State Condition 

𝑆𝑆CENTERED  |𝑦𝑦| ≤ 0.57 m 

𝑆𝑆WARNING  0.57 < |𝑦𝑦| ≤ 0.81 m 

𝑆𝑆RECOVERY  0.81 < |𝑦𝑦| < 0.95 m 

𝑆𝑆DEPARTED  |𝑦𝑦| ≥ 0.95 m 
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4.3 Reward Structure and Training 
The reward structure follows (11) and training hyperparameters are shown in Table 3 and Table 4. 

Table 3. Reward Structure 

 

 
                                                  

 

 

 

 

 

 

 

Table 4. Reward Structure and Training Hyperparameters 

Parameter Value 

Episodes 𝑁𝑁 5000 

Max steps 𝑇𝑇max 200 

Learning rate 𝛼𝛼 0.1 

Discount factor 𝛾𝛾 0.95 

Initial exploration 𝜀𝜀0 0.3 

Min exploration 𝜀𝜀min 0.01 

Decay rate 𝜌𝜌 0.999 

 

5. Results and Discussion 
5.1 Training and Convergence 
Figure 1 shows training performance. The learning curve stabilizes around 850 − 880 reward after 1000 episodes 
with zero safety violations throughout. The average barrier value remains above 0.8, well above the safety boundary. 
Q-values reveal learned preferences: AGGRESSIVE_CORRECT achieves highest Q-value ( ≈ 80 ) in WARNING 
state, while MAINTAIN has highest Q-value in CENTERED state. 
 
 

Reward Component Value 

𝑅𝑅task  (CENTERED + MAINTAIN) 5.0 

𝑅𝑅task  (CENTERED + other) 4.0 

𝑅𝑅task  (WARNING) 2.0 

𝑅𝑅task  (RECOVERY) 0.5 

𝑅𝑅barrier = 𝛽𝛽(𝑑𝑑safe 
2 − 𝑦𝑦2) 𝛽𝛽 = 1.0 

𝑅𝑅violation  (DEPARTED) -1000 
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Figure 1. Training performance: (a) Learning curve; (b) Episode length; (c) Safety violations; (d) Barrier value; (e) 
Q-value evolution in WARNING state; (f) Final Q-values. 
 

 
 
Figure 2. Convergence analysis: (a-b) State 2 Q-values under basic and shaped rewards; (c) Avoid state frequency; 
(d-e) All Q-values over training; (f) Final Q-value comparison. 
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Figure 2 compares basic vs. CBF-shaped rewards. The dangerous action develops strongly negative Q -values ( -400 
to -500). Shaped rewards produce positive Q -values for safe actions, encouraging active task completion while 
maintaining safety. 
 
5.2 Evaluation and Comparison 
Over 100 evaluation episodes:  

 0% lane departure rate, 
 average reward 857.92 ± 52.32,  
  average barrier value 0.847 ± 0.031.  
 Time distribution: 89.3% CENTERED,  
 9.8% WARNING, 0.9% RECOVERY. 
 These results validate Theorem 3. 

 

 
 
Figure 3. CBF-QP vs. DES-RL comparison: (Top) Trajectories under varying disturbances; (Bottom) Minimum 
barrier value distributions. 
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Figure 4. State space analysis: (Left) CBF level sets with DES state boundaries; (Right) Control policy comparison 
at y ˙=0. 
 
Figure 3 compares controllers under varying disturbances. Both achieve 0% violations under nominal to strong 
conditions. Under extreme conditions (σw = 0.50), CBF-QP maintains 0% while DES-RL shows 8% violations. 
Figure 4 shows CBF level sets and DES regions. The discrete states effectively partition continuous safety regions.  
 
Trade-offs: CBF-QP provides formal guarantees but requires dynamics knowledge and real-time QP solving; DES-RL 
is model-free with only table lookups after training but shows degradation under extreme disturbances (Table 5). 

 
Table 5. Safety Performance Comparison 

 
Controller Nominal Moderate Strong Extreme 

CBF-QP Violation Rate 0% 0% 0% 0% 

DES-RL Violation Rate 0% 0% 0% 8% 

 
6. Conclusion 
This paper presented a novel framework integrating Discrete Event System supervisory control with Control Barrier 
Function principles through reinforcement learning. The key insight is that DES states defined as discretization’s of 
CBF level sets enable translation of continuous safety constrains into discrete state avoidance specifications, allowing 
model-free learning of safe policies without explicit dynamics knowledge. 
 
The main contributions are: (1) a formal DES-CBF correspondence establishing that discrete state avoidance ensures 
continuous safe set invariance (Lemma 1); (2) a CBF-shaped reward structure proven to induce safe optimal policies 
(Proposition 2); (3) theoretical guarantees on safety and convergence (Theorem 3); and (4) a practical Q-learning 
algorithm requiring only table lookups after training. Experimental validation on autonomous vehicle lane-keeping 
demonstrated zero safety violations across 100 evaluation episodes, with performance equivalent to model-based CBF-
QP controllers under nominal to strong disturbances. 
 
Future work will extend the framework to continuous action spaces using actor-critic methods, develop adaptive state 
abstraction techniques, and investigate multi-agent coordination with collective safety constraints. 
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