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Abstract 

 
This paper extends the Vendor Managed Inventory (VMI) literature by integrating a robust optimization framework 
with stochastic nonlinear inverse demand, grounded in real-world industrial data. Unlike traditional VMI models that 
rely on deterministic linear demand assumptions and unconstrained financial planning, this study addresses volatile 
market environments where pricing power diminishes with quantity and demand is subject to random shocks. A 
stochastic joint replenishment problem is formulated in which the vendor maximizes a mean–variance profit objective 
under a strict global inventory budget. The model incorporates a quadratic inverse demand function with additive 
uncertainty, capturing stochastic consumer willingness to pay and diminishing marginal returns. Demand and cost 
parameters are estimated using the publicly available DataCo Smart Supply Chain dataset, enabling a transition from 
synthetic assumptions to data-driven nonlinear pricing analysis. A Simulation-Based Robust Particle Swarm 
Optimization (Sim-RPSO) algorithm is developed to solve the resulting non-convex and noisy optimization problem. 
Numerical experiments demonstrate that the proposed robust policy achieves a mean profit of $6,479 with a 95% 
Value-at-Risk of $6,333, outperforming the deterministic benchmark by $118.34 in mean profit and $129.37 in 
downside protection while reducing profit variability by 9.2% and inventory expenditure by 18.7%. These findings 
provide actionable managerial insights into balancing profitability and risk in budget-constrained, volatile supply 
chains. 
 
Keywords 
Vendor Managed Inventory (VMI), Robust Optimization, Stochastic Demand, Particle Swarm Optimization, Mean-
Variance Optimization 
 
1. Introduction 
Modern supply chains operate in environments of pervasive uncertainty. Vendor Managed Inventory (VMI), a 
coordination mechanism in which the supplier assumes direct responsibility for replenishment at the buyer's location, 
has long been recognized as a powerful tool for supply chain efficiency. Pioneering work by Waller et al. (1999) and 
Achabal et al. (2000) demonstrated that transferring replenishment authority to the vendor yields measurable gains in 
service levels and inventory turnover, while Disney and Towill (2003) documented how VMI adoption substantially 
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dampens the bullwhip effect. However, the theoretical foundations of most VMI models remain anchored in a 
deterministic world — one in which demand is known, prices are fixed, and financial resources are unconstrained. 
 
In reality, markets exhibit nonlinear price sensitivity: as a vendor supplies larger quantities to a buyer, the marginal 
willingness to pay declines, following a pattern more accurately captured by a quadratic inverse demand function than 
a linear one. Almehdawe and Mantin (2010) demonstrated that nonlinear pricing significantly alters the optimal 
replenishment structure, and subsequent contributions by Kim and Park (2010) and Xiao and Xu (2013) confirmed 
that ignoring this nonlinearity leads to systematically suboptimal decisions. 
 
From an algorithmic perspective, the stochastic, non-convex, and budget-constrained nature of the proposed model 
renders traditional gradient-based methods inapplicable. Meta-heuristic approaches, particularly Particle Swarm 
Optimization (PSO), have demonstrated consistent success in solving such problems (Sadeghi et al., 2013; 
Khajehnezhad, 2018). This study develops a Simulation-Based Robust PSO (Sim-RPSO), a novel variant in which 
each candidate solution is evaluated through Monte Carlo simulation and personal best updates are governed by a 
statistically robust comparison mechanism. A further distinguishing feature is the estimation of all model parameters 
directly from the DataCo Smart Supply Chain dataset, encompassing over 180,000 real order records, replacing the 
synthetic parameter sets that dominate the VMI optimization literature. The simultaneous integration of stochastic 
nonlinear demand, mean-variance optimization, data-driven calibration, and Sim-RPSO constitutes the core 
contribution of this paper. 
 
1.1 Objectives  
The primary objective of this study is to develop a robust, data-driven optimization framework for VMI that 
simultaneously addresses stochastic nonlinear demand, profit risk management, and global inventory budget 
constraints. Specifically, this study aims to: (1) formulate a stochastic VMI model with a quadratic inverse demand 
function and additive demand uncertainty; (2) integrate a mean-variance profit criterion under a global inventory 
budget constraint; (3) develop the Sim-RPSO algorithm to solve the resulting non-convex and noisy optimization 
problem; (4) estimate all model parameters from the real-world DataCo Smart Supply Chain dataset; (5) conduct a 
rigorous comparative evaluation of the robust policy against a deterministic benchmark; and (6) extract actionable 
managerial insights regarding inventory allocation strategy and buyer-level profit distribution under demand 
uncertainty. Each objective is addressed in a dedicated section and synthesized in the conclusion. 
 
2. Literature Review  
The study of inventory control has deep roots in operations research, originating with the Economic Order Quantity 
framework of Harris (1913). VMI represented a significant departure from single-echelon tradition by reassigning 
replenishment authority to the vendor. Waller et al. (1999) and Achabal et al. (2000) provided foundational evidence 
of VMI efficiency gains in retail supply chains. Disney and Towill (2003) demonstrated VMI's role in dampening the 
bullwhip effect, and Darwish and Odah (2010) formally developed the two-echelon VMI model with a single vendor 
and multiple retailers. Coordination mechanisms such as consignment contracts and sales rebate structures have been 
shown to further enhance VMI performance (Chen et al., 2010; Wong et al., 2009). Hariga et al. (2013) added 
contractual storage agreements, while Kristianto et al. (2012) proposed an adaptive fuzzy VMI control system to 
address imprecise demand environments. 
 
The representation of demand in VMI models has evolved substantially from fixed-demand EOQ assumptions. 
Almehdawe and Mantin (2010) were among the first to incorporate inverse demand into VMI, showing that the choice 
of demand specification significantly alters equilibrium replenishment quantities and profit distribution. Kim and Park 
(2010) found that profit gains from VMI coordination are amplified under nonlinear demand, and Xiao and Xu (2013) 
demonstrated superior outcomes from jointly coordinating price and service level decisions under price-sensitive 
demand. The quadratic inverse demand form 𝑃𝑃(𝑦𝑦)  =  𝑎𝑎 −  𝑏𝑏𝑏𝑏 −  𝑐𝑐𝑐𝑐²  adopted here is the most parsimonious 
specification capable of capturing both linear price sensitivity and diminishing marginal willingness to pay (Arora et 
al., 2010). Sajadifar and Pourghannad (2010) laid early groundwork for stochastic extensions of the VMI joint 
replenishment framework, and the mean-variance criterion adopted in this study draws on the portfolio optimization 
tradition of Markowitz (1952), which has been progressively adapted to supply chain risk management contexts. 
 
The complexity of modern VMI models has necessitated meta-heuristic solution approaches. Nachiappan and Jawahar 
(2007) and Pasandideh et al. (2011) demonstrated the effectiveness of genetic algorithms for multi-product VMI with 
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budget constraints. Nia et al. (2014) employed Ant Colony Optimization for fuzzy VMI models with shortage 
allowances. PSO has emerged as one of the most consistently effective approaches: Sadeghi et al. (2013) reported that 
tuned PSO variants outperform competing meta-heuristics on complex VMI instances, and Sadeghi et al. (2014) 
developed hybrid multi-objective variants for joint VMI and redundancy allocation problems. Khajehnezhad (2018) 
confirmed that swarm intelligence methods produce superior solutions when nonlinear cost structures are present. 
Despite these advances, three interconnected gaps persist: the simultaneous treatment of nonlinear pricing and 
stochastic demand shocks within a single VMI framework has not been attempted; the mean-variance objective has 
seen very limited adoption in VMI contexts; and parameter estimation in the VMI optimization literature relies almost 
exclusively on synthetic data. The present study fills all three gaps simultaneously. Bahreini and Jalali (2025) 
developed the deterministic nonlinear VMI model with PSO that directly precedes and motivates this work. 
 
3. Methods 
This section presents the mathematical formulation and solution methodology for the proposed stochastic VMI model 
with nonlinear inverse demand and a global inventory budget constraint. The formulation extends the deterministic 
nonlinear VMI framework of Bahreini and Jalali (2025) by introducing additive demand uncertainty and a mean-
variance profit objective. 
 
3.1 Model Structure and Assumptions 
We consider a two-echelon supply chain consisting of a single vendor and N buyers, indexed by j = 1, 2, ..., N, each 
demanding M distinct products, indexed by i = 1, 2, ..., M. This structure is consistent with the multi-product, multi-
buyer VMI architecture widely adopted in the operations research literature (Sadeghi et al., 2013; Cárdenas-Barrón et 
al., 2012). The vendor is responsible for determining the order quantity 𝑦𝑦𝑖𝑖𝑖𝑖 for product i supplied to buyer j, as well 
as the replenishment cycle 𝑇𝑇𝑗𝑗 for each buyer. These constitute the decision variables of the model. 
 
The following assumptions govern the model formulation. First, the vendor operates under a VMI arrangement in 
which replenishment decisions are made unilaterally by the vendor, consistent with the coordination structure 
described by Darwish and Odah (2010) and Waller et al. (1999). Second, demand is continuous and realized at the 
time of replenishment. Third, shortages are not permitted, and all demand must be fulfilled within each replenishment 
cycle. Fourth, the holding cost is incurred on the average inventory level within each cycle, following the standard 
EOQ-based inventory cost structure (Harris, 1913). Fifth, the vendor faces a global budget constraint on total 
inventory-related expenditure, as introduced into the VMI context by Cárdenas-Barrón et al. (2012). A summary of 
all notation used in the model is provided in Appendix A. 
 
3.2 Stochastic Nonlinear Inverse Demand Function 
The inverse demand function faced by the vendor at buyer j for product i is specified as a quadratic function of the 
order quantity with an additive stochastic shock: 

𝑃𝑃𝑖𝑖𝑖𝑖�𝑦𝑦𝑖𝑖𝑖𝑖 , 𝜀𝜀𝑖𝑖𝑖𝑖� = 𝛼𝛼𝑖𝑖𝑖𝑖 − 𝛽𝛽𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖 − 𝛾𝛾𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖2 + 𝜀𝜀𝑖𝑖𝑖𝑖 
where 𝛼𝛼𝑖𝑖𝑖𝑖 > 0 is the market intercept representing the maximum willingness to pay when quantity approaches zero, 
𝛽𝛽𝑖𝑖𝑖𝑖 > 0 is the linear price sensitivity coefficient, 𝛾𝛾𝑖𝑖𝑖𝑖 > 0 is the quadratic curvature coefficient capturing diminishing 
marginal willingness to pay, and 𝜀𝜀𝑖𝑖𝑖𝑖 is an additive demand shock distributed as 𝜀𝜀𝑖𝑖𝑖𝑖 ∼ 𝒩𝒩�0,𝜎𝜎𝑖𝑖𝑖𝑖2�. The realized price is 
bounded below by zero, so that 𝑃𝑃𝑖𝑖𝑖𝑖 = max�𝑃𝑃𝑖𝑖𝑖𝑖�𝑦𝑦𝑖𝑖𝑖𝑖 , 𝜀𝜀𝑖𝑖𝑖𝑖�, 0�. 
 
The quadratic inverse demand specification has been widely employed in the VMI and supply chain coordination 
literature to capture the nonlinear relationship between supply quantity and market price (Almehdawe and Mantin, 
2010; Xiao and Xu, 2013). Bahreini and Jalali (2025) demonstrated in a deterministic setting that this specification 
produces significantly higher optimal profits than a linear approximation, providing empirical justification for the 
additional modeling complexity. The present study extends that formulation by introducing the stochastic term 𝜀𝜀𝑖𝑖𝑖𝑖, 
which captures the random component of consumer willingness to pay arising from unobserved market conditions, 
seasonal fluctuations, and competitive dynamics (Sajadifar and Pourghannad, 2010). 
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3.3 Mean-Variance Objective Function 
The vendor's optimization problem is formulated as the maximization of a mean-variance utility function over the 
stochastic profit distribution. The total profit realized under a given replenishment policy �𝑦𝑦𝑖𝑖𝑖𝑖 ,𝑇𝑇𝑗𝑗� and demand shock 
realization 𝜀𝜀 is: 

𝑍𝑍(𝑦𝑦,𝑇𝑇, 𝜀𝜀) = � 
𝑁𝑁

𝑗𝑗=1
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𝑖𝑖=1

�𝑃𝑃𝑖𝑖𝑖𝑖�𝑦𝑦𝑖𝑖𝑖𝑖 , 𝜀𝜀𝑖𝑖𝑖𝑖� ⋅ 𝑦𝑦𝑖𝑖𝑖𝑖 − 𝛿𝛿𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖 − ℎ𝑖𝑖 �
𝑦𝑦𝑖𝑖𝑖𝑖𝑇𝑇𝑗𝑗
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�� −�  

𝑁𝑁
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𝐾𝐾𝑗𝑗
𝑇𝑇𝑗𝑗

 

where 𝛿𝛿𝑖𝑖𝑖𝑖 is the unit production cost for product i at buyer j, ℎ𝑖𝑖 is the unit holding cost for product i per unit time, 
and 𝐾𝐾𝑗𝑗 is the fixed ordering cost for buyer j per replenishment cycle. The three cost terms represent production cost, 
inventory holding cost, and ordering cost respectively, consistent with the joint replenishment cost structure used in 
the VMI literature (Khajehnezhad, 2018; Darwish and Odah, 2010). 
The mean-variance objective is defined as: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑦𝑦,𝑇𝑇

 𝔼𝔼[𝑍𝑍] − 𝜆𝜆 ⋅ Var[𝑍𝑍] 

where 𝜆𝜆 ≥ 0 is a risk aversion coefficient that governs the trade-off between expected profit and profit volatility. 
When λ = 0, the objective reduces to pure expected profit maximization under simulated demand. The deterministic 
benchmark goes one step further, replacing the expectation with the profit evaluated at ε = 0 and solving the 
resulting noiseless problem with standard PSO. When 𝜆𝜆 > 0, the vendor explicitly penalizes profit variance, 
producing a robust policy that performs more consistently across demand realizations. The mean-variance criterion 
is well established in portfolio optimization (Markowitz, 1952) and has been applied to supply chain risk 
management contexts where profit stability is a managerial priority (Kim and Park, 2010). Since 𝔼𝔼[𝑍𝑍] and Var[𝑍𝑍] 
are not available in closed form under the stochastic nonlinear demand specification, both quantities are estimated 
via Monte Carlo simulation during optimization, as described in Section 3.4. 

3.4 Constraint Set 
The model is subject to the following constraints. Order quantities are bounded below by zero and above by a 
product-specific maximum: 

0 < 𝑦𝑦𝑖𝑖𝑖𝑖 ≤ 𝑦𝑦𝑖𝑖𝑖𝑖max ∀𝑖𝑖, 𝑗𝑗 
Replenishment cycles are bounded within a practically meaningful range: 

𝑇𝑇min ≤ 𝑇𝑇𝑗𝑗 ≤ 𝑇𝑇max ∀𝑗𝑗 
The global inventory budget constraint limits total inventory-related expenditure across all buyers: 

� 
𝑁𝑁

𝑗𝑗=1

�
𝐾𝐾𝑗𝑗
𝑇𝑇𝑗𝑗
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2
� ≤ 𝐵𝐵 

where B is the total available budget for inventory costs. This constraint, introduced in the VMI context by 
Cárdenas-Barrón et al. (2012), forces the vendor to make value-based allocation decisions, directing inventory 
resources toward the buyer-product combinations that generate the highest risk-adjusted profit contribution. The 
budget constraint is enforced through a penalty function in the Sim-RPSO algorithm, with a sufficiently large 
penalty coefficient Λto ensure that infeasible solutions are systematically excluded from the optimal solution set 
(Pasandideh et al., 2011).  
 
3.5 Simulation-Based Robust Particle Swarm Optimization (Sim-RPSO) 
To solve the resulting non-convex, noisy, and constrained optimization problem, this study develops a Simulation-
Based Robust Particle Swarm Optimization algorithm. Standard PSO, originally proposed by Kennedy and Eberhart 
(1995), maintains a population of candidate solutions, referred to as particles, each characterized by a position vector 
representing a candidate replenishment policy and a velocity vector governing its movement through the solution 
space. The position and velocity of particle k at iteration t are updated according to: 

𝑣𝑣𝑘𝑘𝑘𝑘(𝑡𝑡 + 1) = 𝑤𝑤 ⋅ 𝑣𝑣𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝑐𝑐1𝑟𝑟1�𝑝𝑝𝑘𝑘𝑘𝑘 − 𝑥𝑥𝑘𝑘𝑘𝑘(𝑡𝑡)� + 𝑐𝑐2𝑟𝑟2�𝑔𝑔𝑑𝑑 − 𝑥𝑥𝑘𝑘𝑘𝑘(𝑡𝑡)� 
𝑥𝑥𝑘𝑘𝑘𝑘(𝑡𝑡 + 1) = 𝑥𝑥𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝑣𝑣𝑘𝑘𝑘𝑘(𝑡𝑡 + 1) 

where w is the inertia weight, 𝑐𝑐1 and 𝑐𝑐2 are the cognitive and social acceleration coefficients, 𝑟𝑟1 and 𝑟𝑟2 are uniform 
random variables on [0,1], 𝑝𝑝𝑘𝑘𝑘𝑘 is the personal best position of particle k in dimension d, and 𝑔𝑔𝑑𝑑 is the global best 
position across all particles. PSO has demonstrated consistent effectiveness on nonlinear VMI problems (Sadeghi et 
al., 2013; Khajehnezhad, 2018). 
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Sim-RPSO introduces two key modifications to standard PSO. First, the inertia weight w decays linearly from 𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
to 𝑤𝑤𝑒𝑒𝑒𝑒𝑒𝑒, promoting broad exploration in early iterations and fine-grained exploitation as convergence is approached 
(Sadeghi et al., 2014). Second, the robust personal best update rule requires any candidate improvement to be 
confirmed under a higher-fidelity re-evaluation: when the current position appears to outperform the personal best 
under 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 simulations, both are re-evaluated under 𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 > 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 simulations, and the update is accepted only if 
the improvement is confirmed. Both re-evaluations are performed under common random numbers, so that the 
comparison reflects genuine differences between the candidate and incumbent policies rather than differences in the 
sampled demand scenarios. This mechanism prevents the algorithm from accepting spurious improvements caused by 
favorable random draws in Monte Carlo evaluation, producing a more stable convergence trajectory and a more 
reliable final solution. 
 
Each particle represents a candidate replenishment policy encoded as: 

𝐱𝐱𝑘𝑘 = [𝑦𝑦11,𝑦𝑦12, … ,𝑦𝑦𝑀𝑀𝑀𝑀,𝑇𝑇1,𝑇𝑇2, … ,𝑇𝑇𝑁𝑁] 
The fitness of each particle is evaluated as: 

Fitness(𝐱𝐱𝑘𝑘) = −𝔼𝔼[𝑍𝑍] + 𝜆𝜆 ⋅ Var[𝑍𝑍] + Λ ⋅ max(0, InvCost(𝑦𝑦,𝑇𝑇) − 𝐵𝐵) 
 
where 𝔼𝔼[𝑍𝑍] and Var[𝑍𝑍] are estimated from 𝑛𝑛eval Monte Carlo simulations, and Λ is a large penalty coefficient applied 
for budget violations. The algorithm parameters used in this study are described in Section 5.1.  
 
The computational complexity of Sim-RPSO scales as 𝑂𝑂(𝑛𝑛particles × 𝑛𝑛iter × 𝑛𝑛sim), where 𝑛𝑛sim is the number of Monte 
Carlo simulations per fitness evaluation. While this is substantially higher than the cost of deterministic PSO, the 
additional computational burden is justified by the richer information about the profit distribution that simulation-
based evaluation provides, information that is unavailable to deterministic solvers by construction. 
 
4. Data Collection 
The empirical analysis uses the DataCo Smart Supply Chain dataset, a publicly available transaction-level dataset 
published on the Mendeley Data repository (https://data.mendeley.com/datasets/8gx2fvg2k6/5) and freely accessible 
for academic research purposes. The dataset contains 180,519 order records spanning multiple product categories, 
customer segments, geographic markets, and shipping modes, representing a realistic multi-product, multi-segment 
supply chain environment of the kind VMI frameworks are designed to coordinate. Records are screened for missing 
or non-positive quantity, price, and cost values following standard data preparation practice (Arora et al., 2010), and 
the data is restricted to the four highest-volume product categories — Cleats, Men's Footwear, Women's Apparel, and 
Indoor/Outdoor Games — serving as M = 4 products, and the three customer segments — Consumer, Corporate, and 
Home Office — serving as N = 3 buyers, yielding 87,130 transaction records for parameter calibration and 15 decision 
variables, consistent with multi-product VMI studies (Sadeghi et al., 2013; Nia et al., 2014). 
 
All parameters are estimated directly from the filtered dataset. Quadratic inverse demand parameters are calibrated 
via moment-matching, with sanity checks confirming predicted prices match observed means within acceptable 
bounds (Almehdawe and Mantin, 2010). Unit production cost is set at 40% of median list price, consistent with the 
cost structure employed by Arora et al. (2010) and within the 35%–45% production-to-price ratio range reported for 
multi-category consumer goods supply chains (Nachiappan and Jawahar, 2007; Pasandideh et al., 2011). Holding cost 
is set at 20% of mean unit production cost per year, a standard assumption grounded in the EOQ tradition (Harris, 
1913) and widely adopted in VMI studies operating under similar cost structures (Cárdenas-Barrón et al., 2012; 
Sadeghi et al., 2013). Ordering cost is set at 2% of mean segment revenue per cycle, following the proportional cost 
specification of Darwish and Odah (2010) and consistent with the ordering cost ratios reported by Nia et al. (2014) 
for multi-product VMI instances. Demand shock standard deviation is the residual standard deviation of observed 
prices around the fitted quadratic curve, with a minimum floor of 0.5 to prevent degenerate near-zero uncertainty 
(Sajadifar and Pourghannad, 2010). The global budget is fixed at B = $300, approximately 2.4 times the unconstrained 
optimal inventory expenditure, providing realistic financial headroom while preserving the economic role of the 
constraint (Cárdenas-Barrón et al., 2012); a sensitivity analysis in Section 5.3 maps the regimes in which the budget 
becomes binding and quantifies its effect on profitability. Bahreini and Jalali (2025) identified real-world data 
calibration as a critical direction for future research, and the present study responds directly to that call. Market 
intercepts range from $54.98 to $142.99, and unit production costs range from $19.99 to $52.00. Cleats exhibit by far 
the highest price sensitivity (linear coefficients of 1.92–2.36, against 0.05–0.59 for the remaining categories) and the 
highest demand shock uncertainty (σ between 9.46 and 11.58, against 1.53–1.57 for Women's Apparel and the 0.5 

https://data.mendeley.com/datasets/8gx2fvg2k6/5
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floor for the remaining categories), making this category the natural locus of risk-driven differences between robust 
and deterministic policies. 
 
5. Results and Discussion 
This section presents a comprehensive analysis of the numerical and graphical results obtained from applying the 
proposed Sim-RPSO algorithm to the stochastic VMI model calibrated on the DataCo Smart Supply Chain dataset.  
 
5.1 Numerical Results 
The Sim-RPSO algorithm was executed with 40 particles over 150 iterations, using 200 Monte Carlo simulations per 
standard fitness evaluation, 400 simulations for robust personal best confirmation, inertia weight decaying from 0.9 
to 0.4, cognitive and social coefficients c1 = c2 = 2.0, risk aversion coefficient λ = 0.01, and budget B = $300; the 
deterministic benchmark was solved using standard PSO with identical population size and iteration count, and all 
experiments were implemented in Python 3 using the NumPy and Pandas libraries (Bahreini and Jalali, 2025). To 
account for the stochasticity of the search process, the optimization was repeated across five independent random 
seeds, with the reported robust policy being the best solution identified under high-fidelity re-evaluation, following 
standard multi-start practice (full run-to-run results appear in Section 5.4); a complete run requires approximately 109 
seconds. The resulting optimal replenishment cycles are T_Consumer = 0.1406, T_Corporate = 0.1777, and T_Home 
Office = 0.1477 years — approximately every 7.3, 9.2, and 7.7 weeks respectively — whereas the deterministic 
benchmark drives the Home Office cycle to its lower bound of 0.05 years (2.6 weeks), incurring substantially higher 
fixed ordering-cost intensity. By selecting moderate cycles across all three buyers, the robust policy reduces total 
ordering expenditure, a structural difference that contributes directly to its lower overall inventory cost. 
 

Table 1. Optimal Order Quantities under Robust Policy (Sim-RPSO), in units. 
 

Product Consumer Corporate Home Office 
Cleats 5.039 3.814 4.493 

Men's Footwear 15.000 15.000 15.000 
Women’s Apparel 9.215 9.571 9.878 

Indoor/outdoor Games 15.000 15.000 15.000 
 

Table 2. Optimal Order Quantities under Deterministic Policy (Std PSO), in units. 
 

Product Consumer Corporate Home Office 
Cleats 5.358 4.812 4.858 

Men's Footwear 15.000 15.000 15.000 
Women’s Apparel 9.644 15.000 9.596 

Indoor/outdoor Games 15.000 15.000 15.000 
 
Tables 1 and 2 present the optimal order quantities under the robust and deterministic policies respectively. In both, 
Men's Footwear and Indoor/Outdoor Games receive the maximum allocation of 15 units across all segments, reflecting 
their high margins and low demand uncertainty. The two policies diverge precisely where uncertainty is concentrated. 
First, the robust policy assigns uniformly smaller Cleats quantities (3.81–5.04 units against 4.81–5.36 under the 
deterministic policy); Cleats carry by far the largest demand shocks (σ between 9.46 and 11.58), so each unit 
contributes disproportionately to profit variance, and the mean-variance objective trims exposure accordingly. Second, 
the deterministic policy assigns the corner value of 15.000 units of Women's Apparel to the Corporate segment, while 
the robust policy selects an interior allocation of 9.571 units, consistent with its allocations to the other two segments. 
The confirmed-improvement update rule of Sim-RPSO, which accepts changes only when they survive high-fidelity 
re-evaluation, acts as an implicit regularizer against such extreme allocations in the noisy fitness landscape. 
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Table 3. Head-to-Head Performance Comparison: Sim-RPSO vs Deterministic Benchmark. 
 

Metric Sim-RPSO (Robust) Std PSO (Deterministic) 
Mean Profit ($) 6,479.43 6,361.09 

Std Dev of Profit ($) 88.50 97.44 
VaR 95% ($) 6,333.49 6,204.12 

Inventory Cost ($) 123.97 152.49 
Budget Utilization (%) 41.3% 50.8% 

 
In this study, VaR at the 95% confidence level refers to the 5th percentile of the simulated profit distribution — the 
minimum profit the vendor achieves in 95% of demand scenarios — where a higher value indicates better downside 
protection (Rockafellar and Uryasev, 2000). Table 3 presents the head-to-head performance comparison. The robust 
policy dominates the deterministic benchmark across all five metrics simultaneously: mean profit is $118.34 higher, 
profit standard deviation is 9.2% lower, and the 95% VaR improves by $129.37, meaning the vendor earns at least 
$129 more in the worst five percent of demand scenarios. Notably, the robust policy achieves this while spending 
18.7% less on inventory ($123.97 against $152.49), indicating that its advantage stems from a structurally better 
allocation — moderate cycles, trimmed exposure to the most volatile product, and avoidance of corner allocations — 
rather than from greater resource consumption. 
 
5.2 Graphical Results 
The graphical analysis draws on four figures generated from the optimization results, each providing a distinct 
perspective on the behavior and performance of the proposed framework. 
 

 
Figure 1. Convergence of Mean Profit over Iterations: Sim-RPSO vs. Standard PSO. 

 
Figure 1 presents the convergence trajectories of both algorithms in terms of mean profit over 150 iterations. The Sim-
RPSO algorithm achieves rapid initial improvement, advancing from a mean profit of approximately $5,040 at the 
first iteration to its plateau near $6,480 within the first 15 iterations. The standard PSO deterministic benchmark 
follows a similar qualitative trajectory but converges to a lower plateau of approximately $6,363 by iteration 30, 
reflecting the absence of the robust re-evaluation mechanism that enables Sim-RPSO to reject spurious improvements. 
The convergence behavior of both algorithms is consistent with the PSO convergence patterns reported for complex 
VMI optimization instances in the literature (Sadeghi et al., 2013; Khajehnezhad, 2018). The separation between the 
two convergence curves, which is fully established by iteration 30 and maintained through iteration 150, provides 
visual confirmation that the performance advantage of Sim-RPSO is structural rather than incidental. 
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Figure 2. Profit Distribution Comparison: Robust Policy (Sim-RPSO) vs. Deterministic Policy (Std PSO). 

 
Figure 2 presents the full profit distributions of both policies, estimated from 2,000 Monte Carlo simulations of the 
final optimal solutions. The robust policy distribution, shown in blue, is shifted rightward relative to the deterministic 
distribution, shown in orange, confirming the mean profit advantage of the robust solution. The robust distribution 
also exhibits a tighter concentration of probability mass around its center, consistent with the lower standard deviation 
reported in Table 3. The two dashed vertical lines indicate the respective 95th percentile VaR values: $6,333 for the 
robust policy and $6,204 for the deterministic policy. The leftward tail of the deterministic distribution extends further 
than that of the robust distribution, reflecting the greater downside risk exposure of the deterministic solution under 
adverse demand realizations. This visualization provides compelling evidence that the robust framework achieves 
simultaneous improvements in both the central tendency and the tail behavior of the profit distribution, a combination 
that is particularly valuable for vendors operating under tight budget constraints (Cárdenas-Barrón et al., 2012). 
 

 
Figure 3. Optimal Order Quantities under Robust Policy (Sim-RPSO), in units. 

 

 
Figure 4. Optimal Order Quantities under Deterministic Policy (Std PSO), in units. 
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Figures 3 and 4 present the optimal order quantity matrices for the robust and deterministic policies respectively, 
displayed as color-coded heatmaps. The most visually striking differences are concentrated in the two uncertainty-
sensitive rows. In the Cleats row, every cell of the robust heatmap is lighter than its deterministic counterpart, 
reflecting the systematic trimming of the highest-volatility category. In the Women's Apparel row, the deterministic 
policy's corner allocation of 15.000 units to Corporate contrasts with the robust policy's interior allocation of 9.571 
units. The near-identical treatment of Men's Footwear and Indoor/Outdoor Games confirms that the two frameworks 
agree on high-margin, low-uncertainty products and differ precisely where demand uncertainty creates a meaningful 
variance penalty under the mean-variance objective. 
 
5.3 Proposed Improvements 
The results of the present study, while demonstrating the clear superiority of the Sim-RPSO robust framework over 
the deterministic benchmark, also suggest several directions for model improvement that would further enhance the 
practical applicability of the proposed framework. 
 
The first proposed improvement concerns the risk aversion coefficient 𝜆𝜆. In the present study, 𝜆𝜆 is set to a fixed value 
of 0.01, treating all vendors as having identical risk preferences. In practice, different vendors operating in different 
markets will exhibit different attitudes toward profit volatility. A natural extension of the framework would 
incorporate a sensitivity analysis over a range of 𝜆𝜆 values to map out the full mean-variance efficient frontier of 
replenishment policies.  
 

Table 4. Sensitivity Analysis: Performance Metrics across Risk Aversion Levels. 
 

𝜆𝜆 Mean Profit ($) Std Dev ($) VaR 95% ($) 
0.00 6,461.73 99.78 6,298.54 

0.005 6,486.66 93.07 6,335.04 
0.010 6,479.43 88.50 6,333.49 
0.020 6,337.70 78.95 6,209.44 
0.050 6,225.37 43.04 6,155.02 

 
Table 4 reports performance across risk-aversion levels, with the λ = 0.01 row corresponding to the main policy of 
Table 3. Two findings stand out. First, even at λ = 0 — where the variance penalty vanishes — the Sim-RPSO solution 
attains a mean profit of $6,461.73, roughly $100 above the deterministic benchmark, indicating that part of the robust 
framework's advantage derives from simulation-based evaluation and the confirmed-improvement update mechanism 
rather than from the variance penalty alone. Second, moving from λ = 0 into the 0.005–0.01 range raises mean profit 
while lowering its standard deviation, an effect attributable to the variance penalty steering the search away from high-
volatility corner allocations. Beyond λ = 0.01 the classical risk-return trade-off emerges: at λ = 0.05 the standard 
deviation falls to $43.04 but mean profit declines by roughly $254. The interval λ ∈ [0.005, 0.01] therefore constitutes 
the empirical mean-variance efficient region, and λ = 0.01 is adopted as it delivers the lowest variance within the range 
of essentially undiminished mean profit and VaR. 
 
A complementary sensitivity analysis examines the global inventory budget. Table 5 reports robust policy 
performance across budget levels from $75 to $500. Two regimes emerge sharply. For B ≤ $100 the constraint binds 
at full utilization and profitability deteriorates steeply — mean profit falls to $4,730 at B = $100 and $2,953 at B = 
$75 — implying a marginal value of inventory budget of roughly $35–$71 of expected profit per dollar of budget in 
the binding regime. For B ≥ $150 the constraint is slack: the optimizer settles at an inventory expenditure of 
approximately $124 and performance plateaus, with results at B = $300 and B = $500 identical. The base-case budget 
of $300 therefore sits safely in the slack regime, confirming that the reported comparison between robust and 
deterministic policies is not an artifact of the specific budget level, while the binding regime quantifies the economic 
consequences for vendors operating under genuinely tight financial constraints. 
 

Table 5. Sensitivity of Robust Policy Performance to Global Inventory Budget B. 
 

B($) Mean Profit ($) Std Dev ($) VaR 95% ($) Inventory Cost 
($) 

Utilization (%) 

75 2,952.88 46.53 2,875.94 74.97 100.0 
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100 4,729.78 28.17 4,684.28 99.99 100.0 
150 6,479.14 86.38 6,337.38 123.50 82.3 
200 6,361.33 74.48 6,237.10 121.99 61.0 
300 6,479.43 88.50 6,333.49 123.97 41.3 
500 6,479.43 88.50 6,333.49 123.97 24.8 

 
Two further improvements are proposed. First, allowing product-specific replenishment cycles rather than buyer-level 
cycles would enable more frequent replenishment for high-uncertainty products such as Cleats and less frequent 
replenishment for stable products such as Men's Footwear, yielding measurable improvements in profit stability across 
heterogeneous product-segment combinations (Xiao and Xu, 2013). Second, replacing the variance term in the 
objective with a Conditional Value-at-Risk criterion would provide more direct control over tail risk and is 
increasingly preferred in supply chain risk management applications (Rockafellar and Uryasev, 2000). 
 
A final consideration concerns the computational feasibility of practical deployment. All experiments were executed 
on the Google Colab cloud environment (AMD EPYC 7B12 CPU, 13 GB RAM), on which a complete Sim-RPSO 
run for the base instance (M = 4 products, N = 3 buyers, 15 decision variables, 40 particles, 150 iterations) completes 
in approximately 109 seconds. This is well within the requirements of tactical replenishment planning, where decisions 
are revised on weekly or monthly cycles rather than in real time. To assess scalability toward larger supply chains, the 
algorithm was additionally applied to synthetically enlarged instances constructed by tiling the calibrated parameter 
matrices to higher product and buyer counts, with the budget scaled proportionally to network size. Table 6 reports 
the measured runtimes. Runtime grows only modestly with problem dimension: normalizing all runs to 150 iterations, 
expanding the decision space from 15 to 66 variables — a more than four-fold increase — raises runtime by 
approximately 46 percent, from 109 to 159 seconds. This behavior follows directly from the complexity structure 
established in Section 3.5: the dominant computational cost is the total number of Monte Carlo fitness evaluations, 
O(n_particles × n_iter × n_sim), which is independent of the number of decision variables, while the per-simulation 
cost grows only linearly in M × N. These results indicate that the proposed framework remains tractable for supply 
chains substantially larger than the base instance. For very large networks, particle fitness evaluations are mutually 
independent within each iteration, making parallel evaluation a natural and straightforward acceleration path. 
 

Table 6. Computational Runtime of Sim-RPSO across Problem Sizes. 
 

M N Decision Variables Iterations Runtime (s) Runtime per 150 
Iterations (s) 

4 3 15 150 108.8 108.8 
6 4 28 150 136.3 136.3 
8 5 45 100 101.2 151.8 

10 6 66 100 105.8 158.7 
 
 
5.4 Validation 
The validation of the proposed framework is conducted through two complementary approaches: a convergence 
stability analysis and a formal statistical hypothesis test comparing the profit distributions of the robust and 
deterministic policies. 
 
Convergence Stability Analysis. To assess the consistency of the Sim-RPSO algorithm across independent runs, the 
optimization was repeated five times using different random seeds while keeping all other parameters fixed. Table 7 
presents the mean profit and standard deviation of the optimal solution across the five independent runs. 
 

Table 7. Sim-RPSO across Five Independent Runs. 
 

Run Seed Mean Profit ($) Std Dev ($) VaR 95% ($) 
1 42 6,479.43 88.50 6,333.49 
2 7 6,247.34 72.98 6,127.41 
3 13 6,380.21 86.72 6,237.46 
4 99 6,341.31 69.13 6,225.21 
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5 256 6,373.80 83.80 6,235.78 
Mean - 6,364.42 80.23 6,231.87 

Std Dev - 83.38 8.65 73.02 
 
Table 7 reports the outcome of five independent Sim-RPSO runs under different random seeds. Mean profit across 
runs ranges from $6,247 to $6,479, with an across-run standard deviation of $83.38 (1.3% of the mean), reflecting the 
noisy, non-convex character of the search landscape. Two findings are consistent across every run: all five solutions 
achieve a profit standard deviation below the deterministic benchmark's $97.44 (reductions of 9% to 29%), and four 
of five achieve a higher 95% VaR. Mean profit, by contrast, is seed-dependent, with the strongest run exceeding the 
benchmark by $118 and the weakest falling $114 below it. These results motivate the multi-start protocol adopted in 
this study: the deployed policy is the best of the five runs selected under high-fidelity re-evaluation, a standard and 
computationally inexpensive safeguard given the sub-two-minute cost per run. 
 
Statistical Hypothesis Test. To formally test whether the robust policy produces statistically significantly higher profit 
than the deterministic benchmark, a two-sample Welch's t-test is conducted on the 2,000-observation profit samples 
generated for each policy. Welch's t-test is preferred over the standard two-sample t-test because it does not assume 
equal variances across the two samples, making it appropriate for comparing distributions that may differ in both mean 
and variance (Montgomery, 2017). The null hypothesis is that the mean profits of the two policies are equal, and the 
alternative hypothesis is that the robust policy achieves strictly higher mean profit. 
The test statistic is computed as: 

𝑡𝑡 =
𝑍̅𝑍rob − 𝑍̅𝑍det

�𝑠𝑠rob
2

𝑛𝑛 + 𝑠𝑠det2

𝑛𝑛

 

 
where 𝑍̄𝑍rob = 6479.43, 𝑍̄𝑍det = 6361.09, 𝑠𝑠rob = 88.50, 𝑠𝑠det = 97.44, and 𝑛𝑛 = 2000. The resulting test statistic is 𝑡𝑡 =
40.20 with an associated p-value that is effectively zero (𝑝𝑝 <  0.0001). The null hypothesis of equal mean profits is 
therefore rejected at all conventional significance levels (𝛼𝛼 =  0.05, 0.01, 0.001). This result confirms that the mean 
profit advantage of the robust policy over the deterministic benchmark is statistically significant and is not attributable 
to sampling variability in the Monte Carlo evaluation.  
 
A two-sample F-test for equality of variances is additionally conducted to test whether the standard deviation reduction 
achieved by the robust policy is statistically significant. The test statistic is 𝐹𝐹 = 𝑠𝑠det

2 /𝑠𝑠rob
2 = 97.442/88.502 = 1.212, 

with critical values 𝐹𝐹0.025(1999,1999) ≈ 1.075 at the five percent significance level. The null hypothesis of equal 
variances is therefore rejected, confirming that the 9.2% reduction in profit standard deviation achieved by the robust 
policy is statistically significant. Replacing the variance term with a Conditional Value-at-Risk criterion, as proposed 
in Section 5.3, would nonetheless remain attractive for applications requiring direct control over tail outcomes rather 
than overall dispersion. 
 
6. Conclusion  
This study developed and validated a robust optimization framework for Vendor Managed Inventory that 
simultaneously addresses stochastic nonlinear demand, profit risk management, and global inventory budget 
constraints. By extending the deterministic nonlinear VMI model of Bahreini and Jalali (2025) to incorporate additive 
demand uncertainty and a mean-variance profit objective, the proposed framework captures the operating reality faced 
by vendors in volatile consumer markets where pricing power diminishes with quantity and realized prices deviate 
unpredictably from their expected values. The formulation of the inverse demand function as 𝑃𝑃𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖𝑖𝑖 , 𝜀𝜀𝑖𝑖𝑖𝑖) = 𝛼𝛼𝑖𝑖𝑖𝑖 −
𝛽𝛽𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖 − 𝛾𝛾𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖2 + 𝜀𝜀𝑖𝑖𝑖𝑖 provides a parsimonious yet empirically grounded representation of this behavior, and its 
integration with the mean-variance criterion produces a replenishment policy that is both profit-maximizing and 
variance-aware. 
 
The Sim-RPSO algorithm introduced in this study represents a methodological contribution to the meta-heuristic 
optimization literature. The defining feature of the algorithm is its robust personal best update mechanism, which 
requires candidate improvements to be confirmed under higher-fidelity Monte Carlo simulation with common random 
numbers before acceptance, preventing the optimizer from exploiting favorable random draws in the noisy fitness 
landscape. The convergence stability analysis confirmed that this mechanism delivers consistent variance reduction 
across all independent runs and establishes its performance advantage over the deterministic benchmark within the 
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first 30 iterations. The empirical grounding of the model through the DataCo Smart Supply Chain dataset represents 
an equally important contribution. All demand parameters, cost coefficients, and uncertainty levels were estimated 
directly from 87,130 transaction records spanning four product categories and three customer segments, replacing the 
synthetic parameter sets that dominate the VMI optimization literature with calibrated values that reflect genuine 
market behavior. 
 
The numerical results, detailed in Section 5, confirm that the robust policy dominates the deterministic benchmark 
across mean profit, profit stability, downside risk protection, and inventory expenditure simultaneously — an outcome 
that is particularly notable given that robust frameworks typically trade expected performance for stability. The Sim-
RPSO policy achieves a mean profit of $6,479.43 against $6,361.09 for the benchmark, a difference confirmed by a 
Welch's t-test at p < 0.0001, while its 95% Value-at-Risk of $6,333.49 exceeds that of the benchmark by $129.37, and 
it accomplishes this with 18.7% lower inventory expenditure. The most consequential structural differences between 
the policies are the robust framework's interior Women's Apparel allocation to the Corporate segment (9.571 units 
against the deterministic corner allocation of 15.000 units), its uniformly smaller exposure to Cleats — the category 
carrying the largest demand shocks — and its avoidance of the minimum-cycle replenishment policy that the 
deterministic solution imposes on the Home Office segment, with moderate cycles of seven to nine weeks across all 
buyer segments reducing fixed ordering expenditure. 
 
The sensitivity analyses provide direct practical guidance for supply chain managers. The interval λ ∈ [0.005, 0.01] 
constitutes the empirical mean-variance efficient region, within which robustness is obtained at no cost in expected 
profit, offering a calibrated starting point for vendors with moderate risk aversion. The budget analysis revealed two 
sharply distinct regimes: below approximately $100 the budget constraint binds at full utilization and each additional 
dollar of inventory budget yields between $35 and $71 of expected profit, while above $150 the constraint is slack 
and performance plateaus — a finding with direct implications for working capital allocation in financially constrained 
VMI partnerships. 
 
Future research should explore the incorporation of product-specific replenishment cycles to replace the buyer-level 
cycles adopted here, the substitution of Conditional Value-at-Risk for variance in the objective function to provide 
more direct tail risk control, and the extension of the framework to multi-period planning horizons with dynamic 
demand evolution. The application of the Sim-RPSO algorithm to decentralized supply chain settings where vendor 
and buyer objectives are not fully aligned also represents a promising direction that would broaden the practical scope 
of the proposed framework (Almehdawe and Mantin, 2010; Xiao and Xu, 2013). 
 
In summary, this paper proposed a stochastic nonlinear VMI optimization framework solved by a novel Sim-RPSO 
algorithm and calibrated on real transaction data from the DataCo Smart Supply Chain dataset. The framework 
integrates quadratic inverse demand with additive uncertainty, a mean-variance profit objective, and a global inventory 
budget constraint into a single coherent model. Numerical experiments across four product categories and three 
customer segments demonstrated that the robust policy achieves statistically significant improvements in mean profit, 
profit stability, and downside risk protection relative to a deterministic benchmark. These results confirm that 
accounting for demand uncertainty in nonlinear VMI models is not only theoretically sound but also practically 
valuable, and they advocate for the broader adoption of robust, data-driven optimization methods in vendor-managed 
supply chain design. 
 
Appendix A: Summary of Notations 
The following notations are used to formulate the stochastic VMI joint replenishment problem: 
 
Indices and Sets: 

• 𝑗𝑗: Index for buyers (𝑗𝑗 = 1,2, … ,𝑁𝑁)  
• 𝑖𝑖: Index for products/items (𝑖𝑖 = 1,2, … ,𝑀𝑀)  

 
Decision Variables: 

• 𝑇𝑇𝑗𝑗: Replenishment cycle time for buyer 𝑗𝑗(years)  
• 𝑦𝑦𝑖𝑖𝑖𝑖: Order quantity of product 𝑖𝑖for buyer 𝑗𝑗(units)  
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Parameters: 
• 𝛼𝛼𝑖𝑖𝑖𝑖: Maximum price intercept (market potential) for product 𝑖𝑖at buyer 𝑗𝑗 
• 𝛽𝛽𝑖𝑖𝑖𝑖: Linear price sensitivity coefficient for product 𝑖𝑖at buyer 𝑗𝑗 
• 𝛾𝛾𝑖𝑖𝑖𝑖: Nonlinear (quadratic) demand curvature coefficient for product 𝑖𝑖at buyer 𝑗𝑗 
• 𝛿𝛿𝑖𝑖𝑖𝑖: Unit production cost for product 𝑖𝑖at buyer 𝑗𝑗 
• ℎ𝑖𝑖: Unit inventory holding cost for product 𝑖𝑖per year  
• 𝐾𝐾𝑗𝑗: Fixed ordering cost for buyer 𝑗𝑗per replenishment cycle  
• 𝐵𝐵: Total available budget for inventory-related costs  
• 𝑃𝑃𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖𝑖𝑖 , 𝜀𝜀𝑖𝑖𝑖𝑖): Stochastic inverse demand function (realized selling price) for product 𝑖𝑖at buyer 𝑗𝑗 
• 𝜀𝜀𝑖𝑖𝑖𝑖: Additive stochastic demand shock for product 𝑖𝑖at buyer 𝑗𝑗, where 𝜀𝜀𝑖𝑖𝑖𝑖 ∼ 𝒩𝒩(0,𝜎𝜎𝑖𝑖𝑖𝑖2) 
• 𝜎𝜎𝑖𝑖𝑖𝑖: Standard deviation of the demand shock for product 𝑖𝑖at buyer 𝑗𝑗 
• 𝜆𝜆: Risk aversion coefficient in the mean-variance objective  
• Λ: Penalty coefficient for budget constraint violation  
• 𝑍𝑍: Total stochastic profit of the vendor  
• 𝔼𝔼[𝑍𝑍]: Expected profit across demand scenarios  
• Var[𝑍𝑍]: Variance of profit across demand scenarios  
• 𝑛𝑛eval: Number of Monte Carlo simulations per standard fitness evaluation  
• 𝑛𝑛robust: Number of Monte Carlo simulations for robust personal best confirmation  
• 𝑤𝑤: Inertia weight in the PSO velocity update  
• 𝑐𝑐1: Cognitive acceleration coefficient in the PSO velocity update  
• 𝑐𝑐2: Social acceleration coefficient in the PSO velocity update  
• 𝑝𝑝𝑘𝑘𝑘𝑘: Personal best position of particle 𝑘𝑘in dimension 𝑑𝑑 
• 𝑔𝑔𝑑𝑑: Global best position across all particles in dimension 𝑑𝑑 

 
Appendix B: Sim-RPSO Algorithm Pseudocode 
The following pseudocode describes the Simulation-Based Robust Particle Swarm Optimization algorithm developed 
in this study. 
Algorithm: Sim-RPSO 
Input: 𝑛𝑛particles, 𝑛𝑛iter, 𝑛𝑛eval, 𝑛𝑛robust, 𝑤𝑤start, 𝑤𝑤end, 𝑐𝑐1, 𝑐𝑐2, 𝜆𝜆, Λ, 𝐵𝐵, lower bounds 𝐥𝐥𝐥𝐥, upper bounds 𝐮𝐮𝐮𝐮 
Output: Optimal replenishment policy 𝐱𝐱∗ = [𝑦𝑦11, … ,𝑦𝑦𝑀𝑀𝑀𝑀,𝑇𝑇1, … ,𝑇𝑇𝑁𝑁] 

1. Initialize particle positions 𝐱𝐱𝑘𝑘 ∼ 𝒰𝒰(𝐥𝐥𝐥𝐥,𝐮𝐮𝐮𝐮) for 𝑘𝑘 = 1, … ,𝑛𝑛particles  

2. Initialize particle velocities 𝐯𝐯𝑘𝑘 ∼ 𝒰𝒰(−0.1(𝐮𝐮𝐮𝐮 − 𝐥𝐥𝐥𝐥),0.1(𝐮𝐮𝐮𝐮 − 𝐥𝐥𝐥𝐥)) 

3. Evaluate fitness 𝑓𝑓𝑘𝑘 = Fitness(𝐱𝐱𝑘𝑘,𝑛𝑛eval ) for all 𝑘𝑘 

4. Set personal best 𝐩𝐩𝑘𝑘 ← 𝐱𝐱𝑘𝑘 and global best 𝐠𝐠 ← arg min
𝑘𝑘
 𝑓𝑓𝑘𝑘 

5. For 𝑡𝑡 = 1 to 𝑛𝑛iter  do 

6.     Compute inertia weight 𝑤𝑤 ← 𝑤𝑤start − (𝑤𝑤start − 𝑤𝑤end ) ⋅ 𝑡𝑡/𝑛𝑛iter  

7.     For each particle 𝑘𝑘 do 

8.       Draw 𝑟𝑟1, 𝑟𝑟2 ∼ 𝒰𝒰(0,1) 

9.       Update velocity: 𝐯𝐯𝑘𝑘 ← 𝑤𝑤𝐯𝐯𝑘𝑘 + 𝑐𝑐1𝑟𝑟1(𝐩𝐩𝑘𝑘 − 𝐱𝐱𝑘𝑘) + 𝑐𝑐2𝑟𝑟2(𝐠𝐠 − 𝐱𝐱𝑘𝑘) 

10.       Clamp velocity: 𝐯𝐯𝑘𝑘 ← clip(𝐯𝐯𝑘𝑘,−0.2(𝐮𝐮𝐮𝐮 − 𝐥𝐥𝐥𝐥),0.2(𝐮𝐮𝐮𝐮 − 𝐥𝐥𝐥𝐥)) 

11.       Update position: 𝐱𝐱𝑘𝑘 ← clip(𝐱𝐱𝑘𝑘 + 𝐯𝐯𝑘𝑘, 𝐥𝐥𝐥𝐥,𝐮𝐮𝐮𝐮) 

12.       Evaluate 𝑓𝑓new ← Fitness(𝐱𝐱𝑘𝑘,𝑛𝑛eval ) 

13.       If 𝑓𝑓new < 𝑓𝑓𝑘𝑘 ∗∗ then Candidate improvement detected 

14.         Re-evaluate 𝑓𝑓new 
𝑅𝑅 ← Fitness(𝐱𝐱𝑘𝑘,𝑛𝑛robust ) 

15.         Re-evaluate 𝑓𝑓pbest 
𝑅𝑅 ← Fitness(𝐩𝐩𝑘𝑘,𝑛𝑛robust ) 
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16.         If 𝑓𝑓new 
𝑅𝑅 < 𝑓𝑓pbest 

𝑅𝑅  then Improvement confirmed 

17.           𝐩𝐩𝑘𝑘 ← 𝐱𝐱𝑘𝑘; ∣ 𝑓𝑓𝑘𝑘 ← 𝑓𝑓new 
𝑅𝑅  

18.         End If 

19.       End If 

20.     End For 

21.     Update global best: 𝐠𝐠 ← arg min𝑘𝑘 𝑓𝑓𝑘𝑘 

22. End For 

23. Return g 

where the fitness function is defined as: 
Fitness(𝐱𝐱,𝑛𝑛sim ) = −𝔼𝔼�[𝑍𝑍] + 𝜆𝜆 ⋅ Var� [𝑍𝑍] + Λ ⋅ 𝑚𝑚𝑚𝑚𝑚𝑚(0, InvCost(𝑦𝑦,𝑇𝑇) − 𝐵𝐵) 

and 𝔼𝔼�[𝑍𝑍] and Var� [𝑍𝑍] are the sample mean and variance of profit estimated from 𝑛𝑛sim Monte Carlo simulations. 
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